


r 

! 

I 
::: 

l--R 

5;3,j_ 

I 



• 
a 



, 
RIGGS MEMORIAL 

.. ~ .... 
ll BRt\RY .. ~/ 

·...-..,~ 

GEORGETOWN UNIVERSlffi 



~''-_,Col . 
. q A 1· 



V/u~ 
cflJ;,~ t~ t-t:'- w~ ... ; 1~ tJ,,.,,; 

L;{v'), 

/'h 

4 



,,, 
V rt- • 

ANALYTICAL GEOlIETRY, 

PROPOSED 

BY REV. BENEDICT SESTI NI, S. J ., 

PROFESSOR OF NATURAL PHILOSOPDY AND ASTRONOMY> 

I N · 

GEORGETOWN COLLEGE. 

W ASBINGTON : 

GIDEON .lND CO, , PRINTERS , 

1852. 

~ I '. ~ ' l 
11. -..,...,ac...._ ,J 

" LAURIII.:, MD. 



t -
) ,j ,,/)!J ~wdf ~A 

$~{ 

~ 7r. ~~ • S'-14 
"J,, 7t.. 1?..o..-.&£~ (i?S-2.. 

t, rt ~~~l/n :el 
J:J,f;,,._ ~~ 
( .(d '?~ QJ. c4J, . 

{1T~~9' 
9 ;t,?-,,._,.,,_,,jr ✓ ~If A,.~ 

I rJ ;;JI~: -L., ~ 
I 11tY7

,.,, J. .:?tf t.,,{,l . 

J l J, _,;; ~ /J ,.-,,../~:J 
I 3 :/.J .'J... , 1l vn-Pl ~ 

I"' 

~::;e. , J I I 
/2 . 
::{? / l t.\:. 

j 

c'-t. I .f 

t -t•,r• £ o,,/. 
) ,r: 

) 
f v.Ia ~ 4 · ~~ 

'r 

I 
., 

,'/ ")- l ~-t l 

t, ! ' 

ht- d l< t l 

~ 

) 

1341lbl2.. 



A ,, 
'l'his treatise of Analytical Geometry, which in progress of 

time may form a part of a complete course of mathematics, 

although destined at present for a class in Georgetown College, 

is offered also to those students who cultivate this branch of 

science in other public institutions. To all these the present 

introduction is addressed, together with the following treatise, 

divided into four parts or books : the first of which treats of 

co-ordinates, and geometrical loci on a plane; the second of 

co-ordinates, and geometrical loci in space ; the third treats of 

lines of the second order ; and the fourth of suifaces of the 

same order. The first and second are nothing more than 

an introduction to the principal object of this part of analysis 

which is exclusively treated of in the third and fourth books. 

The learner will probably find in our method something not 

entirely conformable to that usually adopted in other similar 

works ; thus, for instance, in the third and fourth books he will 

easily remark that the questions are reduced to some principal 

heads, from which, as from a nucleus, we derive the theory of 

the lines and surfaces of the second order. Nay, more, all the 

properties of the lines, as well as of the surfaces, are altogether 

derived from the discussion of the simple quadrinomial formula 

mx2 + n.v + p = q (*) ; or from the trinomial mxi + nx 

(") Book III, lj 44, (i,). Book IV,§ lll, final remark. 
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= d. For this ingenious simplification we are indebted to 

Baron A. L. Cauchy, who is deservedly considered not only 

as one of the best mathematicians of the present time, but not 

inferior to any of those who flourished in preceding ages. The 

compendious style used by this celebrated author would pro­

bably not be intelligible to the incipient learner ; our endea­

vors, therefore, were especially devoted to develop and explain, 

in a manner suitable to students, the analysis which the French 

author first offered to the scientific world ; (*) yet, notwith­

standing this labor, some perhaps will object that the present 

treatise still requires, on the part of the student, a certain pene­

tration of mind. This we readily admit; but nobody, we 

trust, will condemn us for supposing some penetration of mind 

in those who give themselves to the study of the sciences ; and 

if, in some instances, notwithstanding this supposed aptitude, 

the student could not overcome by himself some difficult point, 

we take it for granted that works of this character are not only 

to be studied in private, but are also to be explained by the 

teacher. This necessarily supposes the students in general 

not to be able to overcome all the difficulties by themselves, 

even In the most elementary treatise, unless the school be con­

sidered as a mere formality. Let us even remark, that diffi­

culties in some cases are not inherent in the method but in the 

object, and to diminish them nothing contributes more than 

simplicity and order. Order, moreover, excludes all the diffi­

culties which are not inherent in the matter, diminishes the 

(") Exercises de Mat., par M.A. Cauchy, (troisieme annee.) 
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labor of the teacher as well as of the student, and is the only 

means by which the mind can be enriched by a really scienti­

fic knowledge and comprehension of the subject. After this, 

to exclude order from geometry, and in general from mathe­

matical works, is to expel the owner from his own house. An­

other observation, probably, might be made, namely, that the 

present treatise is rather defective in point of familiar examples. 

We neither deny nor grant it; allow us only to remark, that 

we may here suppose two. species of applications or examples, 

those taken from analytical geometry itself, or those taken from 

branches of natural philosophy to which this analysis is appli­

cable. The second class is evidently extraneous to our sub­

ject; and as to the former, we thought it enough to give only 

a few of them, which, affording the illustration of some pecu­

Jiar point, could be at once a model for many others which the 

teacher and even the student can form for himself illustrative 

of the same or of other points. 

The index which we subjoin, especially the part which be­

longs to the third and fourth books, may perhaps give to the 

reader, who shoul<l desire it, a more complete idea of the plan 

and character of the treatise. The parts of this treatise having 

such connexion and dependence upon each other, we have 

been compelled to make use of frequent references. "\Ve know 

well that some writers of works of this kind avoid as mnch as 

possible such references, and some also, even eminent, ex­

clude them altogether ; the reader being, as they allege, thus 

stopped and disturbed on his way. Consulting, however, our 

own experience, and the assistance frequently offered by these 
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references,. although accompanied with some trouble, we pre­

ferred to follow the example of many others likewise eminent 

and equally experienced in teaching. And for the sake of 

some of our friends, to whom we are indebted for the remarks 

made on the treatise before its publication, and who incline to 

the exclusion, or at least diminution, of the references, we ob­

serve, that although such references are not all and at all times 

profitable for each reader in particular, the book being written 

for a great variety of readers, it is not improbable that the num­

ber of references be rather deficient than too copious. And, 

fina~ly, whenever recourse to some of the preceding questions 

is indispensable, (and they must necessarily form part of the 

demonstration at hand,) in such cases, and even generally, a 

reference is either useful to the reader or not; if it is useful, 

there is no reason of complaint; if not useful, the reader can 

easily go on without noticing it, not being compelled by a 

mere reference to interrupt his course. 
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BOOK I. 

CO-ORDINATES AND GEOJUETRICAL LOCI ON A PLANE. 

IP'•·~linti1uiry Proposititnts, 

PROPOSITION I. 

'The su~ of the projections of the sides of any polygon is equal to zero. 

L Let (ng. 1) ABC ... be any polygon whatever, either in 

a plane or with its sides in different planes, that is, let the plane 

determined by the sides AB, BC, for instance, be different from 

that determined by the sides BC, CD ... 

Z. The projection of one straight line on another is determined 

by the interval comprised between two planes perpendicular to the 

latter, and passing through the extremities of the former line. 

For example, the projection of the side AB on the axis PX will 

be HK, supposing that two planes passing through the extremi­

ties A and B of the side and perpendicular to the axis, cut PX in 

H and K. Now the extremity B of the second side is common 

with that of the nrst, and consequently the projection of the sec­

ond side will begin from the very same point K, and end in another 

L, either towards X or towards P ; and considering the first direc­

tion positive and the second negative, in the first case the projec­

tion of the two sides will be equal to the sum, in the second to 

the difference of the partial projections. But in every case the 

interval HL comprised between the planes, passing through the­

first extremity of the nrst side and the last extremity of the second, 

will be equal to the algebraic sum of the two projections. Like­

wise we may demonstrate that the interval comprised between 

1 
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the planes passing by the first extremity of the fir,-.t ::,ide and :he 

last extremity of the third, gives the algebraic sum of the partial 

projections of the three sides, and so on . T her efore the sum of 

the projections of all the sides will b e d e t e r m ined by the planes 

passing through the first extremity of the fi rst side, and the la-t 

of the last side ; but these extremities are in the same point, there­

fore the length or sum of the projections of all t h e :;ide:; of any 

polygon whatever is equal to naught. 

Corolla1·y I. It is known from trigon om etry that th~ projecuon 

of a straight line on another is equal to the co-s ine of the angle 

which the same line makes with the corresponding axis of pro· 

jection, or with a line parallel to it, multiplie d b y t he side itself: 

hence, supposing Aa, Bb, Cc, &.c., parallel t o t he ax i:; PX and 

calling the partial projections p, p 1, p", ... , ::;ince 

P+P'+P"+ . · ·• = 0 

and p == AB . cos BA a , p' == CB cos CBb, ..... 

'.VP- will also have 

.. AB . cos BAa + CB cos CBb + . . . = O 

It is here to be observed, that a s the a n a l e ,vhic h the fir,,t ~1de 
0 

BA makes with Aa is taken with re ference t o the po~itive direc-

tion of the axis, so the other angle s mus t be taken in the s:ur.e 
direction. 

Corollary II. Supposing more o ver any s ide, for instance AB, 

parallel to the axis, then cos BAa becomes e q u al to unity, and the 

preceding equation will be conv erted into the follo'\vin!! 

AB== - BC co-sin CBb - D C co-sin D Cr _ .... 

that is to say, any side of a polygon i s equal to the neaative ,um 

of the remaining sides, each multiplied b y the co-:-;inc ~i thean!?le 

which it makes with the first side, or with a line parallel to the / 
s am e side. 
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PROPOSITION II. 

The pr.ojection of tlie plane area of a polygon is equal to the gfoen 

area multiplied by tlie co-sine of tlie angle wliich the plane of the 

urea mµkes witli tlie plane of projection. 

3. Let ABCD (fig. 2) be the given plane area, and from the 

angles A, B
1 
••• draw the perpendicular lines Aa, Bb, .... on 

the plane P of projection, and let the points a, b, •.. met by the 

perpendicular ines be joined, so as to form a polygon, which is 

the projection of ABCD. Now if we suppose another plane P' 

to pass through A parallel to the plane P, by producing the per­

pendicular lines s\as to meet the new plane, the same projection 

will be renewed on the new plane PI , and as the inclination of 

the plane CDAB w1't P1 is the same as with P, every relation 

between the given are and the first projection will be the same 

as that between the giv area and the second IJrojection. 

Let us now call (3 the a gle which the plane ABCD makes with 

P', and let the given area l:l represented by a and the area of the 

projection by n. Let the per)i>endicular Aa be produced to A', and 

let all the other lines be lilrn\~· se produced first to BI , CI, D1, and 

then to r I , nI , mI , so as to giv\ BB', CC1, DD', rrI, mm1, nn', all 

equal to AA'. Thus we will h\ve two prisms, the solidities of 

which are equal, because, besides the common solid AB1rmC1 the 

remaining solid C1m1D1r1 of the one is equal to the remaining solid 

CmDr of the other. But supposing that :Alp is a perpendicular 

drawn to the plane of the given area, we know from geometry 

that the solidity of the prism AD1B1D is equal to a X A'p and the 

solidity of Am1r1m is equal to n X AA', therefore 

n X AA'=a XA'p (o). 

But according to geometry the angle made by two lines respect­

ively perpendicular to two planes, is equal to \he angle of the 

planes; hence 

AA'p = i3 

• 
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Again, from the right-angle triangle A'pA we have A'p === AN 

cos AA'p = AA' cos f3, therefore we shall derive from (o) 

1'l = a, cos f3 

DEFINITIONS. 

·4_ Let (fig. 3) AX and A Y be two straight lines drawn at any 

angle to each other on a plane, and let K be any point on the same 

plane. From K let us draw KH parallel to A Y and KL parallel 

to AX; these two parallels evidently determine the position of 

the point K with reference to AX and AY, because the parallels 

drawn from any point which is not K will either both, or at least 

one, be different from KH and KL. Now KL is equal to AH, 

consequently the position of the point K with reference to AX and 

AY may be determined by KH, KL, as well as by KH, AH ; that 

is to say, by the line parallel to AY, drawn from K to AX, and the 

• portion of AX comprised between the intersection A and the point 

H of which the parallel KH meets AX. The portion AH of AX 

is termed the abscissa of the point K. HK is termed the ordinate 

of the same point; both taken together are called co-ordinates. 

The point A is called the origin of the co-ordinates, AX the axis 

of abscissas, and A Y the axis of ordinates. The axis are called 

rectangular or ortltogonal, if at right angles to each other; other­

wise oblique. 

EJ\IARKS. 

5. Suppose (fig. 3) the directions of the axes AX, AY to be 

considered as positive, the opposite direction AX', A Y' must 

then be considered as negative. Consequently if, instead of the 

point K, situated within the angle XAY, the point K', within 

XA Y 1
, be referred to the axes, the abscissa AH will remain 

positive, but the ordinate H1K1 shall be negative. And if the 

point referred to the axes, suppose K1', is within the angle YAX', 

the ordinate K" H" will be positive, and the abscissa AH" neo-a-
t? 

tive. Finally, if the point K111 be within the angle X' A Y', both 

the abscissa AH'" and the ordinate H'" K'" will be negative. 
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or tile •·elative positioi, or tlie points. 

-._ REMARKS. 

5 

6. Let us imagine ( fig. 4) two systems of axes, ( AX, A Y) and 

( A'X' , A'Y1); the point K will be referred to the first system, by 

means of the co-ordinates KH, HA, and to the second by the 

co-ordinates KH1 , H 1A'. Now the axis AX of the abscissas js 

commonly indicated by X, the axis AY of the ordinates by Y, 

and the whole system by (XY). The abscissas, moreover, of 

any point whatever are represented by x, and the ordinates by y, 

observing that when several co-ordinates occur in the same 

equation, their symbols are to be distinguished by some mark, 

for instance, x
0

, y
0 

: x 0 y 1 , &c. The same is to be said of any 

system of axes; hence (X' Y1) will represent the system (A' X 1, 

A' Y'), x1, y' the co-ordinates, and so on. To these indications, 

which are generally adopted, we may add another very useful in 

the transformation of co-ordinates. The angle which the axis of 

abscissas forms with the corresponding axis of ord°inates will be 

occasionally represented by (xy) : the angle which the axis X 

forms with the axis X1 of another system will be exhibited by 

(xx') ; and likewise the angles which X forms with Y', and Y 

with X', and Y1 will be represented by (xy'), (yx'), (yy1). 

Fo,·1111ila11 fo,· passi11g 11·01J1 011e syste111 or axes lo a11otlie•·• 

7. Besides the ordinates (fig. 5) KH', KH, let us draw from­

the point K to the axis X the perpendicular KB, which we will 

produce towards r. From the angles H 1, A1, N of the polygon 

BKH' A'NB let the lines H11', A' r", N r111 be drawn parallel to the 

perpendicular KB. Again, if the angle which the side H'K of 

this polygon forms with K r be called 0,', and the angles formed 

by the other sides and the lines parallel to KB be called o!', o!", 
o!"' ; we shall have from the first proposition (2 Cor. II) 

KB= - H1K cos o! - A'H1 cos o!' - N A1 cos o!" - BN cos 0,
1111 

( m) 
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But from trigonometry KB= KH cos HKB; and on account of 

the right-angled triangle KBH 

cos HKB = sin KHB = sin KHX = sin (xy); moreover 

KH is the ordinate y of K, hence 

KB= y sin (xy). 

Again: cos o! = cos H 1 Kr= - cos H 1 KB; and on account of 

the right-angled triangle KBS, 

cos H'KB = sin KSB = sin Y 1oX = sin (y'x); moreover H 1 K = y1 ; 

hence - H' K cos o! = y' sin (y'x). 

Again: cos a.'' = cos A' H' r' = - cos A! H' z, and on account 

of the right-angled triangle H 1ln, cos A' H' l = sin H' nl = 

sin (xx'); and since A 1 H 1 = x', we will have 

- A' H' cos a.'1 = x' sin (xx1). 

Likewise: cos o/'1 = NA' r11 = - cos N A 1q, and on account of 

the right-angled triangle A 1 q N, cos NA'q = sin A 1 N q = sin 

A' NX = sin (xy). Moreover, if the co-ordinates of A' with 
regard to (XY) be termed x

0 
, y

0
, we will have A' N = y

0 
; 

therefore 
- A' N cos a."1 = y

0 
sin (xy). 

Finally: cos a.1' 11 :::=:.cos BNr'" = cos 90° = o: consequently 

- BN cos o.1111 = 0 

Substituting, now, the values thus found in (m), we will have 

y sin (xy) = yl sin (y'x) + x1 sin (:r!x) + y
0 

sin (xy) 

from which 

y = y + x' sin (xx') + y! sin (xy) 
0 sin (xy) 

By a similar construction and process we obtain 

x == x + x' sin (yx') + yi sin (yyl) / 
0 sin (xy) ;ti" 
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And these are the most ~neral formulas for the transformation 

of co-ordinates; from which ·t appears that when the co-ordinates 

of any point are given with referenceto the system (X' Y1), in 

order to have the co-ordinab\s,..6f the same point with reference 

to the system (XY) it is nec75&ary to know the co-ordinates x
0 

, 

y
0 

of the origin of the sys lm (X' Y1) , and also the value of the 

angles (xy), (xx'), (xy1) (yx1), (yy'). 

Corollary I. Let s suppose that the axes X, Y are at 1ight 

angles; sin (xy) be omes equal to 1, and (x'y) == 90° ± x'x), 

(y'y) == 90° ± (y' ; hence sin (x''iJ) == cos (x1x), sin (y'y) == cos 

(y'x); therefore t , e preceding equat\ons become 
I 

Y Yo + :xi sin (xx') + y' sin (xy') 

X XO + x' cos (x:x!) + y' cos (xy). 

Coi·ollary JI. ( If the origin A' of th~ system (X' ¥ 1) coin; ides 

with A, then % == y
0 

== o and the general equations will be con­

verted into the following 

:r! sin (xx1) + y' sin (xy) 
y =: in (xy) 

/= x' sin (yx1
) + y1 sin (yy1) 

- sin (xy) 

/ REMARKS. 

8. Before we leave these relations between the co-ordinates of 

different, systems, it is to be observed that, according to the 

general formulas, any power of the varia~es x, y, for instance 

x0
, y", will be given by equal and inferio:u powers of the variables 

x1, y', which will be plain by obseyng that the same formulas 

may be modifi~g manner : 

_ sm (xx1) 
1 

sin 
Y - Yo + sin (xy) X + sin 

(xy') , 

(xy) y 

sm (yx') 
1 
+ sin (yy1

) y' 
x =: xo + sin (xy) x sin (xy 1 

I 
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9. If we conceive on the plane of (XY) a series of points 

ranged either in a straight line or in a curve, it is evident that 

each one of these points may be referred to the axes by means 

of the corresponding co-ordinates. Now it happens, as the fol­

lowing examples demonstrate, that the relation between the 

abscissa and ordinate of one point of the series is the same as 

that of the co-ordinates of every other point of the series; so 

that this relation being given, by assigning different values to the 

abscissa, we will be enabled to find the corresponding ordinates. 

This relation of formula, which shows how the ordinates are to 

be deduced from the corresponding abscissas, is called equation. 

:Equation of a st1·aiglit line. 

10. Let the given line be B' F (fig. 6). From any point K 

draw the ordinate KH or y, which, supposing the axes rectangu-

, lar, will be perpendicular to X, AH will be the corresponding 

abscissa or x . The ordinate of the point E, in which the given 

line cuts the axis Y, is AE, which we will represent by y
0

, and 

to which corresponds an abscissa equal to zero. 

Now, from the similarity of the triangles BAE and BHK we 

derive the proportion 

That is to say, 

From which 

AE: BA HK BA+AH 

Yo BA y BA+ x. 

_y0 (BA+ x) 
Y- BA 

But from trigonometry the triangle ABE gives 11 = tg EBA; 

AE y 
hence BA= tg EBA = tg E

0BA, and ifthetangent oftheangle 

under the given line and the positive direction of X be, for 
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brevity's sake, called. t; BA = yt°, which value substituted m 

the preceding equation will give 

y = tx + Yo· 

The required equation between the co-ordinates x , y of any 

point K, and the constant quantities t and y
0

, that is, the equation 

of the given line, which may be transformed into the following 

x= ay + b 

by making-}= a, and - ~0 = b. 

Scholium. Let E' F' be another straight line parallel to BF, 

the angle of this line with the positive axis X must necessarily 

be equal to that of the first line, but the ordinate AE1 corres­

ponding to the origin of the axes is different from y
0

; hence, if 

we denote by Yo that ordinate, the equation of E' F will be 

y = tx + Yo ( 1) • 

In the supposition of the line passing through the origin of the 

co-ordinates, y
0 

= o, and consequently in this case the equation 

will be 

y=tx 

Corollary I. Let us suppose now that BF passes through a 

point of which x 
1 

and y 
I 

are the co-ordinates, these two values 

must fulfil the equation of the line, and we will have 

Yi = tx. + Yo 

which subtracted from the general equation between the co-ordi­

nates of any point, will give 

m which nothing is variable but the co-ordinates x , y of any 

point of the line; hence it exhibits the constant relation between 
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the co-ordinates, and consequently it is the general equation of 

the straight line referred to rectangular axes and passing through 

a given point. 

Corollary l/. If besides the line BF the line CE' perpendicu­

lar to the first be referred to the axes X , Y (fig. 7), its equation 

will be y = tg DCX . x + AE1 ; but OCX = COB + OBC 

= 90° + OBC ; hence tg OCX = tg (90° + OBC) = - cot • 

1 1 
OBC =: - tg OBC =: - T; therefore the equation of E' C will 

be 

1 
!J =: - 7 x+AE' 

By comparing, now, the coefficient t of the abscissa in the equa­

tion of EF with that of the same abscissa in equation (1) , it is 

easy to perceive that the product between these two coefficients 

is equal to the negative unity; and since CE, the perpendicular 

to B' F can alone admit of the coefficient - : we may conclude 

that if 

y =: hx + c 

y=:kx+d 

be the equations of two given lines, these lines are at right angles 
to each other, ,vhenever ,,. 

I 

Bqrratio,rs or 11,e pe,·i~T,e,·y of tlte ci,·cle u:itlt ••efe,•e,ice to t,co sysle11,. 

or 1·ectan;:,rla2· ~es. 

11. Let us first suppose the origin of the co-ordinates at the 

extremity A (fig. 8) of the diameter AB == 2r of the circle AFB. 

From any point E draw ED parallel to Y. Now, it is known 

from geometry that the square of ED perpendicular to AX is 

equal to the product of AD and DB, that is, ED2 == AD x DB. 

/ 



GEOIIIETRY. 

But ED == y, AD = x , DB = AB - AD = 2r - x; hence 

y 2 = 2rx - xz 

11 

The equation of the circle with reference to the axes AX, A Y. 

If the origin of the co-ordinates be situated at the centre of 

the given circle, and AX, AY be (fig. 9) the rectangular axes; 

from . any point F draw FD perpe'1dicular to AK, we will have 

FD2 =MD. DN; and since FD=y, MD=MA+AD=r+ x, 

DN = NA - AX= r - x ; 

The equation of the circle referred to a system of rectangular , 

axes having their origin at the centre of the same circle . 

• -znalysis o,· t1isc11ssio1t of equatio111. 

EQUATIONS OF THE CIRCLE. 

12. The first of the preceding equations of the circle corres­

ponds to the following: 

y = ± v [2rX' - x 2 J 

from which we perceive that when xis positive and less than 2r, 

to every value of the abscissa correspond two values of y, the 

one positive and the other negative, and both equal in length. 

When x is positive, but greater than 2r, then the difference 

2rx - x2 is negative, and no real value can be found for y. And 

when x is less than 2r, but negative, the same differer.ce likewise 

results negatively, and for the same reason no real value for the 

ordinate is given. 

The second equation corresponds to 

y = ± v [rz - x 2
] 

from which we see that to every value of x, positive as well as 

negative, corresponds the double value of y equal in length and 

contrary in sign, provided x be less than r, because with x > r, 

y never can have a real value. 
/ 
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REMARK. 

· 13. From the preceding analysis it plainly appears that we 

can, not only from a given series of points, derive the equation, 

but that from a given equation we can derive the corresponding 

line with its properties. Such lines, and, in general, every series 

of points deduced from a given equation, are called geometrical 

loci, and the deduction of these loci and of their properties 

constitutes the so termed discussion of equations, the principal 

object of analytical geometry. To have some examples of this 

discussion let us take the equations of those curve lines of which 

we will speak more fully afterwards. 

EX,\MPLE J. 

Discussion of the equation y 2 == px . 

14. In the given equation let p be a known and positive quan­

tity. As the equation can be reduced to the following 

y == ± tVpx; 

it is evident that every negative value of x gives an imaginary 

one for y, therefore AX, AY being (fig. 10) the positive direction 

of the rectangular axis, no point of the geometrical locus corres­

ponding to the given equation can be found from A towards X1• 

Again, from the same equation it follows that to every positive 

value of x correspond two equal values for y, the one positive and 

the other negative ; so that, substituting for x a value equal to Aa 

and taking on the perpendicular bb', two portions, ab , ab' equal to 

y deduced from the equation, the two extremities b and b' will be 

points of the locus. Again, the same equation shows that the 

values of y increase with those of x; consequently both branche:;; 

of the curve at the same distance from the axis Y are equally dis­

tant from the axis X and extend indefinitely from both axes. , 

Likewise we can deduce that the axis X cuts the curve at the 

origin of the co-ordinates, and the axis Y is a tangent to the curve 

at that point. 
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EXAMPLE IT. 

Discussion of the equah'vn y2 = p ( at - x2) • 

15. Let the given equation be transformed into the following 

y = ± 1/ [p (a2 - xt) J 

and supposing p a known and positive quantity; to every value 

of x, either positive or negative, will correspond two equal values 

for y with contrary signs, provided x be less than a. When x is 

equal to a, then y will be equal to zero, and when it is greater 

than a, the value of y becomes imaginary. \Ve perceive, there­

fore, that the geometrical locus (fig. 11) corresponding to the 

given equation is a curve which cuts the axis X at a distance 

equal to <t from the origin A and on both sides of the axis. Sec­

ondly, the superior branch of the curve is equal to the inferior; and 

finally, beyond the points of intersection the curve no longer exists. 

EXAMPLE lll. 

Discussion of the equation yt = p ( xi - at) . 

16. Let the given equation be reduced to the following form : 

y = ± 1/ [p ( xt - at) J 

in which let p be positive. It appears that, as far as x shall be 

Jess than a, no real value can be obtained for y, whether x be 

positive or negatiYe. Again, with X equal to + a or - a, y shall 

be equal to zero, and to all the other abscissas taken (fig. 12) on 

the positive direction of X as well as on the negative, shall corres­

pond two equal ordinates with different signs always increasing 

together with x. Therefore the corresponding locus shall cut the 

axis X at a distance equal to + a and - a from the origin of the 

axes, and then it shall extend itself with four uniform and indefi­

nite branches. 
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REMARKS. 

1.1 • ...r._t is to be observed that the geometrical loci come under 

the same 'Q._enomination of the corresponding equations. K ow two 

kinds of equa,tions are to be distinguished, the algebraical and the 

transcendental. Every equation in which the operations to be 

performed with regard to the variable quantities, are nothing but 

algebraical addition and subtraction, multiplication and division, 

or elevation to a fixed power, either whole or fractional, belongs 

to the algebraical kind. The others of whatever quality are 

transcendental. Hence it follows that the equations of the pre­

ceding examples are algebraical. 

Again, the algebraical equations an6. corresponding loci are 

distributed in different orders, according to the degree of the 

equation. So the straight line is the locus of the first order, be­

cause the corresponding equation is of the first degree; the circu­

lar line is of the second order, because the corresponding equation 

is of the second degree. 

EXAMPLE II 

18. Let us suppose the plane of the circle CL (fig. 13) to be 

the same as that in which is the line CD tangent to the same 

circle. Let the point of contact C be piarked with a dot, and the 

circle being rolled like a wheel along the tangent line CD, the 

marked point will describe on the plap.e a curvilinear path CAD 

called cycloid. The circle by whose revolution the cycloid is 

traced out is called the generating circle; and supposing D to be 

the point where it will have completed one revolution, the line 

CD or the base of the curve will be exactly equal to the circum­

ference of the generating circle. The perpendicular AB on the 

middle of the base is its axis. Now, in order to know if such a 

curve is transcendental, w~ must find the equation. To this end 

suppose the origin of the co-ordinates in A and the axis AX of the 
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abscissas coincident with the axis AB of the curve, and the axis 

A Y of the ordinates perpendicular to AX . The co-ordinates of 

any point M shall be MN == y, NA== x. Let us now transpose 

the describing point of the generating circle on M hy means of a 

corresponding revolution. The diameter C' V drawing from the 

point C1 of the actual contact shall be perpendicular to the base, 

and consequently parallel to the axis X; hence 

x == Lq · ~ (o) 

y == Mq + qN == Mq + C'B 5 
To determine the values of these elements draw from the center 

o the radius oM, and let the angle MoL or the corresponding arc 

be termed a, and supposing the radius of the circle equal to r, 

since from trigonometry we have Mq = Mo sin MoL and Lq = 
Mo • vers-sin MoL == Mo (1 - cos MoL) we shall obtain 

Mq == r sin a , Lq == r ( 1 - cos a) . 

With re"gard to the value of C1 B observe that C1 B == BC - CC1, 

but BC = C1 ML and CC1 == C' M, hence C1 B = ML. Now it 

is known from geometry that the arc of a circle is in proportion 

to the radius, therefore the arc ML(== a) with relation to the cor­

responding arc of the circle, whose radius is 1, is to be expressed 

hy r a, and so 

C'B == r a. 

Substituting, now, these values in (o), we shall have for the co­

ordinates 

X == r ( 1 - COS a) 

y == r a + r sin a. 

But from these equations 

X - 1' = - r COS a, 

y - ra.= r sin a 
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(x - r) 2 = rt cos 2 o. 

(y - r a,) 2 = r 2 sin 2
a 

therefore, since from trigonometry sin 2 a + cos 2 o. = 1 

(x - r) 2 + (y - r a)t = r2 

from which 

or 

y = r o. + IV [rt - (x - r)t] 

y = r o. + IV [2 r x - xt]. 

Let us now observe, that since r u. is an arc, to have the second 

member of the equation rectilinear, we must rectify the first 

term. Secondly, since the arc depends on the abscissa Lq, we 

must examine what operation is to be performed with regard to 

x to have the required rectification, and the whole second mem­

ber immediately dependent on x. To this end it is to be remem-

bered that Mq = r sin o., and consequently sin o. = Mq : and 
r 

from geometry Fi[;/= C1q . q L', hence Mq = IV C' q • q L' == 

,.,/ (C' L' - L' q) qL' = 'V (Zr - x) x = 'V2rx - x2
; 

therefore 

sin o. 
'V Zrx - x 2 

r 

From which, by subjecting x to trigonometrical operation, we 

are enabled to derive the rectification of a. Hence the preceding 

equation between the co-ordinates xy of .my point of the cycloid 

is transcendental, therefore the curve is also transcendental. 

EXAMPLE JI. 

19. Let us examine now the inverse case of the preceding, by 

deducing from a given equation the corresponding locus; and let 

y:=a"' 

I 
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be the equation in which a is a positive and constant quantity, the 

remaining are variable, and on account of the variable exponent 

x the equation is transcendental. Now, it is plain, that by 

making x equal to zero the corresponding y becomes equal to 1. 

And if x increases in arithmetical proportion, y increases in a 

geometrical one, supposing x either positive or negative: and in · 

the second supposition, since a_,,==_!_; the value of y will be 
a"' 

1 
represented by - and will diminish when x increases ; yet it 

a"' 

will never be equal to zero as long as x preserves a finite value. 

Therefore let (fig. 14) AX, AY be the axes. The curve will cut 

AY in Kat a distance from A equal to 1, and towards the posi­

tive direction of X will depart more and more from that axis; 

towards the negative direction it will continually approach to the 

same axis without ever reac11ing it, but at an infinite distance from 

A. This curve, on account of the relation between the co-ordi­

nates, is called Logarithmic: and the axis or straight line to 

which it continually approaches is called .lisymptote. The asymp-

totes are common to several curves. 
~ 

,, 

Pola,· co-o,-diHates. 

20. It happens, frequently, that the use of the polar co-ordinates 

is preferred to that of the rectilinear co-ordinates, hence follows the 

necessity of passing from one system to the other. To ascertain 

the relation between such co-ordinates let (fig. 15) AX, AY, be 

the rectangular axes, and from the origin A of these axes let the 

straight line AM be drawn to any point l\'.I of the curve LL'. If 

the length of AM and the angle which it forms with AX be 

known, the position of the point M will be ascertained with re­

gard to A. These two elements, by means of which the posi­

tion of the point is determined, are called pola1· co-ordinates. 

Now let the variable angle which MA makes with AX be repre­

sented by "' and :MA ( called either radius or radius vector) by p. 

From the same point M, let the perpendicular MP be drawn to 

X; we shall have AP == x, MP == y, but 
2 
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PM = AM . sin MAP , AP = AM . cos MAP . 

Therefore 
y = p • sin <u , x = p • cos <u 

The required relations in order to pass from the rectangular 

system to that of the polar co-ordinates, or vice versa. 

F1ttictio-u11 of" cu1•1Jilit1ear loci. 

21. Tangent of the point M (fig. 16) of the curve Ll\1 is that 

part of the geometrical tangent which is limited between the point 

of contact and the point T of the i.xis X, that is, MT. 

The Normal is that part of the line MT1 perpendicular to the 

tangent, comprised between the point of contact and T1, the point 
of intersection with the axis X. 

The sub-tangent is the line TP below the tangent TM, that is, 

the distance between the ordinate MP of the point of contact and 

the tangent, on the axis X. 

The sub-normal is the line PT under the normal MT', that is, 

the distance between the ordinate MP and the normal, on the/ 

axis X. 
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«:lO•ORDINA.TES A.ND GEOIUETRIC:A.T. LOC:I IN SPA.C:E. 

BelatitJe polition of" tlte poi11ts in sptu:e. 

'.,,...,-c.v-
'EI~ dijf erent manners of ascertaining the co-01·dinates of the 

same point. 

22. As any series of points on a plane can be referred to any sys­

tem of two axes on the same plane; so any series of points situat­

ed in space can be referred to three axes in as many planes, and 

their position may be determined with relation to the system of 

axes. Let M (fig. 17) be a point in space, and let AX, AY, AZ 

or X, Y, Z, designate three straight lines or axes in space. If 
these lines are at right angles to each other, AZ will be perpen­

dicular to the plane XAY, and AX perpendicular to the plane 

YAZ, and of course the planes XAZ, YAZ perpendicular to the 

third XAY, and XAZ perpendicular to YAZ. Now, to have the 

position of the point M with reference to any system of axes, let 

us draw from M the line MK or z, parallel to the axis z, so as to 

meet the plane XAY in K. Let another line KH or y be drawn 

from K parallel to the axis Y. Let AH be represented by x. It 

is evident that the position of the point M with reference to the 

axes X, Y, Z, is determined by the co-ordinates x, y, z; because 

the same three co-ordinates cannot belong at the same time to 

any other point. It is unnecessary to repeat that the signs of the 

co-ordinates correspond to those of the axes, and if taken from 

the positive part AX, AY, AZ, they are positive; if from the neg­

ative AX1, AY1, AZ1, they are negative. 

23. In the same manner as from M we drew to the plane XAY,. 

MK parallel to z, from the same point let us draw MR to th~ 
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plane XAZ and parallel to Y, and MS to the plane ZAY and par­

allel to X. Now, since MS is parallel to X and MK to Z, we 

know from geometry, first, that the plane SMK is parallel to 

ZAX; secondly, that since MR and KH are parallel to Y, and 

consequently parallel to each other, and both being comprised 

between two parallel planes, they are equal to each other. In 

the same manner we may prove that AH is equal to MS. There­

fore, the co-ordinates of any point M situated in space are de­

termined by three lines MK, MR, MS, parallel to the axes, and 

drawn from the point to the planes. The denomination of each 

co-ordinate depends on the axis to which it is parallel; that is to 

say: 

MK = z, MR = y, MS = x. 

24. The same co-ordinates caR be determined in a third man­

ner, because let H, L, G be the points at which the axes are met 

by the planes RMK, SMR, SMK. The parallel Jines AL, MK : 

SM, AH : AG, MR shall be equal. Therefore, the co-ordinates 

x, y, z of the point M are determined by AH, AG, AL. Now, 

let us join M with L, H, G. ML shall be a line parallel to the 

plane YAX. Therefore, to ascertain the co-ordinate z of the 

point M, it is sufficient to draw from this point to the axes z, l\1L 

parallel to the plane YAX, and the portion AL of the axes be­

tween the origin and the point L, shall be the required co-ordi­

nate. Likewise, the portions AH, AG of the axes X and Y, 

between the origin and the points met by MH, MG, parallel to 

the planes YAZ, XAZ, shall be the co-ordinates x and y of the 

same point M. It should be observed, that if the axes be at right 

angles, the lines ML, MH, MG shall be perpendicular to the cor­

responding axes, as well as MK, MR, MS to the corresponding 
planes. 

TT,e ,lislauce between l•oo points in s11ace ,lele1·11u·11ed by 11,e CO•tn·diuates 

of" eacl, J•oiHI. 

25. Let x, y, z be the co-ordinates of the point 1\1, and x', y', 
z 1, the co-ordinates oft.he point M1, (fig. 18.) Draw from Mand 
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M1 MK, M 1K1 to the plane XA Y and parallel to Z and KH, J{IHI 

parallel to Y, we will have 

I 
AH = x, KH = y, KM = z. 

AH1 = x1, K1H 1 = y1, J{IMI = z1• 

Again, draw MM1, KK', and J{IQ parallel to X, and M1.N par­

allel to KK1, and let us silippose the axes at right angles. The 

triangle K1QK is then redangular in Q and M 1MN in N ; hence 

n 2 2 

MM'·= M 1N + MN 
2 '2 -2 

KI<:1 = KQ + K 1Q 

But M 1N = KK1 hence 

__ 2 _ 2 ____ 2 _ o _ z _ z 

MM' =KK.1 +NM= NM+ KQ + K.1Q 

Now NM = MK- .i~X = MK - lWK.1=z-z1 

KQ = KH - QH = KH - K.1H 1 = y - y1 

K1Q =HH1 :=AH-AH1:=x-x1 

Therefore, 
--2 2 2 2 

MM1 = (z - z1
) + (y- y') + (x - x') 

Which formula gives the distance MM1 between the points M 

and M' by the co-ordinates of the same points. 

Corollary I. If the point lVl' be transferred to the origin of the 

axes, the co-ordinates z1, y', x' will be equal to zero, and the pre­

ceding formula shall become 

z 

AM = z2 + yz + x2 

that is to say, the square of the straight line drawn from the ori­

gin of the axes to any point M, i\, equal to the sum of the squares 

of the co-ordinates of that point. It is plain that to the preceding 

formula we may add the followin~ 

\ 
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--• 
AM' == z'z + yt• + x'2 

Corollary II. Let the angle MAM' be called (3. We know from 
2 __ 2 

trigonometry that MM' is equal to the sum of the squares AM, 
2 

AM' minus 2 AM • AM' . cos (3. From this equation is deduced 

the following 
--~ __ 2 _z 

AM+AM'-MM' 
cos (3 == 2 AM. AM' 

In which, substituting the values before determined, we will find 

xx' + yy' + zz' 
cos (3 == AM . AM' 

or 
xx' + yy' + zz1 

cos (3 == ~=;:=;:==::=======::=--,=:=:=:;:::::===:===::==~ 
,..,I x z + y2 + z• ,..,I x/z + y'" + zl• 

That is, the value of the angle formed by two straight lines AM, 

AM', passing through the origin of the axes, is given by the co­

ordinates of M and M' . 

Corollary III. Let the angles which AM makes with the axes 

X, Y, Z be represented by X, Y, z, and the angles which AM' 

makes with the same axes by X,, Y7, Z, ; if from M and M1 be 

drawn the lines MH, M ' H' : Mk, M ' k' : Mm, M ' m' perpendicular 

to the axes, we shall have (24) 

AH = x, Ak == y, Am = z 

AH' = x' , Ak' = y', Am' == z' 

but from trigonometry 

AH =AM cos X, Ak = AM cos .Y, Am = AM cos Z 

AH' == AM' cos X 1
, Ak' = AM' cos P, A m' = AM' cos Z' 

hence, 

xx' = AM . AM' • cos X cos x, 
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yy' == AM . AM' . cos Y cos y; 
I 

zz' == AM . AM' . cos Z cos Z, 

23 

Therefore, from these values, and from the formula of the prece­

dent corollary, we shall fin4 

cos /3 == cos X cos X' + cos Y cos Yi + cos Z cos z, 

The same cosine of the angle /3 given by the cosines of the angles 

which each line makes with the axes. 

Corollary IV. If MAM' is equal to 90°, then cos /3 = o. There­

fore when two straight lines passing through the origin of the co­

ordinates are perpendicular to each other, the relation between 

the cosines of the angles, and consequently between the angles 

formed by each line with the axes, is given by the following for­

mula: 

cos X cos Xi + cos Y cos Yi + cos Z cos Z, = o 

Corollary V. Suppose MAM' == o, the line AM, AM' will co­

incide with each other and form only one straight line. In this 
2 

case cos /3 = 1, and cos X cos X 1 = cos X, cos Y cos y , = cos 
2
Y, cos Z cos z, = cos 

2
Z, and the formula of the preceding Cor. 

III will be converted into the other 
~ ~ ~ 

~ ,cos
2

X+cos
2

Y+cos
2

Z = l ~ 
~,., 

which gives the relation between the angles which any s_traight 

line AM makes, with the rectangular axes. ~ -, 
.t,._f;(d-- ~ 

FonHtilas for pauing f',•011• one to a11ot1,e1• syste11• o~•·nllel a=s, 

26. Let (fig. 19) AX, AY, AZ be any system of axes, and 

A 11X11, A 11Y 11, A"Z" a second system of axes parallel to the for­

mer. The axes of the latter system being produced so as to meet 

ink, r, s the planes of the first system, if x
0

, y
0

, z
0 

represent the 

co-ordinates of A11 with reference to A, we shall have (23) 
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Let now M be any point to be referred to both systems, and let 

MK" K, MR" R, MS" S be drawn from M parallel to the axes. 

Let moreover K", R", S" represent the points of the planes of the 

second system met by the parallel lines, and K, R, S the corres­

ponding points on the planes of the first system. If the co-ordi­

nates of the point l\lI with regard to the first system be called x, 

y, z, and those with reference to the second x'1, y11 , z", we will 

have 
MS = x, MR = y, MK = z 

MS 11 = :x:11, MR" = y11, MK11 = z 11 

But on account of the parallel planes 

MS = MS" + A'1s, MR= MR" + A 11r, MK= MK" + A 11k 

hence 
x = :x:11 + :x:0 , y = y11 + y0 , z = z11 + z 0 

or :x:11 = x - :x:0 , y11 = y - y0 , z 11 = z - z 0 

all of which give the relation between the co-ordinates of the two 

systems. 

Geue1·al fon,u,las fo•· 11assing f•·o,u o,re syste11, to a1t y otl,er ~11ltafe1'e•·• 

27. Let us come now to the most general formulas of transfor­

mation of co-ordinates, and let AX, AY, AZ (fig. 20) be any sys­

tem of axes, and A1 X1, A1 Y1, A1 Z1 any other system whatever. 

In order to have the relation between the co-ordinates of any 

point with reference to the first system, and the co-ordinates 

of the same point with reference to the second; let us draw from 

A1 three lines A1 Z 11, A1 X 11 , A1 Y 11 parallel to the axes X, Y, Z 

which will form a third system, and considering this system to­

gether with A' X', A1 Y1, A1 Z1 ; let us first ascertain the relation 

between the co-ordinates of any point M with reference to these 

two systems of axes. To this end let us draw from M the straight 

line MB perpendicular to the plane X 11 A 1 Y" and A1 B on the same 

plane, and let A1 H 11, H 11 K'1, K 11 M be the co-ordinates x", y", zll 

of the point M with reference to the corresponding axes X", Y", 
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Z 11, and A' H1, H1 K', K' M the co-ordinates x1, y1, z1 with refer­

ence to the axes X1, Y1, Z1• Let the perpendicular MB be called 

n. The sides MB, BA' which lie in one plane, and A1 H1 in ano­

ther plane, with H1 K1, K1 M in a third plane, constitute the poly­

gon MBA' H1 K1 M. Now denoting by (nx'), (ny1), (nz1) the an­

gles which the lines.A' H', H1 K1, K1 M form with lines parallel 

to MB or with MB itself, according to the given demonstration (2) 

we shall obtain 

n = - K1M cos (nzI
) - H'K1 cos (ny1) - H'A' cos (nx1) 

or n = - z1 cos (nz1) - y1 cos (ny1) - x1 cos (nx1) 

The angle which the last side A' B of the polygon makes with 

the line parallel to n being a right angle, the corresponding cosine 

is equal to zero. If now the angle which n makes with MK11 be 

termed (nz11) or (since MK11 is parallel to the axis z ) (nz, ) from 

the rectangular triangle MBK" we will have 

n = l\II{II cos (nz) = z 11 cos (nz) 

which value being substituted in the preceding equation, we will 

find 

z 11 cos (nz) = - z1 cos (nz1) - y' cos (ny') - x' cos (nx1) 

or 

11 
z1 cos ( nz1) + y' cos ( ny1) + x1 cos ( nx1) 

z = - cos (nz) 

By a similar process supposing n1 and n11 to be the perpendicu­

lar lines drawn from M to the planes X" A' Z ", Y" A1 z 11 we may 

find 

z1 cos ( n I z1) + y1 cos ( n1 y1) + x 1 cos ( n1 x1
) 

Y" = - cos (n1y) 
I 

z1 cos (n11 z1) + yl cos (n" y') + x1 cos (n 11 x ) x" = - - - --'----=----=---'l---~-::....c.---'------'--~ 
cos (n" x) 

and these equations afford thfl relation between the co-ordinates 

x1, y1, z1 and x11, y11 , z" , or in the si.;pposition of the axes X, Y, Z 



26 GEOMETRY. 

having common origin with X1, Y1, Z 1, between the co-ordinates 

x1, y', z1 and x, y, z. 
Let us come now to the proposed case in which the origin of 

the systems is different. Supposing that x
0

, y
0

, z
0 

are the co­

ordinates of the origin A 1 with reference to A, since A1 X 11, A1Y11
, 

A' z11 are parallel to AX, AY, AZ according to the relation (26) 

between the co-ordinates of the same point with reference to two 

systems of parallel axes, we will have 

x 11 = x - x0 , y11 = y - y0 , z 11 = z - z 0 

Therefore the first members of the preceding equations may be 

converted into x - x
0

, y -y
0

, z - z
0 

and by transposing x0 , 

y
0

, z
0 

to the s~cond members of the same equations we will obtain 

x1 cos (n" x') + y1 cos (n11 y1) + zl cos (n11 z1) 
X = X - ----'-----'---'-=----------,,-:.,,,--;,-:--'--·---'---

o cos (n11 x) 

x1 cos ( n1 x1) + y1 cos ( n' y1) + z1 cos ( n1 z1) 

Y = Yo - cos ( n1 y) 

x1 cos (nx1) + y1 cos (ny1) + z1 cos (nz1) 
z = z - --~-_,_-~---------~-

0 / cos (nz) 

which are the requiredJ,eneral formulas for transformation. 

8cholium. An ob~rvation is here to be made similar to that 

under n (8.) T~'~Letermined value of x given by the second 

member of the f/,~~ing equation is equivalent to 

co~ ( n11 x1
) cos ( n 11 y1) cos ( n" z') x - ---+-'---'- x' - ---'-,--,-,"--,- y' ____ z' 

0 c6s (n" x) cos (n11 x) cos (n11 x) 

in which t1fe coefficients of the co-ordinates x', y', z' are numeri­

cal value/ and the co-ordinates are linear quantities, that is, quan­

tities of the first degree like x given by them. From which it 

follows that the value of xn cannot be given but by powers of the 

same and less degree of the co-ordinates x1, y', z'. The same is 

to be said with regard to y a~d z. 
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11 Corollary. Supposing the axes X, Y, Z rectangular (fig. 21) 

the normals n, n I, n 11 ; that is to say, MB, MB1, MB" shall be 

parallel to the same axes, and consequently the angles (n11 x), 

(n1y), (nz) shall be equal to zero. Hence, 

cos (n11 x) = 1, cos (n1 y) = 1, cos (nz) = 1 

Again, (fig. 22) the angle which for instance BM or n makes 

with I{I M, that is, the angle K1 ML, or (nz1) being equal to 180° 

-K1 MB and K1 MB= LM e = ZAZ1 = (zz1) will give us 

cos (nz1) = cos [180° - (zz1)] = ,- cos (zz1) 

And since the angle which K1 l' parallel ton makes with H1 K1, 

that is, the angle HI K1 l', or (ny1) is equal to 180° - [I K' rand 

l ' K' r = ZAY' = (zy'), we will have 

cos (ny') = cos [180° -(zy')] = - cos (zy') 

The angle which AH' makes with H 1l" parallel to n or the angle 

(nx') being equal to (180° - l 11 H1 X 1) or 180° - ZAX or 180° 

- (zx1) will give 

cos (nx1) = cos [180° - (zp:1) ] = - cos (zx1) 

In the same manner we may find 

altc11 cos (n
1
z

1
) = - cbs (yz') 

~ cos (n1y1
) = - co (yy1

) 

u,..;i,~ I cos (n1x1) == - cos (yx1) 

( • -------i \ 
C)itt-h / 

© tvr / ti-t,vf- I 

cos (n11z1
) == - cos \xz1

) 

cos ( nlly1) == - cos ( xy1) 

cos (n11x1) == - cos (xx t) 

Therefore, in the supposition that the axes X, Y, Z, are at right 

angles and the origin A is common to both systems, by substituting 

in the formulas above determined these last values, we will find 
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x == x' cos (xx') + y' cos (xy1) + z1 cos (xz1
) 

y == x 1 cos (yx1) + y' cos (yy1) + z 1 cos (yz1
) 

z == x' cos (zx1) + y1 cos ( zy1) + z 1 cos ( zz1
) 

Formulas giving the relation between the co-ordinates of any 

point with reference to a system of rectangular axes and the co­

ordinates of the same point referred to any other system having a 

common origin with the former. 

REMARKS. 

28. Every point, either of a straight or curve line, or of a 

plane or curve surface in space, may be referred to any system 

of axes. Suppose now the same relation to exist between the co­

ordinates of each point of such a series; this relation is called the 

equation of the line or surface, and the series of points corres­

po}lding to the equation, as we said elsewhere (13) , is termed locus 

or geometrical locus of the equation. From the same relation 

follow the two kinds of investigation already explained, that is, a 

series of points being given to derive the corresponding equation, 

or an equation being given to find the corresponding locus. We 

will now speak of the first investigation, which will constitute the 

following part of the present book, reserving to the third and 

fourth books the discussion of the second, both in plane surfaces 

and space, in a larger extension. 

EXAMPLES. 

~- Equation of tlie plane. 

29. Let (fig. 23) the plane BCE be referred to the rectangular 

axes AX, AY, AZ, and let BCn, ECm represent the intersections 

of this plane with YAZ and XAZ. Let the distance AC between 

the origin of the co-ordinates and the point C of the axis Z met 

by BCE be called z
0 

and the trigonometrical tangents of the angles 

BnY, EmX, t and t1• Now to the straight line Em, if referred to 

the axes X, z, will correspond (10) the equation 

Z = ti X + Z
0 

( 0) 
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Let now K be any point of the given plane, the perpendicu­

lar line KH drawn from K to the plane XA Y, and the perpendicular 

Ha drawn from H to the axis X and Aa will be the co-ordinates 

z, y, x of that point. Imagine now the plane determined by KHa, 

which is parallel to ZAY, indefinitely produced, and let pr,pU, 

aV be the intersections of this new plane with BCE, with XAY, 

and with XAZ. From this construction it follows that not only 

pH is parallel to n Y, but also that pr is parallel to nB, and a V is 

parallel to AZ ; therefore the angle Va U equal to ZA Y shall be 

rectangular, and rpU shall be equal to BnY, and consequently 

tg. rpU = t. If now the line rp be referred to the axes aV, aU, 

we will have (10) 
KH = t. aH + Ia 

but Ia is an ordinate of mE with reference to the axes X, Y, and 

consequently is equal ( o) to t' • A a + z
0 

; therefore 

KH = t. aH + t'. Aa + z 0 

or Z = t y + t' X + Z 0 

The equation, or the relation between the co-ordinates of the 

point K : but the point K is any point of the plane; therefore the 

same relation shall be verified with every other point of the same 

plane, and the formula thus produced is the required equation of 

the plane. 

Corollary L If we conceive another plane parallel to the first, 

since the angles formed by the intersections of this plane with 

XAZ, YAZ, and the axes X, Y shall be the same, and the dis­

tance between the origin A of the axes, and the point C' of Z met 

by the new plane is different from z
0

, so calling z
0

' such a dis­

tance, the equation of this new plane shall.be exhibited by 

z = ty + t'x + z 0

1 / 
C01·ollary II. Imagine that this plane passes through a point of 

which x', y', z' are the co-ordinates, the preceding equation must 

necessarily admit oft ese peculiar values of the co-ordinates, and 

:;·;e~ ~-~ 
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z' = ty' + t'x' + z 0 ' 

which subtracted from the preceding will give 

z - z' = t (y - y') + t' ( x - x') 

the general equation of any plane passing through a given point. 

Corollary III. Supposing now that the given point be the ori­

gin of the co-ordinates, then x ' = y' = z' = o, and the last equa­

tion shall be converted into the following : 

Z = ty+ t' X 

general equation of any plane passing through the origin of the 

co-ordinates. 

Scholium. Let us observe that from the equation z = ty + 
t' x + z 0 we may derive 

or making 
1 f 1 

T = m, - T = n, -T zo = q 

and 
1 , t I 1 , 
y,= m,--y =n,--y z0 = q 

y = mz + nx + q 

x = m1 z + n1 y + q1 

both of which are equations of the same plane, and which could 

be deduced directly as the first was deduced ; so m and n are the 

tangents of the angles made by the intersections of the plane 

with Z and X, and m1, n1 the tangents of the angles formed by the 

intersections with Z and Y. 
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II. Equation of the surface generated by the revolution of any line 
about an axis. 

30. Still supposing the system of axes at right angles, to which 

system every point of the surface is to be referred, imagine a 

p1ane ZA V passing through the axis z, on which is described any 

line msn (fig. 24,) and imagine the same plane moveable about 

Z; it is evident, first, that the line msn will describe a surface 

around Z; and if we conceive the surface already produced, it is 

also evident that any section of the surface made by a plane pass­

ing through Z shall reproduce the same line msn. 

Let us now suppose, as given, a surface mpnq generated in the 

described manner by any line, and suppose s to be any point of 

the given surface, the section msn made on the plane ZA V pass­

ing through s by the surface will be the generating line. Now 

the perpe.odicular sk drawn from s to the plane XAY, the perpen­

dicular kh drawn from k to the axis X and Ah, are the co-ordinates 

z, y, x of the point s, the relation of which is to be found. To 

this end let sr be drawn from s perpendicula.r to z, it shall be 

equal to Ak, but A k 
2 

Ah 
2+ /ik2 

= x
2 + y2 

• Hence, 

-
2 

2 + 2 rs = x y 

And if the line msn be referred to the axes AZ, AV, consider­

ing Z as the axis of abscissas, rs shall be the ordinate of the 

point s, and supposing the equation of msn to be expressed by 

v = f (z) ..... (o) 

rs will be equal to f (rA), but rA = sk = z; therefore rs2 = 
[f (z)]2

, which value, substituted in the former equation, will 

give 
[f (z)]2 = x2 + y2 • .•• (01) 

The required relation between the co-ordinates of the point s. 

Buts is any point of the surface; hence the relation between the 

co-ordinates of any point shall be that given by ( 0 1), and conse 
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quently ( 0 1) is the general equation of the surface generated by 

the revolution of any line about the axis Z. 

Let us now propose some applications, observing before that 

the second member of ( 0 1) is independent off (z), and whatever 

be the generating line shall be always the same. On the con­

trary, f (z) is variable with the generating line, and depends upon 

the equation of the same line. Therefore, to obtain the equation 

of the surface generated by a given line, it is sufficient to deter­

mine the equation of this line with reference to the axes AX, 

AV; that is, it is sufficient to determine f (z), ancl to substitute 

this value in the general equation ( 0 1) • 

.11.pplication I. If the generating line 1s a circle, having the 

centre in A, since (11) the equation of this line is 

or 

((:will have (o) 

v=Vr2 -z2 

[f (z)J2 = r z .._ z"' 

and consequently ( 0 1) the equation of the generated surface shall 

. be r"' - z
2 = x2 + '!/, or 

r2 = x2 + yz + z2 . • • • • (a) 

but the surface produced by a circle turned around a fixed diame­

ter is a sphere; therefore the formula (a) is the equation of the 

spherical surface, having the radius r and the centre at the origin 

of the axes . 

.11.pplicatio;) II. If the generating line is (fig. 25) the straight 

line mn, making the angle nmz with the positiYe direction of z, 
supposing An= r, and according to the equation of the straight 

line (10) we will have 

v = [tg . nmZJ z + r 
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~ 180° - nmA; consequently tg. nmZ = - tg. nmA 

and - tg . nmA = - ;1 ; therefore, if the altitude Am be repre­

r 
sented by q : tg . nmZ = - - ; consequently the equation of the 

q 
describing line mn is 

from which 

r 
v=--z+r 

q 

hence the equation of the corresponding surface is 

but the surface produced by mn is that of a right cone, of which 

Am is the altitude and An the radius of the base ; therefore the 

formula ( a1) is the equation of the surface of the right cone . 

./1.pplication Ill. If the generating line is the straight line mn 

(fig. 26) parallel to z, suppose An= r, and since the angle 

made by mn with Z is equal to zero and tg ( o) = o, the equation 

of mn, with reference to the axes AZ, AV, will be 

v=r 

from which 

and consequently the equation of the surface generated by mn 1s 

r2 = x2 + y2. . • • • ( a2) 

but the surface produced by mn is that of a right cylinder, of 

which the axis passes through AZ, and the radius of the base is An: 

therefore the formula ( a~) is the equation of the surface of the 

described cylinder. It is to be observed that this equation is the­

same as that of the circular base (11). 

. I~ · fl- _, P 

r 
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Polar co-ordiHale•• 

31. The rectangular co-ordinates AH= x, HK = y, KM= z 

(fig. 27) of any point M can be transformed into polar co-ordi­

nates. Because the position of the point M with reference to A 

can be completely determined by the straight line AM, drawn from 

the origin A to the point M, by the angle MAZ, which the same 

line makes with Z, and by the angle that the plane ZAK, on 

which is AM, makes with ZAX, namely, the angle XAK. It is 

here to be remarked, that supposing the angle ZAM to be taken 

from 0° to 180°, the position of the rectilinear co-ordinate AM 

may be directed towards every possible point in space around A, 

provided the angle XAK be taken from 0° to 360°. Now, for 

the sake of brevity, let MA be termed p, and thE' angles ZAM, 

XAK, o and w. The values of these polar co-ordinates may be ,,. 

given by those of the rectangular co-ordinates corresponding to 

the same point. Because 

X =AK. cos c:., 

y = AK. sin w 

z = MA . sin (90° - o) 

and sbce AK = AM cos (90° - o) = p sin o and MA sin (906 

- o) = p cos o; 

x = r sin o cos w 

y = p sin o sin w 

z = p cos 0 

which values, if substituted instead of x, y, z in the equation of 

the surface or line referred to the rectangular axes, will afford 

the equation or relation between the polar co-ordinates of the 

same series of points. 
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J:Jines in 6J1ace. 

REMARK. 

32. The object of any equation, as we observed (13), is the 

_description or construction of the corresponding locus. For 

instance, from z = tx + t'y + z
0

, the equation of the plane, we 

may derive the different values of z corresponding to x and y, 

which are given, and each one of which z marks a point of the 

plane. But suppose that instead of considering the whole plane 

we refer only to the axes, a series of points traced by a line, for 

example, a circle on the same plane. It is evident that the rela­

tion between the co-ordinates of every point of the plane, or the 

equation of the plane, shall be the equation of that peculiar series 

of points. And for this reason the above mentioned object of 

the equation cannot be obtained with regard to the circle, because 

no mark distinguishes the co-ordinates proper to the circle from 

those of the plane in general. Therefore, to have the only values 

proper to the line, it is necessary to modify the relation between 

the co-ordinates in such a manner as to exclude all of them 

which do not belong to the same line. This modification con­

sidered under its most general asped will be afforded by the 

following discussion. 

Eq11ati01u of' any li.,e i•• s_i,au. 

33. Let (fig. 28) L be any line referred to the rectangular axes 

X, Y, Z : and imagine two straight lines Rr, perpendicular to 

the plane XA Y, and Rr1 perpendicular to the plane XAZ running 

along the given L. The lines P and Q described by these two 

perpendiculars shall be the projections of L on the planes XAY, 

XAZ. Two observations are here to be made: first, that in the 

same manner as the perpendicular lines describe on the planes 

the projections P and Q, so they describe in space two cylindrical 

surfaces, of which Lis the common intersection. Secondly, the 

same perpendiculars take successively the place of the co-ordi-
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nates of L; that is to say, the perpendicular Rr becomes succes­

sive]y the co-ordinate z of every point of L, and the perpendicular 

Rr' the co-ordinate y of every point of the same L. From the 

last observation it follows that no other co-ordinates x, y, z but 

those of the projections can be the co-ordinates of L. Because, 

after having drawn from any point R of L the perpendicular Rr 

to the plane XAY or the co-ordinate z, the two remaining co­

ordinates of the same point are co-ordinates of a point r of the 

projection P; consequently no other co-ordinates x, y belong to 

the line L in space, but those of its projection P on the plane 

XAY. Likewise we may demonstrate that no other co-ordinates 

x, z belong to the line L, but the co-ordinate:;; of the projection Q. 

Therefore., supposing the equations of the projections P and Q to 

be represented by 

X =f (y). (ei) 

x = F(z). (e,) 

To every value of x shall correspond at once y from (e1), and z 

from ( e2), all co-ordinates of the same point of L. And likewise, if 

the given co-ordinate is either y or z, from ( e1) or ( e2) we will de­

rive x, which substituted in the other shall give the third co-ordi­

nate. It is now evident why the equations (e1), (e2 ) are termed 

equations of the line in space. It is evident, also, that the same 

equations must be different in the different cases, and of this we 

will now give some examples. 

EXAMPLE 1. 

BqualiotH or tl•e intersectio,a or two gi.,en platres. 

34. Any geometrical locus is said to be given or known when 

the corresponding equation is known, and the equation is known 

when the constant quantities are known. For example, suppose 

the constant quantities a, a1
, b + : A, A', B given or known, the 

equations 
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z = ax + a1 y + b , z = Ax + A' y + B 

of two planes (29) are equally known, as also the corresponding 

planes; because, substituting at pleasure every possible value for 

:x ·and y, we are always able to derive the corre~ponding z. Let 

us suppose now these two planes inclined to each other, and let 

us consider the straight lin_e produced in space by their common 

intersection; it is evident that the co-ordinates of this intersec­

tion shall fulfil at once the equations of the two planes, and the 

co-ordinates only of that intersection can fulfil at the same time 

both equations of the planes; therefore, every formula derived 

from the equations of the planes in the supposition of the common 

co-ordinates, is necessarily an equation between the co-ordinates 

of the intersection. Now in the said supposition subtract the first 

from the second equation of the given planes, the difference shall 

be 

x (A-a)+ y (A'-a1) + B-b o 

or 
a1-A' b -B 

x = t\. y + -A •.•• ( e,) _ -a -a 

which being an equation between the co-ordinates x and y of a 

line in space, is (33) the equation of the projection of the same 

line on the plane of the axes X and Y. Observe now that the 

equations of the planes may be reduced to the following form : 

aly = z - ax - b , A 1y = z - Ax - B 

or 
1 a b 

y=-z--x--
a1 a1 a' 

In the same supposition of equal co-ordinates in both equations, 

if the first be subtracted from the second, the difference will be 

z (_!_ - _!__) - x ( A - .!!.._) - _! + ..!!_ - o 
A1 a' A1 a1 A1 a1 -
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or z ( a l - A') - x ( Aa1 - A' a) - Ba1 + A 1 b == o 

or :finally 

a 1 - A 1 A 1 b - Ba1 
( 

x == A I A' z + A I A' . . • . . ez) a- a a - a 

which being an equation between the co-ordinates x , z of the in­

tersection in space, necessarily must be the equation of the pro­

jection of the same line on the plane of the axes X, Z ; but the 

equations of two projections of any line in space are the equations 

of the same line; consequently the las t formula ( e2 ) with the pre­

ceding ( e1) are the equations of the intersection of the planes. 

Scholium. It is evident that the equations of the intersection 

of any two surfaces may be determined in the same manner, pro­

vided the equation of each surface is given. 

EXAMPLE If. 

Bq11atw11s 0£ a sh•aigl,t liue passiug lltt·ougle t,eo gi-,l'H, poiHI• ,.,, •pace. 

Any point is said to be given when its co-ordinates are given; 

consequently the points corresponding to the known or given co­

ordinates 

are two given points. Now to :find the equations of the line pass­

ing through these points, it is :first to be remarked that the pro­

jection on a plane of any straight line situated in space is another 

straight line ; because if (~g. 29) from any point p of the straight 

line ab in space we draw the perpendicular pq to the plane P, the 

plane determined by ab and pq is perpendicular to P, and the 

same which would be produced by pq if moved along ab with pa­

'J:allel motion; therefore, the intersection of that plane with P is 

the projection of ab. Now the intersection of two planes is a 

straight line, which was to be demonstrated, and which may be 

deduced, from the preceding number also. Now from this remark, 
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and from the form (10) proper to the equation of the straight line, 

we may conclude that the equations of any line in space will be 

represented by 

x= ay + b ~ 

x=a1z +b' 
(o) 

Hence, what is to be done in the present case is to ascertain the 

values of a, a1 ; b, b1• Now the co-ordinates x, y, as well as x, 

z of every point of the line in space, must fulfil the equations (o); 

but by supposition the line in space passes through the given 

points; hence the co-ordinates x
1

, y
1

, and xt, Yz, must fulfil the 

first equation, and x 
1

, z 
1 

: x
2

, zt the second; and so we will 

have at once 

x 1 = ay 1 + b , x z = ay 2 + b 

x 1 =a1z 1 +b', xt = a1zt + bl 
To obtain the required values of a, a1, b, b1, let us first subtract 

the second equation of each binary from the first, we will obtain 

x
1 
-x

2 a=~--~ 
Yi -y,, 

the values of a and al determined by the known co-ordinates. 

Again, since from the first equation of each binary we have 

and substituting the determined values of a and a1 

which are the values of b and b1 given by known quantities. 

Substituting, now, the values of a, a 1 , as well as those of b and 

b 1 , in the equation ( o), we will obtain the required equations 
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X - X X 1 - Xt. ] 
X = 1 t. y + [xi - -=--~ Y 

Yi - Yt. Yi - y,_ i 

Scholium. Supposing only one point to be given of which 

xi , y i , z 
1 

are the co-ordinates, instead of the two preceding 

binaries, we will have two single equations 

x 1 = ay 1 + h 

x 1 = aJzi + b1 

from which 

and substituting these values in ( o) we have 

x=ay + [x1 -ayJ 

x = a1z + [xi - a1z 1 ] 

the equations of any straight line in space passing through a 

given point. It is here to be observed, first, that the same equa­

tions may be transformed into 

X - X 1 = a (y - Y 1 ) 

x - xi= a1 (z - z.) 

the form of which is that corresponding to the line on a plane 

(10) passing through a given point. Observe, also, that the con­

stants a, al remain undetermined in this case. And if the given 

point is the origin of the co-ordinates, since in this supposition 

xi = y 
1 
= z 1 = o, the last equations will be converted into 

x = ay, x = a1z 

which are the general equations of any line m space passing 

through the origin of the co-ordinates. 
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EXAMPLE III. 

BtJ.riation• or the pe,pemlu:ula,• 4ra"'" t"ro,n a gie,en poiHI to a 

gi,,,en 11lane. 

36. Suppose 

x=mz +ny+ q 

41 

to be (29 Sch.) the equation of the given plane in which, conse­

quently, (34) m, n, q are known quantities. And suppose x 
1

, 

y
1

, z
1 

to be the equally known co-ordinates of the given point. 

According to the equations of the straight line which passes 

through a given point, the equations of the perpendicular shall 

have the following form: 

X - X l = a (y - y I) i 
x - x

1 
=a1(z-z

1
) 

(o) 

in which a and a1 are to be determined. To this end imagine that 

BC, BD represent (fig. 30) the intersections of the given plane 

with XAZ and XAY, and let LM be the perpendicular line 

drawn from the given point to the given plane. Draw LL' per­

pendicular to the plane XAZ, and LL11 to the plane XAY, from 

any point L of LM ; and imagine the plane determined by ML 

and LL', and that determined by ML and LL11, to be produced 

so as to intersect XAZ and XAY. These intersections L'M1 and 

L 11 M 11, are (35) the projections of LM, of which (o) are the 

equations. Now the projection L' M1 is at right angles with 

BC, and L11 MIi with BD; because, on account of the perpen­

dicular LL', the planes ZAX, LMM1 L' are perpendicular to 

each other, and since LM is perpendicular to the given plane, 

this plane CBD with the same LMM' L' are equally perpen­

dicular to each other. But from elementary geometry, when 

two planes are perpendicular to a third plane, their common in­

tersection is also perpendicular to the same plane. Hence BC is 

perpendicular to the plane L' M1 ML, and, consequently, to the 

line L' M1 on the same plane. In the same manner BD is per-
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pendicular to L" M". Now we observed (10 Cor. ii) that if the 

tangent of the angle formed by a straight line and an axis is 

equal to t, the tangent of the angle formed by the perpendicular to 

that line and the same axis is - !. But according to the equation 
t 

of the plane CBD, the tangent of the angle made by BC and Z 

is (29 sch.) m, and that of the angle made by DB and Y is n; 
therefore the tangent of the angle contained by L' M1 and Z shall 

be - ..!_, and that of the angle contained by L" M" and Y shall 
m 

be_..!__ But the coefficient a1 of the second (o) is (10 Cor. i) the 
n 

tangent of the angle which M' L' makes with Z, and the co­

effi.cient°a of the first (o) is the tangent of the angle which L 11 M 11 

makes with Y; hence 

1 
a=--;;;, 

1 
a'=-­

m 

which values substituted in ( o) will give 

X - X 1 = ~ (y 1 - y) \ 

x - x 1 = ~ (z 1 - z) J (oi) 

The equations of LM, m which nothing more remains to be 

determined. 

Scholium I. Suppose the co-ordinates of the point M of the 

plane met by the perpendicular to be so1:1ght. It is evident that 

the co-ordinates of M are at once co-ordinates of the plane and 

of the perpendicular; hence they must fulfil at once the equation 

of the plane and those of the perpendicular. It is also plain 

that the co-ordinates of that point alone are common to the equa­

tion of the plane and to those of the perpendicular. Therefore, 

to suppose x, y, z common to these equations, is the same as to 
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substitute in the equations the co-ordinates of M. In order to 

deduce the values of such co-ordinates, let us first transform the 

last equations (oJ into the following: 

and let us substitute these values of y and z into the equation of 

the plane, which shall become 

x==m [z1 -mx+mxiJ +n [y 1 -nx+nx1 ] + q 

hence 

or 

x [l +mi+ ni] == x 1 [l +mi+ ni] + mz1 + ny1 + q - x 1 

and .finally 

the value of the co-ordinate x given by known quantities, and 

corresponding to the point M. To obtain the values of the others 

let us modify the last equation and the preceding ( o 
2

) in the fol­

lowing manner: 

y==y 1 -n (x-xJ 

Substituting, now, the difference x - x 
1 

given by the former in 

the latter equations, we will obtain 
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n(mz
1 

+ny 1 +q-x 1 ) 

1 + mz + nt 

_ m (mz 1 + ny 1 + q - x 1 ) 

z - z1 - 1 + mz + nz 

which are the required values of y and z. 

Scholium IL The length of the perpendicular LM from the 

given point to the plane may be determined, observing that (25) 

"1[(x - x')z + (y - y')z + (z - zl)t] 

giYes the length of a straight line in space comprised between 

two points, of which x, y, z and x 1, y', zl are the co-ordinates. 

Therefore, if, in the general formula, we substitute for x, y, z the 

preceding values of the co-ordinates of M, and for x1, y1, z1 the 

co-ordinates x 1 , y 1 , z 
1 

of the given point, that formula shall give 

the length of the perpendicular. But by such a substitution the 

first term (x - x1) 2 of the general formula becomes 

• (mz 1 + ny 1+ q - x.)'" 

(1 + mz + nz )z 

the second (y - yl)z 

the third ( z - z1) ! 

nz (mz1 + ny1+ q - xJz 
(1 + mz+ nz)z 

and consequently their sum 

(mz 1+ ny 1 + q - x 1 )t 
1 + mz+ nz 

of which the corresponding root 
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is the required value of the length of the perpendicular. 

gnlnr rekltio11•. 

I. Vrilue of the cosine of the angle contained by two straight lines 

passing through the origin of the axes. 

37. We obtained (25 Cor. II) the value of the cosine of the 

angle MAM' (= /3) by means of the co-ordinates of the extremi­

ties M and M' (fig. 31) of the sides, without any regard to the 

equations of these lines. Observe now that the equations of AM 

and AM1 may be exhibited (35 Sch.) by 

from which 

and 

x= ay, x =a1z 

x1=cy1 , x'= c1z1 

1 
y'=-x' 

C 

1 
z 1= 1 x1 

C 

. 1 I 1 I 

Y. y1 = - xx' zz - - xx 
ac ' - a1c1 

where we may suppose the co-ordinates of every point of AM and 

AM' ; hence, the co-ordinates also of the points M and M 1• In 

this supposition, since the value of cos /3 already (25) determined 

is given by 

xx1 + yy1 + zz1 

in which x, y, z, x', y1, z1 are the co-ordinates of M and M'; we 

may substitute the corresponding values given by the preceding 

equations. Hence, 
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xx'+ yy' + zz1 = xx'( 1 + :c + a~,) 

and ✓ 1 · 1 ----- 1+-+-vx: +y2 +zl'- = x az alt 

✓ 1+2- + 1 v x'z+ y'z+ zlz = x 1 c:i clz 

consequently 
1 1 

1+ -- + ac a1c' 
cos (3 = -

✓ 1+ !z + )2 ✓ 1 + !2 
... ( a) 

1 
+ cl2 

the required value dependent only on the constant quantities of 

the equations of the lines forming the angle {3. 

Corollary I. If the angle f3 1s a right angle, then cos f3 = o ; 

and in this case 

1 1 1+-+--0 ac a1c1 -

Corollary II. Let us suppose that the side A"Nf of the angle (3 

becomes coincident with the axis X, then (25 C. III) the angle f3 

shall become X. It is further to be considered that all the co-or­

dinates y and z of the line coincident with· X are equal to zero; 

therefore, in the present supposition the co-ordinates z', y1 of the 

point M' are equal to zero; the co-ordinate, moreover, x 1 of that 

point is equal to AM1 ; hence, the general formula (25) 

cos ==xx'+ yy' + zz
1 

(3 AM. AM1 

will be converted into 

But (25 C. I.) 

X. AMI 
cos X== AM . AM' 

X 

AM 
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hence, 
1 

in which the sign of the second member depends on the sign given 

to the root; but the second member must have the positive sign 

when Xis less than 90°, and negative when Xis greater than the 

right angle; therefore, when the line AM makes an angle with 

X greater than the right angle, the radical expression 

will be negative; when AM makes an angle with the axis X less 

than a right angle, the same radical, dependent on the constant 

quantities a, a1, will be positive. Let us here remark, that 

sometimes the line, or any geometrical locus, is represented by 

its equation, so that it is the same to say the line AM as the line 

[ x = ay , x = a1 z J 
Let us now come to the second case in which we suppose the 

side AM1 of the angle /3 to coincide with the axis Y; evidently 

(25) the angle /3 will become Y. But in this second supposition 

the co-ordinates x1, z1 of M1 are equal to zero, and the co-ordi­

nate y' equal to AM' ; hence, the general formula will become 

y. AM1 y 
cos Y= AM. AM'= - ✓ --:=======1= 

X 1+___!_+ 
az al2 

now from the first equation x = ay of AM, we have 

X 1 
y = - = x . - ; hence 

a a 
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1 

cos 

Suppose, finally, AM' to coincide with z, in this case, {3 becomes 

z, and x' == y1 == o and z1 == AM', consequently from the gene­

ral formula 

z. AM1 z 
cos z == AM • AM' == ~-

x l 1 + 1 + az atz 

but from the second equation x == a1z of AM we have z == x . ..; ; 
a 

hence, 
1 

a' 
cos Z= ✓ l+_!__ + 1 

a2 at2 

It will be remarked that, by supposing the successive coincidence 

of AM with the axes, we might have derived the formulas 

cos X 1 == --;:===l==== 

✓ 1+-+ 1 
ct- c12 

1 

cos Y 1 = ----;===c==== 

✓ i+ ;,_ + )2 

1 
cl 

cos Z' == --;====== 
✓ 1+_!_ + 1 

c2 c1~ 
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in which the radical 

is positive or negative according as the angle formed by the line 

[ x = cz , y = c1z J with X is greater or less than a right angle. 

From the same formulas it appears, that if the equations of any 

line passing through the origin of the axes is given, we may al­

ways derive the angles which the same line makes with the axes; 

because these angles depend only on the constant quantities of 

the equations. 

Scholium. It is evident that the projections of two parallel 

lines, for instance (fig. 32) aM', Am1, taken on the same plane 

XAY, are equally parallel lines; because, supposing the perpen­

diculars pr, qs drawn from any pointp, and q of aM', Am1 to the 

plane XAY, the planes determined by aM',pr, and Am1, qs are 

of course parallel to each other, and consequently their intersec­

tions with the plane XA Y are parallel to each other; but ( 35) 

such intersections are the projections of each line. Hence, the 

projections of the parallel line in space, taken on the same plane, 

are likewise parallel lines. Now let the straight lines aM, aMI 

in space be given at any angle, and let their equations be 

x = ay + l, , x = a1z + bl 

x = cy + d , x = c1z + d1 

and suppose Am, Am1 drawn parallel to aM, alW from the origin 

of the axes, evidently the angle m'Am is equal to M'aM, and the 

angles formed by Am', Am with the axes are the angles made by 

the directions of aM', aM with the same axes. But all these­

angles depend on the constants a, a', c, c' of the preceding equa~ 

tions, as will be seen hereafter; hence, by means of these con­

stants we may derive the values of the angle MaM1 and of the 

other mentioned before. To demonstrate it, let us remark that 

the projections of aM' are parallel to the projections of Am', and 

4 
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the projections of aM are parallel to those of Am. Now (10 Sch.) 
if the equation of a line in a plane is x == ay + b, the equation of 

another line parallel to the former, and passing through the origin 

of the axes, is x == ay ; hence, the equations of Am, Am will be 

x == ay, x == a1z 

-r == cy, x == c1z 

But the value of the angle mAm1, as well as those formed by 

each side with the axes, depend on the constant quantities of 

these equations in the explained manner; hence the angle MaM', 

and those formed by aM, aM1 and the axes or parallel lines to 

the axes, will be given by the constant quantities a, a1, c, c'. 

II. Value of tlie cosine of the angle formed by two plane:,·. 

38. It is known from elementary geometry that the angle 

formed by two planes is the same angle as that formed by the 

lines drawn perpendicularly from any point in space to both 

planes. Hence, if we are able to determine the cosine of the 

angle made by the lines perpendicular to the planes 

x == Az + A'y + A" 

x = Bz + B1y + B11 

we shall have the cosine of the angle formed by the planes them• 

selves. Suppose, now, x 1 , y
1

, z
1 

to be the co-ordinates of the 

point from which are drawn the perpendiculars to th e planes. 

The equations of the perpendicular drawn to t he first plane are 

(36 (e,)) 
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and the equations of the perpendicular drawn to the second plane 

are 

Which equations, if the given point be on the origin of the axes, 

will be converted into 

Now the cosine of the angle formed by these two perpendiculars 

is given (37) by the formula (a), substituting there, instead of 

a, a1, c, c1, the coefficients of the last equations. Hence, if we 

term {31 the angle formed by the planes, we will have 

t+A'B'+AB 
cos 131 == v v . . . . . (a,) 

1 + A'' + A2 1 + BP + Bi 

Observe (37 C. II) that the radicals 

V 1 + A'~ + A2, v 1 + B12 + B' 

will be positives when the angles made by the perpendiculars 

with the axis X are less than 90°; will be negative when the same 

angles are greater than 90°. 

III. Value of tlte cosine of tlte angle formed by a straiglit line and 

a plane. 

39. Let us now treat of the angle contained by a given line 

and a plane in space, and suppose the plane represented by CB 

(fig. 33) and the line by pq. If from any poin.t p of qp we draw 
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the line p1· perpendicular to the plane and then qr on the same 

plane, the angle pqr is the angle which the line pq is said to 

make with CB, and which, from analogy with the preceding angles, 

we will term (311• In order to obtain the sine of this angle, 

imagine the plane C1 B1 parallel to CB and passing through the 

origin of the axes. From the same origin A let us draw Ap1 

parallel to qp, p 1r 1 perpendicular to C1 B 1 and Ar1 ; the angle p 1 Ar1 

will be equal to 1311• Sui:,pose, now, Ap" parallel to r'p', we will 

have 

p 11 Ap1 == p 11 Ar1 - p 1 Ar1 == 90° - {311 

consequently, 

cos (p11 Ap1) == cos (90° - 1311) == sin 1311 

But the first member of the equation is the cosine of the angle 

formed by two lines passing through the origin of the co-ordi­

nates, which depends on the equations of the same lines. 

Hence, to obtain sin 1311, it is necessary first to derive from the 

given equations, 

x == ay + b, x == a1z + b1 

of the line pq, and 

x == Az + A 1y + A 11 

of the plane CB , the equations of the lines Ap1, Ap". Now the 

equations of Ap1 parallel to pq are 

x == ay , x == a1 z . • . • ( o) 

and the equation of the plane C1 B1 parallel to CB, and passing 

through the origin of the axes, is (29, CC. I, III) 

x==Az + A'y 
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Finally, the equations of the line Ap11 perpendicular to C1 B1 are 

{36 (e)) 

Now, by a substitution in the formula (a) [37] we deduce from 

( o) and ( 0 1) the required value of cos (p11 Ap1) or sin 1311 ; that is, 

A' A 
1- - --

a a1 

sin 13
11 == ---;::======----:====== 

"/1+2- + _!_ ~A2 -v a2 a'2 V 1 -t- a ·· -t-

in which equation the usual observation with regard to the radical 

is to be made according as the lines Ap', Ap11 form an angle 

greater or less than 90° . 

.1t•e,,, ro,•11, of t1le equations or a 11h ·aigl,t line, a,ul or a pla,ie 111usi11g 

tlt1•0Hgl1, a gi1Je1& point. 

40. From the angular relations already considered (37, C. II) 

we may derive a new and useful form of the equations of a line 

passing through a given point. The known equations of such 

a line are 

X - XI == a (y - y I) ' X - XI == a1 
( z - z I ) ( e) 

and the angular relations of the same line with the axes are given 

by the formulas 

1 

cos X == / 1 1 

V 1+at + al2 

1 

a 
cos y == ---;:====== 

✓ i+~ ~ +) . 
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from which 
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1 

a' 
cosZ = ✓ 

1+_!_ + 1 
a~ al 2 

cos X 
---a 
cosy - ' 

cos X 
---a 
cos z-

and substituting these values in the preceding ( e) 

cos X cos X 
X -X1 =~(y- y 1 ), X-X 1 =-z(Z-Z 1 ) 

COS L COS 

hence 

y -yl 
cos y ' 

Z - z
1 

cos z 

New form of the equations of a straight line which was required. 

41. Let us now consider the equation of the plane. 

Z z are the co-ordinates of the point through which 

passes, its equation (29, C. ii) is 

If Xz, Y•1 
the plane 

X - Xz == A ( z - zJ + A 1 (y - Yz) • • • • • • (f) 

Imagine from any point [ x 1 , y1 , z 1] we draw a perpendicular to 

the plane, the equations of this perpendicular (36 (e) ) are 

and from the angles X, Y, Z, which this line makes with the 

axes, we will have, as in the preceding number, 

hence 

cos X 1 cos X 1 
cos Y - - A 1 ' cos Z - - A 

tl' - - cosy 
• - cos X' 

A- cos Z 
-cos X \ 
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which values, substituted in (f ), give 

cos z cos y 
X - X2 = - -X (z - Zz) - -X (y - y,,) cos cos . 

from which 

(x - x 2) cos X + (z - Zz) cos Z + (y - y2) cos Y = o 

A new form of the equation of a plane passing through the point 

[ x2 , y2 , z2 ] , in which the angles X, Y, Z are those formed by 

the axes and any line perpendicular to the plane. 



BOOK III. 

1,INES OF THE SECOND ORDER, 

REMARKS. 

42. It now remains for us to distinguish more exactly that part 

which belongs to the present book from that which regards the 

fourth. 
Let us recall to mind the distinction (17) already given between 

algebraical and transcendental lines, and the different orders of 

the algebraical lines according to the different degrees of the cor­

responding equations. If now we suppose an algebraical equation 

of a certain degree so general as to comprehend all the possible 

cases of the equations of that degree, it appears that from the dis­

cussion of such an equation, we may derive, first, the common 

properties of all the lines of the same order; and secondly, by 

modifying the general equation, the properties of the peculiar lines 

corresponding to the different modifications. Now although this 

investigation so generally proposed constitutes the object of the 

present book, yet we will not extend the discussion to every or­

der of lines, but only to those of the second order ; and to pro­

ceed with the proposed method we will first establish the general 

equation of the second degree. Observing that since the algebra­

ical lines described in plane surfaces may be referred to a system 

[X, Y] of two axes, the variable quantities of the general equa­

tion will be only x and y. We may remark, also, that the curve 

lines described in plane surfaces are termed lines of only one cur­

vature ; those described in curve surfaces are called lines of 

double curvature; and this second kind of curves must necessa­
rily be considered in space. 
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Gene,·al fon1tt1la o,· eq11atio1t of tile seco11d deg,·ee co11tai11i11g two ~4-

1·iable qrra11tities. 

43. The degree or dimension of an equation is taken from the 

highest dimension of the variable quantities found in its terms, 

and this dimension corresponds to the sum of the exponents of 

the variable quantities. For instance, the term axmyn, in which 

a is a constant quantity, is a term of the dimension m + n, and 

ax' , ay' terms of the dimensions 1· and s ; and if m + n is equal 

to r, the terms axmyn , ax' are of the same dimension. Suppose 

now m + n , r and s different whole numbers, and m + n the 

greater, an equation of the terms axrnyn , ax' , ay• is termed an 

equation of the dimension or degree m + n; and if r be the greater 

number, the degree of the equation will be r. From these obser­

vations it follows, first, that an equation containing the variable 

quantities x, y will be of the second degree, if its term or terms 

of the highest dimension are axz , by2 , cxy. Secondly, the 

equation of the second degree, which, besides the terms of the 

preceding description, contains terms of the form d.x, e.y, and 

other terms independent of the variables x, y will be the most 

general equation of the second degree ; therefore, collecting to­

gether all the terms similar to ax2 , all those similar to by2 , and 

so on, ,ve may give to the general equation of the second degree 

the following form : 

Ax2 + By2 + 2Cxy + 2Dx + 2Ey = K ..... (i1 ) 

In which A, B, 2C, &c., are constant quantities, and the coeffi­

cients 2C, 2D, 2E are preferred to C, D, E to facilitate certain 

investigations. It is plain that this equation represents all the 

lines of second order. 
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d si,nple.- t"or11• giten lo lhe ;:eue,·nl e9.uat;ou iu order to det·ite ll•e 

properties o-r tl,e lines of seco11d 01·,le,·. 

DIAMETER. 

44. Let (fig. 34) n''nn1nlll represent any line of the second or­

der referred to the rectangular axes X, Y ; and let nn' be any 

chord which we will term 2c; let us represent by x
0 

, y
0 

the co­

ordinates Ap, pm of the middle point m of the chord ; and let us 

call a. the angle n1rX formed by the same chord with AX. Draw 

now from n and n' the ordinates nq, n'q', and from n and m, ns, 

mt parallel to X; the triangles mno, n'mo' , in which n'mo' = mno 

= a., and nm = mn1 = c, will give 

no == mo1 == c cos a. , mo == n' o' == c sin a. 

but no== qp , mo1 ==pq1 ; hence, Aq == Ap - no , Aq1 == Ap 

+ mo1
• Again, nq =po =pm - mo , n1q' == q'a1 +n1o' ==pm 

+ n1o' ; therefore, 

Aq == x 0 - c • cos a. , qn == y
0 

- c sin a. 

Aq1 = x 0 + c. cos a. , g1n1 == y0 + c sin a. 

But Aq, qn, as well as Aq1, q1n1, must fulfil the equation of the 

curve, which being any line of the second order is represented 

by the general equation (i); hence, Aq, gn, and Aq', q'nl may be 

substituted instead of x, y in the same equation. Before this 

substitutio1; is performed, observe that 

A/= x0
2 

- 2x0 c. cos a+ c2 cos 2a 

z 
Aq' = X 0

2 + 2x0 c. COS a + c2 cos 2a , 

and 

2 

qn = Yo 2 
- 2y0 c . sin a + c2 sin 2a. 

q'?/ = Yo2 + Qy0 c. sin a + c2 sin 2a. 

Aq. gn == x 0 Yo - cy0 cos a. - C{JJ
0 

sin a,+ c~ sin a,. cos a. 

Aq'.g'n' == x 0 Yo+ cy0 cos a,+ cx
0 

sin a,+ c~ sin a.. cos a, 

Making now the partial substitutions, we will obtain 
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1 
5 Axi = Ax

0 
2 - 2Ax

0
• c. cos a + Ac2 . cos 20, or 

~ Ax2 = Ax
0 

2 + 2Ax
0

• c. cos a+ Ac2 . cos 20, 

2 
~ Byi = By

0 
2 - 2By

0
, c. sin a + Bc2 . sin 20, or 

~ By2 = By
0 

2 + 2By
0 

• c . sin a + Bc2 , sin 20, 

59 

I 
2Cxy=2C%y

0
-2C.cy

0
cos a -2C.cx

0 
sin a+ 2C.c2 sin a cos a 

3 or 
2Cxy=2CxoYo+ 20.cyocosa+ 20.cxosin a+zc.c2 sin a,COS a. 

4 
5 2Dx = ZDx

0 
- 2D . c • cos a, 

~ 2Dx = 2Dx
0 

+ 2D . c . cos a. 

~ 2Ey = 2Ey0 - 2Ec. sin a. 
5 

~ 2Ey = 2Ey
0 

+ 2Ec. sin a, 

or 

or 

Observe here, that the only modification which can be made 

with regard to the general formula (i
1 
), is the suppression of 

some of its terms, and in this case some of the preceding binaries 

will be wanting; but in every case the sum of the value of Ax2 , 

By2 , &c., given by the first substitution, as well as that given by 

the second substitution, is equal to the same K, and consequent­

ly, if the first sum be subtracted from the second, the difference 

must be equal to zero. Before we perform this subtraction, and 

in order to give a compendious form to the sum equal to K, let us 

make 

Ax0 cos "- + By0 sin a. + Cy0 cos a. + Cx0 sin "- + D cos a. + E sin "­

or the corresponding 

(Ax0 + Cy0 + D) cos a,+ (By
0 

+ Cx
0 

+ E) sin a = Q 

and 

A cos 2 a + B sin ta,+ 2C sin a • cos a.= P 
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By doing so the sums corresponding to the double substitution 

will be represented by 

Pc2 - 2Qc + R = K ~ 

Pc2 + 2Qc + R = K 
, • • (i3) 

These equations may be represented by a single one 

Pc 2 =F 2Qc + R = K 

which is the fundamental formula; because upon the discussion 

of that formula depends the whole doctrine of the lines of the 

second order. And first, let us derive the equation of the diame­

ter by subtracting the former (i3) from the latter. Since from 

this difference we deduce 4Qc = o; hence, Q = o, and conse­

quently (i
2

) 

Ax0 cos"'+ By0 sin« + Cy0 cos"' + Cx0 sin "' + D cos a. + E sin"-= 0 

from which 

y
0 

[C cos a,+ B sin a,J =- [Ax
0 

+ DJ cos a,- [ Cx0 + EJ sin a, 

and 

y0 [C + B tg o-J = - [Ax0 + DJ - [Cx0 + EJ tg a. 

== - XO [A+ C tg a,J - [D + E tg a,J 

hence 

_ A + C tg a. D + E tg a. 

Yo - - C + B tg a, Xo - C + B tg a,• • • . • (i4) 

Considering, now, this equation, we may observe that the co­

efficient of x
0 

and the last term are quantities dependent on a, : 

but the angle a. is the same for every chord parallel to nn1; and 

since the relation between the co-ordinates x
0

, y
0 

of the middle 

point of any chord is expressed by the formula (i4), therefore the 

relation between the co-ordinates x
0

, y
0 

of every middle point 

of a system of parallel chords will be given by the equation (i.) 

in which the last term and the coefficient of x
0 

are constant quan-
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tities. Hence the relation between the co-ordinates of such a 

series is a constant one, and (1:1 ) represents the equation of the 

line passing through all the middle points of any sy stem of 

parallel chords. But (i4) is (10) the equation of a straight line; 

hence in every line of the second order all the middle points of 

any system of parallel chords are along a straight line, which 

line is called diameter. And when the diameter is perpendicular 

to the system of the chords it is called axis of the curve. 

Sclwlium I. From the same equation (i4) we are able to deduce 

the angle t.i which the diameter makes with the positive axis of 

the abscissas, because the coefficient of x
0 

is (10) the tangent of 

that angle, consequently 

A+ C tga. 
lg"' = - C + B tg a.' •••• (i .,) 

from which we may derive "'. 

Scholium JI. Observe, moreover, that from this last value we 

may obtain a criterion to know whethe,r the diameter is an axis. 

:Because when two straight lines referred to the axes arc perpen­

dicular to each other, the product of the tangents of the angles 

formed by the two lines with the positive direction of X is equal 

(10, C. II) to the negative unity. Hence in this case we must 

have tg a. • tg "' = - 1, that is, 

A+ Ctg a. _ 
1 - C + B tg a tg a - o . . • • • ( i6) 

Therefore, when the system of parallel lines makes such an angle 

a with the axes X as to fulfil the equation (i6), the diameter cor­

responding to this system is an axis of the curve. 
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PROPOSITION. 

In every line of tile second order there is a certain position of 

parallel cliords in wllicll they are cut perpendicularly in two 

equal parts by a straigllt line. 

45. The demonstration of this proposition depends on the reso­

lution of the equation (i6). Because if it is possible to find a 

real angle a. which fulfils that equation, the system of chords 

inclined with such an angle is a system perpendicularly bisected 

by the straight line. To find the real value of a. let us transform 

the equation ( i 6) into the following 

C tg 2 a. + A tg a. = C + B tg a. 

from which 

A-B 
tg .!a,+ C tg a.= 1 

which, being an equation of the second degree, resolved accord­

ing to the known rule, will give 

now the quantity under the radical sign is a positiYe and real 

quantity, consequently the second member is a real quantity, and 

if the angle a. corresponding to the positive sign of the radical be 

termed a.1 , and that corresponding to the negative sign a.~, the last 

equation may be represented by the two following 

from which we may derive the real values of a.
1 

a.
2

• That is, in 

every line of the second order there is such a position of parallel 
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chords as to be cut by a straight line or axis not only in two 

equal parts, but also at right angles. 

Corollary. From this conclusion it follows that every line of 

the second order can be cut in two equal and symmetrical parts ; 

because when a system of parallel lines -is cut in two equal parts 

by a line perpendicular to the system, every point of the extremi­

ties of each parallel from one side of the secant has the corres­

ponding point equally distant on the opposite side; hence the 

whole series of points on both sides of the secant shall be equally 

disposed, and the areas comprised between the same series and 

the sec.ant will be equal to each other. 

Scholium. On account of the use to be made of the values of 

the tangents lately determined, it is necessary to give to them a 

new form, which we will obtain by observing, firs t, that from (i6) 

follows 

hence 

srn a 
C + B tg a == [ A + C ig a] --

cos a 

Ccosa + Bsin a · [A cosa + Csin a]sin a 
cos u, 

and consequently 

C cos a + 13 sin a. _ A cos a. + C sin a. 

sin a. cos a. 

which last is the same as the following: 

[C cos a + B sin a] sm a 

sin 2 a 

[ A cos a + C sin a ] cos a 

cos 2 a. 

a a1 

But when two ratios b , b' are equal to each other, the sum 

a+ a1 divided by b + b' is equal to the same ratios. Because, 
I 

supposing ; == k, we will have, also, :, == k, and, consequently, 
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a+ a1 

a== bk al== b1k, hence a+ a1 == (b + b1
) k and b + b' ==k 

a a1 

== b == /}. Making, now, an application of this theorem to 

the preceding equation, we will obtain 

[C cos a, + B sin a.] sin a. _ [A cos a,+ C sin a.] cos a._ 

sin z a. COS Za, 

C cos a. sin a.+ B sin 2a. + A cos 2a. + C sin a, cos a. 

sin 2 a. + cos 2 a. 

But the numerator of this last member is ( 44, i 2) compendiously 

termed P, and the denominator we know from trigonometry to be 

equal to unity; hence 

C cos a. + B sin a. _ A cos a. + C sin a, = p 
sin a, cos a 

The first and third member of which equation may be modified 

in the following manner: 

hence 

C cos a. + B sin a. 

sin a. 

sin a. p --== tg a, 
cos a, 

C + B tg a. = P tg a. ~ 
(i.) 

A+ Ctga.= P 

from the first of which 

from the second 

C 
tga. == p - B 

P-A 
tg a.= C 

Observe that P (i~) is a quantity dependent on a., therefore if we 

term P1 , P2 the values of P correspondino- to a, and a. (i ) from 
b l Z 7 , 

the last equations we will derive 
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the new form of the values of tg a,
1 

, tg a,
2 

which was required; 

but P1 and P2 are still to be determined by means of known quan­

tities, which we may obtain by substituting in the last equations 

the values oftg a,
1 

and tg a,
2 

given by (i
7
); because from this sub­

stitution 

~ [B -; A + ✓ C2 + ( A -; B) z] = ~ ( p 
1 
_A) 

~ [B-;A _ ✓ c2 +(A;-B)z] = ~(Pz-A) 

. B-A B+A 
and, observmg that 

2 
= 

2 
- A , 

the second members of which equations contain only the known 

coefficients of (i
1 
). 

Eq11ation• or t11e a :u1s or 11,e cr11·-. 

46. The equation of any axis of the curves of second order is a 

peculiar case of the general formula or equation of the diameter 

[44 (i
4
)]; hence, to deduce from that formula the equation of any 

axis, let us remark, that in the peculiar case of the axes the 

angle a, becomes either a,
1 

or a,i, and from (i
8

) we have 

5 

A+ C tga,l = pl 

A+ C tga,2 = P2 
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and C + B tg a.
1 
= P 1 tg a. 1 

C + B tg °'i = P 2 tg a.2 

therefore, the coefficient of x 0 in (i 4 ) will become 

1 

- tg °'1 
or 

and the last term of the same equation 

D+ E fga. 1 
p I fg °'1 

or 
D + E tga.2 

p 2 tg °'2 

and consequently the equations of the axes are 

1 
D + E fgo,I} 

Yo= - ta- o, Xo - p tg o, 

0 I I I c• ) 
'1,1 I 

1 D + E tg a.2 

Yo = - tg o, Xo - p tg o, 
2 2 Z 

PROPOSITION. 

The curves of the second order cannot all lwve the same number of 

axes. 

47. Different hypotheses may be made with regard to the values 

of P 1 and P 2 ; we may first suppose both values equal to zero. 

Secondly, we may suppose only one to be equal to zero, or next 

neither the first nor the second ; and in this last supposition it 

may happen that both values of P 
1 

and P 
2 

are equal to each 

other or not. Let us consider every hypothesis. 

Suppose, first, that of the two P 
1

, P 
2

, the second is equal to 

zero, in which case the second (i 
1 0

) gives 

or 

B t A - ✓[ c• + (A-; BY] == o 

✓[ c~ + ( A -; By] == B t A 
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which value, if substituted in the first (10), will give 

and consequently (i
9

) 

B C 
tg°', = C - A 

which equations determine the angle a,
1 

of inclination of a sys­

tem of chords bisected at right angles by the axis. The second 

(i
9

) would give 

A C 
tg°'i=-c =- B 

but there is only one position in which a system of parallel chords 

can be bisected by the axis ; because, with P 
2 
= o, the second 

(i
1 1

) becomes 

or 
C B 

Yo = A Xo - 00 = C Xo - oo 

From which it appears that to every abscissa corresponds an in­

finite ordinate, and, consequently, the position of the axis corres­

ponding to the last equation cannot be assigned. 

Let us now examine the second hypothesis, in which we put 

P 
1 
= P 

2 
and not equal to zero; it will be P 

1 
- P 

2 
= o ; and 

consequently (i1 0 ) 

or 

2
j [ cz + ( A ; B) z] = 0 

j[c• + (A;B)2]=o 

But C2
, as well as ( A 

2 
B) 2 

are either equal to zero, or neces-
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5 ari1y are positive quantities; the second supposition cannot be 

admitted, because then j [ C2 + ( A -; B) £ would never be 

equal to zero ; hence, 

(A -B)z cz == 0' 2 == 0 

or 
A-B 

C==o, 
2 

==o 

consequently, with P 
1 

== P z will be also 

C==o, A-B==o, A==B 

Therefore, in the present supposition, every diameter is an axis; 

because, the general equation (i
4

) of the diameter on account of 

the last values becomes 

1 D+ E fga, 
Yo == - tg a, Xo - B tg a, 

in which a. still represents the angle formed by the corresponding 

system of chords with X, and - -
1 

1 
the tangent of the angle 

g a, 

formed by the diameter with the same axis X ; but - __!_ is 
tg a, 

(10 C. II) the tangent of the angle formed with X by any perpen­

dicular to the chords of which the preceding equation represents 

the diameter; therefore, in the present supposition every diam­

eter is an axis. 

In the third supposition, in which neither P 
1

, P 
2 

are equal to 

each other, nor equal to zero, the formulas (i
1 0

), as well as (i
11

) 

will remain unvaried, and the systems of chords inclined to the 

axis X with the angles a.1 , °'z are alone bisected by the axes. 

Let us finally suppose P 1 = P 2 = o, we will have at once 

pl + p2 = O ' pl - p 2 = O 

and consequently (i
10

) 
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B+A+B+A 
2 2 = 0 or B +A= o 

2J [ C' + ( A -; Br] = o 

j [ C2 + ( A ; By] = 0 

69 

From this last equation, as we observed in the second hypothesis, 

follows C = o , A - B = o; hence, we have at once 

A+B= o, A-B=o 

and consequently 
A=o,B=o 

Therefore, we cannot suppose P
I 

and Pt at once equal to zero, 

without supposing at the same time A = B = C = o; that is, 

without supposing the general formula (iJ converted into the fol­

lowing: 
2Dx+2Ey= K 

which being an equation of the first degree cannot represent any 

line of the second order ; therefore, as long as we suppose a line 

of the second order, P
I 

and P 
2 

can never be at once equal to 

zero. 

Di11cau11io11 of 11,e c11rr,e11 or 11,e 1ecot1d order uilh reference lo tl•eir a:iee11. 

PROPOSITION I. 

Tf/,e curve of the second order in which all the diameters are axes is 

a circle. 

49. In the preceding proposition we remarked, that in the sup­

position of P 
1 

= P: every diameter is converted in an axis, and in 

the same supposition we have C = o , and A = B ; consequent­

ly, the general formula ( i 
1

) becomes in this case 

Axt + Ay2 + 2Dx + 2Ey = K 
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from "'hich 

and also 

now 

GEOMETRY, 

2D 2E 
x% + yz + A x + A y - A 

K 

K (D )2 (E)z = KA + o~ + E2 
A+ A + A A" 

' 
hence, the same equation may be changed into 

( D)z ( E)
2 

KA + D2 + E 2 

x+ A + Y+ A = A2 (o) 

but this is the equation of the circle, because, supposing (fig. 35) 

the origin A of the rectangular axes at the centre of the circle, 

the equation of this curve is (11) x 2 + y2 = r 2 ; but if the origin 

of the axes be transposed to A and the axes X1, Y 1 are parallel 

X, Y, the co-ordinates x, y may be given by those of the second 

through the formulas (8), in which some modification is yet to be 

made, because in the present case the angle (xx1) is equal to zero 

and (y1x) = (yx) = 90°; hence sin (xx1) = O, cos (xx1) = 1, 

sin (y1x) = 1, cos (y1x) = 0 : moreover x
0 
= Aa, y

0 
= aA1 ; 

consequently the values of the co-ordinates with reference to 

the first system will be given by the formulas 

y = aA' + y1 
, x = Aa + x1 

which values substituted in x% + yz = r%, give 

(x' + Aa) 2 + (y' + A'a)z + r2 

which, compared with the preceding ( o) manifests that if P 1 = P!t 

the line is a circle whose radius is 
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✓ KA+ D~+ E2 

At 

71 

But since the properties of the circle are commonly treated of in 

elementary geometry, any further discussion of this curve will be 

omitted in the present treatise. 

PROPOSITION II. 

In the curve ham:ng only one axis, tlte diameters are all parallel to 

tliis axis. 

50. The curve of the second order, which admits only one 

axis, corresponds ( 47) to the case of P2 = o and 

B C 
tgal = C = A 

Now since the tangent of the angle which any diameter makes 

with the positive X is given by the co-efficient - t t ~ :: : of 

x
0 

(i4) and the ~angent of the angle which, in the present case, 

forms the axis with the same Xis equal to - -t 
1 

(i11); if these 
g GI 

two tangents be the same, the corresponding angles also shall be 

the same, and all the diameters will be parallel to the axis of the 

curve. Now, from the above mentioned equation we have 

and since the coefficient A + C tg a be transformed c+B tg a may 

A 
c + tg a 

into - B , 

1 + C tg a 

the following: 

which, on account of B _ C , 1s equal to 
c-A 
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A 
c + tg a. 

C ' 
t+Atga. 

C C (A ) 
and 1 + A tg a. = A C + tg a. 

therefore 

A+ C tg a. _ A _ 1 

C + B tg a, - C - tg a, I 

that is to say, the tangent of the angle formed by every diame­

ter with the positive X is equal to that formed by the axis of the 

curve with the same X. And in the curve of the second order, 

having only one axis, the diameters are all parallel to this axis. 

PROPOSITION III. 

Tlie curve liaving only one axis lias no centre. 

51. The centre of curves is said to be that point in which the 

chords drawn in different directions are equally bisected. Now, 

such a point is impossible in the case of a single axis. Because 

let (fig. 36) 0 represent any point within the curve. From this 

we can conceive OA, a line passing parallel to the axis of the 

curve, which, of course, will be a diameter. Imagine ab to 

represent the direction of the system of chords bisected by the 

diameter AO. Any other line a1b1 will belong to another system 

of chords bisected by a diameter parallel to AO; but any line 

parallel to AO never can pass through any point O of AO; con­

sequently the chord represented by a'b' shall be bisectfid in a 

point different from O ; therefore the only one ab is divided in 

two equal parts in O. Now, the same demonstration may be 

applied to every other point, consequently the curve of the 

second order, having only one axis, is without centre. 
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PROPOSITION IV. 

When the curve admits two axes, these axes are perpendicular to 
each other. 

52. When the curve of the second order bas two axes, the 

equations of these axes are represented by (iu)• Now the line 

represented by the first of those equations is perpendicular to 

the second, when (10, C. II) the coefficients - -t 
1 

, - -t 
1 

g a., g a,2 

multiplied with each other give a product equal to - 1. But 

this is the case at present, because from the equations (i1) we may 

readily derive 

1 [.(B - A)2 ( (A - B)2)] tga., tg a,z = c2 2 - c2 + --2-

hence 

but 

therefore 

tg a. 1 lg a.2 = - 1 

1 1 1 

- lg a., - tg a.
2 

- tg a.
1 

tg a.
2 

1 1 
--- . - - =-1 

tg a.
1 

tg a.
2 

and the two axes are at right angles. 

PROPOSITION V. 

In t!te same curves all t!te diameters pass ilt7·ough the point of 
info·section of the axes. 

53. If the co-ordinates of the point of intersection between the 

two axes fulfil in every case the equation of the diameter, every 

diameter shall pass through that point, because the co-ordinates 

of the points of the line to which an equation belongs can alone 

fulfil the same equation. Therefore, to demonstrate the present 

proposition it is sufficient to determine the value of the co-ordi­

nates of the point of intersection, and then observe if, in every 
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case, these values fulfil the equation of the diameter. And first 

observe that the co-ordinates of the point of intersection, and 

only these co-ordinates, belong at once to both of the axes; con­

sequently, if we suppose in (i
1 1

) the same co-ordinates x
0

, y0 , 

the values of x
0

, y
0 

derived from the formulas (i 
1 1

) in this sup­

position shall be those of the co-ordinates of the point of inter­

section. Subtracting, now, the first (i
1 1

) from the second, and 

reducing their difference to the same denominator, we will obtain 

_ (t -t ) _(D+Etga.1)P2 tga.~- (D+Etga.2)P1 tga.1 

Xo ga.z ga.1 - P1 Pz 

but (52) tg a.
1 

• tg a.
2 

= - 1; hence 

_ (t _ t )- DP.2fga.z-EP2-DP1 tga.1 + EP1 () 

XO g a,2 g a,1 - P, P2 ... 0 

again, (i,) 

p 2 tg a.z = ~ [B (B ;- A) + 02 _ B j ( A -; By + c•] 

Pl tg a.1 = ~ [B (B 2- A) + o2 + B j (A-; BY + c·] 

moreover (i10) P1 - P2 = 2 j ( A -; B) 2 + 0 2; hence 

finally, from the same (i10) 

P1 P2= AB-0~ 
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Substituting all these values in the preceding equation ( o) we will 

have 

DB l(A-8)2 '<A-8 2 

:r • .! I (A-B)2 2 = -2y ~ -2- + c2 + 2EAJ -2-) + c2 
~ C ...J 2 + C AB - C2 

hence 

and 

_Dt+E 

AB-C2 

EC-DB 
x 0 = AB - c~ 

one of the values required ; to have the second let us first reduce 

the equations (i 
1 
i) to the form 

D + E tg (1,
1 

Xo = - ig (1,1 Yo - P1 

D + E tg (1,2 
Xo = - fg Cl,! Yo - P2 

and subtracting the first from the second, we will have 

From the preceding values of P 
1 

- P 
2 

we derive 

_ j(A- B)2 + C9 

P2 -P1 --2 z 
and from (i,), (i

1 0
) 

p 2 ig (l,l == ~ [A j (A -; By+ C2 
- ! A 2 + ~ AB - c2

] 

P1 ig(l,2 =~[-Aj( A z By+.c2
- ! A2 + ! AB-C2

] 

hence, 
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So, by a substitution similar to that of the former case, we will find 

-2D (cA- 8)2+ c2 + 2AE fcA- 8)2+ c2 
2 ((A- B)• • "I 2 C ...J 2 

-Yo · c...J ~ + C = AB-C• 

or 
-D+~ 

AB-C2 

hence, 

which with 

CD -AE} '!lo == AB- c• 
• • • (i I! ) 

CE - BD 
xo == AB - c2 

will determine the point of intersection of the two axes. 

Let us now come to the second part, that is, to the substitution 

of these co-ordinates in the general equation (i
4

) of any diameter. 

It is plain that only the co-ordinates of any point of the line rep­

resented by an equation substituted in the same equation, shall 

make the first member equal to the second. Hence, if from the 

substitution of the values of x
0 

, y
0 

we will derive the first member 

of (i
4

) equal to the second, every diameter will pass through the 

point of which the co-ordinates are x
0 

, y
0

; that is, through the 

point of intersection of the axes of the curve. But, substituting 

in the formula (i
4

) the values (i
1 2

) , that formula becomes 

or 

CD - AE _ A+ C tg a. CE - BD 
AB - C2 

- - C + B tg a, • AD - C2 

D+E tga 

C + B tga 

CD-AE - (A+Ctga.) (CE-BD) - (D+Etga.) (AB-C~) 

AB - C2 (C + B tg a.) (AB - C2
) 

But 

- (A+ C tg a. ) (CE - BD) = - ACE+ BAD - EC2 tg a. 

+ BCD tg a. 

- (D + E tg a.) (AB - C2 
) = - ABD + DC• - ABE tg a 

+ EC~ tg <> 



hence, 

CD-AE 

AB-C2 

Again, 
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DC! - ACE + BDC tg a, - ABE tg a, 

(C + B tg a,) (AB - C2
) 
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DC2 -ACE + BDC tg ct-ABE tg ct= CD (C + B tga) -AE (C + Btg ct), 

= (CD-AE) (C + Btgct) 

therefore, substituting, 

CD-AE CD -AE 

AB - C2 
- AB - C 2 

that is, the co-ordinates (i
1 2

) substituted in the formula (i
4
), 

make the first member of that formula equal to the second; and 

all the diameters of any curve of the second order having two 

axes, pass through the point of intersectio:1 of these two axes. 

PROPOSITION VI. 

The point of intersection of the two axes i s the centre of the curve. 

54. This proposition is a corollary of the preceding; for imagine 

any chord passing through the point of intersection of the two 

axes : this chord, as well as the system of its parallels, is cut in 

two equal parts by the corresponding diameter, but the diami>ter 

passes through the same intersection ; hence, the chord is cut in 

two equal parts in the point of intersection, but (51) the point in 

which the different chords are equally b_isected is the centre; 

therefore, the point of intersection of the axes is the centre of the 

curve. It is yet to be remarked, that all the straight lines pass­

ing through the centre of the curve do not reach the cul've, as we 

shall see in tlie following discussion. 
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GENERAL FORMULA. 

55. The general formula of any chord whatever may be derived 

from the sum of the equations (i3), because from this we have 

2Pc2 = 2K- 2R 

and 
K-R 

c2=---p 

which is the square of any semichord. Now, in order to have 

the value of those chords only which pass through the centre of 

the curve, it is to be observed that among the elements by which 

the preceding value cz is given, K is ( 44) a constant one, P de­

pends on the angle formed by the chords with the axis of the 

abscissas, and R depends on the co-ordinaJ:es of the middle point 

of the chord. Hence, to have the expression of. the chords 

bisected at the centre of the curve it is first necessary to deter­

mine the peculiar value of R by substituting the co-ordinates (i12) 

of the centre. The general value of R is (i~) Ax
0

2 +By/+ 

2Cx0 y0 + 2Dx0 + 2Ey0 and substituting, 

BC2 D2 
- 2ACEBD + BA2 E 2 

Byo2 = -------,-,.----:::,----:::::7.--::-!----
( AB - c~/ 

ZCx = 2!?3ED-2C~D2 B -2C2 E 2A + 2ACEl3D 
o Yo (AB_ 02)2 

before making the substitution, in the two last terms, of the value 

of R, let us take the sum of the three preceding, which is 
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Ax0
2 + By0

2 + 2Cx0 y0 = 
- AC2E 2

- BC2D2 + 2C3ED + BA2E2 + AB2D2
- 2ACEBD 

(AB - 0 2)2 

_ - C2 (AE2 + BD2 
- 2CED) + AB (AE2 + BD2 

- 2CED) 

(AB - c2)2 

(AE2 + BD2 
- 2CED) (AB - 0 2

) 

(AB - C2)2 

(AE2 + BD2
- 20ED) 

(AB - C2
) 

Substituting, now, the same values in the remaining terms, we 

will have 

on + OE - 4CDE - 2BD
2 =- 2~E~ 

"' Xo "' Yo - AB - 0 2 

hence the whole value of R, which, in the present case (and to 

distinguish this peculiar form from the most general value) we 

shall call r, will be given by the formula 

2C1'E - AE2 
- BD2 

r = AB - c• ..... (i13) 

and the square of thio semichord corresponding to the same value 

of R, and passing through the centre of the curve, will be given 

by 

K- r 
ct = -p- .... . (i1t) 

.Different caMes 1citl1 rega1·tl to tl,e li11c• 1,assiHg tllrtntgla. the cenh•e 

or 11,e e11,•t1e. 

56. We have already observed that the value of P depends 

upon the angle a. which the system of parallel chords makes with 

the axis of the abscissas ; hence, although the curve admits of a 
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centre, and consequently, in this case, the peculiar values P 1 , P,i 

of P corresponding to the angles, a.
1 

and a.
2 

( 45) are different from 

zero ; yet it can happen that the value of P, corresponding to 

another angle a., different from a.
1 

and a.
2 

, becomes equal to zero. 

Hence we may distinguish three different cases with regard to the 

last formula (i14). Either the value of P is equal to zero, or, if 

K-r 
not equal to zero, the ratio --p- is positive or negative. The 

first case will be considered afterwards ; let us now examine the 

two latter. And first, as far as the second member of the for­

mula (i14) is a positive quantity, there are two real corresponding 

values for c ; that is to say, as far as P is different from zero, and 

K-r 
such as to effect the ratio --p- , a positive quantity, the semi-

chord c shall be a real one, and the lines passing through the 

centre of the curve forming, with the axis of the abscissas, the 

angles a. corresponding to such values of P are chords. On the 

contrary, if the value of Pis such as to make the same ratio 

K ; r a negative quantity, no real value of c corresponds to this 

ratio, and all the lines passing through the .centre of the curve, 

and forming the angles a. corresponding to such values of P, are 

not chords; because the distances c between the centre and the 

point of the curve met by these lines are imaginary quantities. 

Therefore, the condition to be fulfilled by the lines passing through 

the centre of the curve, in order to be chords, is that the angles 

formed by these lines with the axis of abscissas be such as to 

make the ratio K ; r a positive quantity. 

Corollary. From these observations follows an important co-

rollary with regard to the axes ; because axes are diameters which \ 

bisect the system of parallel chords at right angles. But we de­

monstrated (52) that the axes are perpendicular to each other, 

consequently, each axis is at once one of the parallel lines cut by 

the other, and it is that which passes through the centre of the 
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curve. Therefore, when the axes meet the curve, these are at 

once axes and chords, and since, in the case of the axes, the 

value P becomes either P
I 

or P 2 , if the semi-axes be termed 

c 
1

, c 
2 

from the general formula ( i 14), we may derive 

K-r 
Cl2= - p--, 

I 

K-r 
2 - ( . ) c2 - -p-- · · · · · i1s 

2 

Vice versa from these formulas we may perceive if the axes 

meet the curve according to the positive or negative value of the 

second members. 

lP'ecMliar c,ue of' the infiHile cl,ords. 

57. Let us now come to the case in which the value P is equal 

I h. .d l h . K - r b · to zero. n t 1s case ev1 ent y t e raho ----y- ecomes an mfi-

nite quantity, and, consequently, the corresponding square c2 

also, that is, that chord passing through the centre and forming 

an angle a with the axis of the abscissas, which makes P = o. 

Let us determine the values of these angles. Since ( 44) (i
2

) 

P = A cos 2 a + B sin 2 a + 2C sin a cos a, we will have, also, 

A cos 2 a + B sin 2 a + 2C sin a cos a= o 

Hence those values of a which fulfil this equation are the values 

corresponding to P = o, and if no real value of a may fulfil the 

same equation, P will never be equal to zero. In order to resolve 

the last equation, let us transform it into the following: 

A + B tg 2 a + 2C tg a = o 

from which 
C A 

tg 2 a, + 2 B lg a, = - B 

and consequently, by resolving the equation according to the 

known rule, 

tg Cl,= - i ± ~ ✓ cz - AB , • • • (i1G) 

6 
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from which equation it is plain that two real values of the angle 

a. (a.', o/1) will fulfil the equation when C2 
- AB> 0, and when 

C2 
- AB < 0 no real value of a. can fulfil the same equation. 

And in the former case only two chords passing through the 

centre of the curve, making the angles a.1, a 11 with the axis of the 

abscissas will be infinite chords. 

1Futu:tio11s of 11,e eurteN. 

Equations of the tangent and normal. 

58. Let AA'CB1R (fig. 37) be any line of the second order, 

and let TT' be a tangent drawn to any point C of that line. Sup­

pose a system of chords A 1 B1, AB, .. .. to be parallel to the 

tangent TT', and let m'mD be the diameter corresponding to this 

system. Such a diameter must pass through C, the point of 

contact of the tangent TT'. Because, imagine the chord, for 

instance AB, to be moved in a parallel manner towards TT', the 

points A, B must be always equally Jistant from m, and always 

approaching nearer to the same point of the diameter, so as to 

become only one point when the chord will have reached the 

extremity C of the same diameter. But then the chord becomes 

tangent, therefore the diameter passes through C, the point of 

contact. Hence the co-ordinates x, y of the point C are at once 

co-ordinates of the curve and of the diameter CD, and they 

must fulfil the equation of· the curve as well as the equation of 

that diameter. Now, from the general equation (1'.4 ) of the 

diameter, we have 

an equation which is fulfilled by the co-ordinates x
0 

, y
0 

of every 

point of the diameter corresponding to the chords which form an 

angle a. with the axis of abscissas. Let us now substitute in the 

preceding formula the co-ordinates x , y of the point common to 

the diameter and to the curve ; we will have 
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_ Cy+Ax+ D 
tg a. - - By + Cx + E 

But the co-ordinates x , y are those of the point of contact of the 

tangent forming an angle o, with the axis of abscissas; and if, to 

prevent any confusion, we term v the abscissas, and u the ordi­

nates of the same tangent, the equation of that line is (10) 

U = tg a, V + U 0 

or, since that tangent passes through a point of which x , y are 

the co-ordinates, (10 C. I), the equation of the same tangent is 

also 

u - y = lg o, (v - x) 

and substituting the value of tg a. given by the preceding equation 

A x + Cy+D 
u - y = - Cx + By + E (v - x) 

which is the required equation of the tangent, and in which x , y 

are the co-ordinates of the point of contact. 

The normal corresponding to the tangent TT1 is (21) the per­

pendicular CP drawn to the tangent from the point of contact; 

and if the abscissas of this new line be termed v1 and the ordinates 

u1, the equation (10 C. II) will be 

1 
u1=--v1 +u 1 

tg (J, 0 

But CP passes through the same point C; consequently, the equa­

tion of the same line is also given by 

1 
u' - y = - - (v1 

- x) 
tg 0, 

and substituting the value of lg a. 

ex+ By+ E I 

u' - Y = Ax+ Cy + D (v - x) 
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Tang~,,, ,ior,nal, SHbla11geut, and sulu,ornral or any point. 

59. We remarked already (21) that the portion CT of the tan­

gent contained between the point of contact and the axis of the 

abscissas, is called tangent of the point C; and CP the normal, 

and the segments TH and HP, in which the hypothenuse of CTP 

is divided by the perpendicular CH, are termed subtangent and 

subnormal of the same point C. Now it is plain that, supposing 

u and u1, in the preceding equation, to be equal to zero, the cor­

responding v and v1, in the same equations, must be the abscissas 

AT and AP of the points of the axis X, met by the ta~gent and 

normal ; therefore, if those abscissas or distances of the tangent 

and normal from the origin of the axes be termed t::.. and t:>.1, we 

will have 

CaJ +By+ E 
t:!. = aJ + AaJ + Cy + D y 

1
_ AaJ+ Cy+ D 

6 
- aJ - Cx + By+ E y 

But TH == AH - AT = x - t:>. ; hence, the absolute value of 

the subtangent TH : 

Cx +By+E 
Ax+ Cy+ Dy 

Again, HP = AP - AH = t:>.1 - x; hence, the absolute value 
of the subnormal 

Ax+ Cy+ D 
Cx +By+ E y 

And, since CT= v[CH
2 + TH

2
] , CP == v[CH 2 + HPt] 

we will obtain the values of the tangent CT (= t), and of the nor- I 
mal CP (= n) by the following equations; 

t = ,v[yz + (x _ t::..)z] 

n = ,vfy2 + (t::..'-x)z] 
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Different •pecie• of 11,e lit1e6 of tlte ,eeo,1,I order. 

Jifodification of tlie general equation. 

60. From the discussion of the axes, and of the chords pass­

ing through the centre of the curve, it is plain that there are 

different species of lines of the second order. But a further in­

vestigation of the subject is necessary to separate entirely each 

kind from the others. To this end let us first begin by modifying 

the general formula (i) or equation of these lines, which shall be 

performed-supposing any diameter of the curve to become the 

axis X of the abscissas, and any straight line parallel to the chords 

bisected by that diameter the axis Y of the ordinates ; because 

in this supposition the general formula must necessarily be 

A'xt + B'y2 + 2Dx = K . .. (o) 

For let J\X (fig. 39) be the diameter, and YY' the line parallel to 

the system pq , p1q', .•.. of chords bisected by AX. Now, to 

every abscissa Ali, Alt', &c., correspond two ordinates hp, hq; 

h'p', li1q1, &c., the one positive, the other negative, and equal 

to each other. But if in (o) we suppose to be added any other 
• 
term, we will no longer have two equal ordinates for every ab-

scissa; because, the terms which may be added are ( 43) 2C1xy, 

2E1y, that is, 2 (C1x + E 1)y, and introducing this new term in ( o), 

we will obtain 

B1yz + 2(C1x + E)y = K' - A'x2 - 2D1x 

an equation of the second degree, which resolved will give 

C
1
x + E ✓ [IC' - A1x2 -2D'x (C'x + E')2

] 

'!!= B1 ± B1 + B1 

Now, to each value of x correspond two values of y different from 

C'x+E 
each other, and this difference depends on the term - B' 

that is, it depends on the introduction of the term 2 (C1x + E') y. 
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Hence, in (o), where C' and E 1 are equal to zero, to each value of 

x correspond two equal values of y affected by contrary signs, 

and given by the formula 

· /(K' - A 1x 2 
- 2D'x] 

':Jy = ± ""v B' 

Diffe,•e,it cases coutaiued iH 11,e ge11eral equation. 

61. Let us now consider how many partial forms may be given 

to the preceding general equation. There may happen five cases; 

we may suppose either the general formula 

A 1x 2 + B1y2 + 2D1x = K 1 

as it is modified in the preceding number, or the same formula 

wanting some terms, first, the term K1 so as to have 

A'x2 + B 1y 2 + 2D1x = o 

Secondly, the last term of the first member; and, consequently, 

A 1x 2 + B1ys = K1 

Thirdly, the first term, so that 

B 1y 2 + 2D1x = K 1 

And finally, the first term and the term K, so that we have 

B'y2 + 2D'x = o 

These are the only possible cases. We cannot suppose, for in· 

stance, the general equation without the first and second terms at 

once; because, in this case, the equation would become an equa- ( 

tion of the first degree, and it would preserve, moreover, only 

one co- ordinate. The same would happen supposing the general 

equation deprived of the first and third terms ; that is, it would 

preserve only one co-ordinate; and the same is to be said if the 

formula is deprived of the second and third terms, and of the se-

cond alone, or of the second and last, K'. We can no more sup-
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pose the same general equation wanting at once the last term of 

the first member, and the term K1 of the second; because, in that 

case, the equation might be converted into the following: 

which being an equation of the first degree cannot represent any 

line of the second order; therefore, only the five cases first con­

sidered are those which can be admitted. But, as we shall pre­

sently see, the curves corresponiling to the first three equations 

may be represented by a single equation; and the curves corres­

ponding to the two remaining equations may be likewise repre­

sented by a single equation. Therefore, the five cases may be 

reduced to two only. 

7'1,e li11e• corruponding to tile 111·ecedi,.g ca,es repre11eHletl by ltco pri,a­

cipal fort11Hla6. 

62. Suppose the curve p'pqq' (fig. 39) to correspond to the gen­

eral equation A'x2 + BIy2 + 2D1x = K1, and let AX be the 

diameter taken for the a:xis of the abscissas, and A Y the axis of 

the ordinates parallel to the chords pq, p'q', &c., bisected by AX; 

if the origin A of the a:xes be transposed to A', so that the length 

AA' be equal to~;, the ordinatesph ,p1h1, &c., corresponding to 

the abscissas Ah, Ah1 in the .first supposition shall correspond to 

the abscissas A'A + Ah , A 1A + Ali', &c., in the second sup­

position ; and if the new abscissas A 'h , A'h', &c., be represent­

ed by x1, we will have 

D1 D 1 

x
1 = A' + x or x = x

1 
- A' 

and introducing this value of x in the general equation, it will be­

come 

( D')2 ( D') A' x1-A1 + B'y2 + 2D1 x1
- A' =K' 
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n12 

A'xl2 + By2 == K' - A' or 

in which the second member is a constant quantity; therefore, 

this formula corresponds exactly to the third case considered in 

the preceding number; and consequently, all the lines which may 

be represented by the general formula of the first case, may be 

also represented by that of the third, and the difference of the form 

of the equations is to be referred only to the different origin of the 

axis. In the same manner we may demonstrate, that all the lines 

corresponding to the second equation of the preceding number 

may be represented by the same third formula; therefore, all the 

lines of the second order, corresponding to the first three cases, 

may be represented by only one formula, that corresponding to 

the third case. Let us come to the last two cases, and suppose 

again the line p'p V qq1 corresponding to the equation B 1y2 + 2D1x 

= K 1 ; if the origin A be transferred in A 11, so as to have AA''= 

2
~,, and if the abscissas taken from this new origin be termed 

x 1, we will obtain the value of every abscissa x taken from the 

origin A, equal to x' + 
2
~,. Substituting now this value in the 

preceding equation, we shall obtain 

or 

B'y 2 + 2D' (x' + ~,) == K' 

B1y 2 + 2D'x ' == o 

Which equation exactly corresponds to that of the fifth case. 

Hence all the lines represented by the equation of the fourth case 

may also be represented by that corresponding to the fifth, and 

the difference of the forms depends on the different origin of the 

axes. Therefore all the lines corresponding to the different cases 

of the preceding number are represented by two principal formu­
las, 

A lx2 + Bly2 == K". 

B1y 2 + 2D1x == o 
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Ft•rther 1nodificatiou or the t,co priHCipal ro.-.11Hlas. 

63. From the conclusion lately deduced it is plain that the 

discussion of every possible case is limited to that of the two 

principal formulas, and from such a discussion we may be able 

to derive the different species, as well as the properties of each 

species of the lines of the second order. However, before en­

tering upon this subject, it is necessary to modify the same 

formulas, not only to facilitate our investigations, but also to give 

to the equations the form usually adopted. To this end let us 

first transform the principal formulas into the following: 

2D1 

yt=-]31 X 

and then let us determine the values of some positive quantities 

a, b, p, so as to have 

1 A' 
±~ - KIi 

1 B1 K" 
± b2 = B' or ± 62 - K" 

D' 
±p=B, 

And since this determination is always possible, we may conse­

quently substitute these values in the preceding equations, which 

shall become 

y2 = ± 2px 

Which equations, although apparently two, are really six, be-
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cause in the first either the signs may be supposed both positive 

or both negative, or the first positive and the second negative, or, 

next, the first negative and the second positive. Likewise the 

second formula corresponds to two on account of the double 

sign. But some of these suppositions are evidently to be ex-

. x~ y2 
eluded, because we never can have either - ~ - ,;;: = + 1 , 

or y2 = - 2px when x > o, and if x < o, then y2 = - 2p. - x 

is the same as y 2 = + 2p . x. Hence the only equations to be 

discussed are 

x2 

+ 
y2 
-=1 

at 62 

xi yz 
-=1 

az bZ (g) 

yi xz 

bi 
--=1 

a2 

yz = 2px 

With regard to the corresponding curves, that represented by 

the last equation has (14) two indefinite branches, and it is called 

parabola. That represented by the first is circumscribed within 

certain limits (15) and is called ellipse. The curves correspond­

ing to the second and third equations are evidently of the same 

kind; and if, for instance, in the third the axis of the abscissas 

be changed in that of the ordinates, and vice versa, the third 

equation shall take the very same form of the second. Hence 

we may con~ider the first of the two equations alone, the corres­

ponding curve of which is (16) a curve having four indefinite 

branches, and is called hyperbola. 

Observe that since the equations (g) are derived from that 

general formula in which a diameter is supposed to be taken for 

the axis of the abscissas, and since any axis of the curve is 

nothing but a peculiar diameter, so we may suppose, and gene-

.... 
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rally we shall suppose, an axis of the curve to be taken for axis 

of the abscissas, and consequently the co-ordinates to be rectan­

gular. 

&ite,•iqu applied I<> lite e11t•ffs ••,presn,tl'tl br, tl,e last 11>r111ulas It> 

deleel tlte 1111111ber of tlte axes. 

64. Before coming to the discussion of each curve in particu­

lar, it is convenient to make a comparison between the last for· 

mulas (g) and the most general (i), in order to apply a criterion, 

deduced from the discussion of that equation. And comparing, 

first, the equation y2 - 2px = o of the parabola with the gene­

ral Ax2 + By~ + 2Cxy + 2Dx + 2Ey = K, we derive A = o, 

B = 1, C=o, D=-p, E=K=o; consequently[45(10)] 

pl = 1) pi = 0 

But when one of the values P 
1 

, P 
2 

is equal to zero, the curve 

( 47) admits of only one axis ; therefore in the parabola only one 

axis is to be found, and since in the case of a single axis the 

diameters of the curve are (50) all parallel to that axis; there­

fore, supposing (fig. 40) AC to be the axis of the parabola 

tVt'; the lines ac, a1c1, &.c., para\1el to AC, shall be all diameters 

of the curve; the chords, moreover, bisected by the axis consti­

tute the only system perpendicularly bisected. 
a;2 y2 

Let us, secondly, compare the equation - + -/, = 1 of the a2 2 

.ellipse with the same (i) we shall find 

hence 
b2 + a2 b2 -a2 

A + B = a2 b2 ' A - B = a2 bi 

p-_!_ 
l - a2 ' 
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Therefore the ellipse admits of two axes (fig. 41) AC, BD 

which (52) are perpendicular to each other, and the point 6 of 

intersection is (54) the centre of the curve, and all the diameters 

. db, d1b1, &c., must pass (53) through that point. 

The comparison between the equation :: - !: - 1 of the 

hyperbola, and the general equation (i) gives 

1 
A--- aZ' 

1 
B=--,C=D=E=O,K=l 

/J2 

hence 
b't. - az b2 + a2 

A + B = az b2 ' A - B = a2 bt 

and f 45 (i10) ] 

p = _!__ 
1 az' 

Therefore the hyperbola also admits of two axes AC, BD (fig. 

42) perpendicular to each other, and all the diameters bd, b1d1, 

&c., will pass through O, the centre of the curve. The other 

propnties derived from the general formula will be more appro­

priately examined in the discussion of the different curves. 

PARABOLA. 

Di•c•usion or each peculiar eq_Hation; a,ul first or that or tl•e parabola. 

DEFINITIONS. 

65. In the equation of the parabola 

y 2 = 2px 

the constant quantity '2p is called parameter; and since the equa­

tion may be resolved into the proportion .r : y : : y : 2p, therefore 

the parameter is the third proportional ter·m to any abscissa and 

the corresponding ordinate. The point V of the parabola met by 

the axis AC is called vertex; the point F (fig. 43) of the same 
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axis within the curve, and so far from the vertex as to have 

VF= tP, is termed focus. The straight line QI3 perpendicular 

to the axis and passing through a point E distant from V as far 

as F is the directrix. Observe, that since the origin of the co­

ordinates (14) is to be taken in V, the abscissa corresponding to 

the double ordinate drawn from the focus must be equal to 

VF = t p ; but then from the equation of the curve we have 
_ 2 

Fs = '.Jp. tP = p 2
, and, consequently, Fs = p and ss' = 2p ; 

that is, the double ordinate passing through the focus is equal to 

the parameter. 

PR O POSITJ.ON I. 

Every p oint of flie parabola is equally distant from the focus and 

the directrix. 

66. Let M be any point of the curve; the distance of M from 

QB is given by Mt (= P') perpendicular to QB, FM (= p) is the 

distance of the same point from the focus. Now, supposing Mn 

perpendicular to VC, we will have V n = x, Mn = y; conse-
--2 

quently p1 = tM = En = EV+ Vn = t p + x, but pz = MF 
_ z _ 2 p2 

= .Mn + Fn = yz + (x - t p)z = y z + x z - px + 4 ; 

and since y 2 = 2px, p2 = x 2 + p x + :
2 

= (x + t p )z, hence 

p = x + tp, and 

P' = P 

That is, every point of the parabola is equally distant from the 

focus and the directrix. 

Corollary. From this property of the parabola it follows that 

if we suppose a straight line BD perpendicular to AC (fig. 44), 

every curve having all its points equally di1<tant from the line BD 

and from any point F of AC is a parabola. Whence we deduce 
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the manner of describing this line; because suppose (fig. 45) AB 

the edge of a rule, R to represent the directrix, and let CD be 

perpendicular to AB, that is the edge of the square S perpen­

dicular to that of the rule. Suppose, again, on the same plane a 

thread FtD equal in length to CD, having one end fixed in the 

extremity D of the square, and the other end in some point F of 

the plane, and the part tD of the thread to be kept close to the 

edge CD by the stile fq while the square slides along CB. tF 

will evidently be always equal to Ct ; therefore the path described 

by t, the extremity of the stile, is a parabola. 

PROPOSlTION II. . 
The subtangent corresponding to any point of the curve is double 

of tlie abscissa of tlie same point. 

67. The general formula by which any subtangent 1s repre­

sented is (59) ~: t ~; ! ~ y, but in the present case (64) 

C = A = E = O, B = 1, D = - p ; hence the subtangent of 

yz 
any point (x, y) is equal to - p ; aud since y 2 = '2px, the 

value of the same sublangent will be given by - '2x; and having 

no regard to the sign, the subtangent of any point of the para­

bola is equal to the double abscissa of the same point. 

PROPOSITION Ill. 

T!te subnormal of any point of tlte parabola preserves a constant 

value equal to the half of the parameter. 

68. The general formula of the subnormal is (59) 

Ax+ Cy+ D 
Cx +By+ Ey 
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consequently, in the discussion of the present curve, the subnor­

mal of the point ( x, y) will be PY = p, but 2p is the parameter; 
y 

hence, the subnormal of any point of the parabola is a constant 

quantity, and equal to the half of the parameter. 

PROPOSITION IV. 

The tangent of any point of the parabola is the mean proportional 

between tlie distance of that point from the focus, and the quad­

ruple of the abscissa of the same point. 

69. The square of any tangent MT (fig. 46) is equal to 

-2 -2 

Mn + Tn 

the square of the ordinate of the point of contact plus the square 

of the corresponding subtangent. Now (67) the subtangent is 

double the corresponding abscissa; hence, 

- · MT=y 2 + 4x2 

and, since y 2 = 2p:r 

-• 
MT= Zpx + 4x2 = 4x (t p + x) 

but (66) t p + x = p, the distance of the point M from the focus; 

hence, 

or 
4x : MT : : MT : p 

Scholium. The angle which any tangent MT makes with the 

axis AX, may be derived from the general formula (58) 

_ C11+Ax+ D 
tg a - - By + Cx + E 

and, since C = A= E = 0 , D = - p , B = 1, we will have 
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tg a. or tg MTX = p 
y 

namely, the trigonometrical tangent of the angle which the tan­

gent of the curve forms with the axis X, is equal to the half of 

the parameter divided by the ordinate of the point of contact. 

PROPOSITION V. 

The normal corresponding to any point of the parabola is the mean 

proportional between the paramete1· and the distance of that point 

from the focus. 

--! -! 

70. The square of any normal MR is equal to Mn + nR , that 

is, to the square of the ordinate of the point M of contact plus the 
-2 -! 

square of the subnormal; but l.Vln , or y 2 = 2 px, and (68) nR 

=p2 ; hence, 

MR
2 

= 2px +p 2 = 2p (x + -!-P) 

and since (66) t p + x = p; consequently, 

or 

• 

__ 'l 

MR= 2p. p 

2 p : MR : : MR : p 

PROPOSITION VI. 

The focus of the parabola is equidistant from the tangent and the 

normal, the distances being taken on the axis. 

71. FT and FR are the distances of the focus from the tangent 
and normal reckoned on the axis AX. Now 

TF=AT+AF 

but AT= Tn - An, and Tn is the subtangent, An the abscissa 

of M; that is, (67) Tn = 2x, and An=: x. Again, AF is equal 
(65) to t p ; hence, 
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TF=x+tP=r 

FR =AR-AF 

97 

but AR = An + nR, and An is the abscissa, nR the subnormal 

of M; hence, An= x, and (68) = nR = p. Again, AF = t p; 

therefore, 

FR = p + x - ½ p = x + -!- p = r 
.and consequently 

TF=FR 

The distance of the focus from the tangent equal to the distance 

of the same focus from the normal, and both equal to the radius 

p or FM drawn from the focus to the point M, to which the tan­

gent and normal belong, so that the triangle RFM, as well as 

MFT, are isosceles; it follows, also, that 

TR= 2TF = 2p 

PROPOSITION VII. 

The ncrrmal of any point of the parabola is double the perpendicular 

drawn from the focus to tlte corresponding tangent. 

72. Let FN be (fig. 47) the perpendicular drawn to the tan­

gent Tt. This perpendicular shall be parallel to the normal MR, 

and consequently the triangles TFN TRM similar to each other; 

hence from elementary geometry 

TR "RM 

TF - FN 

RM 
.and since (71) TR= 2TF, hence FN = 2, and 

RM=2. FN 

the normal is twice the perpendicular FN. Now, smce (70) 

7 
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_! 2p. p 
RM == 2p . p, and consequently RM == RM , the value of the 

normal will be also given by the formula 

RM 
- p. P 

- FN 

PROPOSITION VIII. 

Two straight lines drawn from any point of the parabola, the one 

to the focus the othe1· parallel to the axis, form the same angle 

with the tangent of that point. 

73. Let the radius FM be drawn from any point M of the 

curve, and from the same point let Mi be drawn parallel to the 

axis. The angle iMt which Mi makes with the tangent is equal 

to the angle which the same tangent makes with AX. But (71) 

in the triangle TFM the side TF is equal to MF; consequently 

the angle FTM := FMT; but FTM = iMt; hence 

iMt:= FMT. 

Bqrudion of 11,e pal'abola •Dill~ ••ere,•ence to lite pola•• co-01•diuates. 

74. Let /3 be any angle AFM (fig. 45) which the radius p or 

FM makes with the axis AX, and let An, nM be the co-ordinates 

x, y of the point M of the curve to which the radius is driven. 

In every supposition we will have 

X := ½ p - p COS /3 

The angle /3 may be equal, less, or greater than a right angle; 

in the first case cos /3 = o , and consequently the preceding equa-

tion becomes x = ½P, the value of the abscissa corresponding I 
to m, to which, in this case, is drawn the radius. In this second 

case the perpendicular drawn from m1 to the axis must fall be-

tween A and F, and consequently An1 or x == AF - Fn' ; now 

AF = t p and Fn1 == + p cos ~ ; hence x == t p - p cos /3. In 

the third case the perpendicular drawn from M must fall at some 
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point n beyond F; hence An or x = AF + Fn; but again, 
AF= tp and Fn = - p cos f3; therefore x = tp - p cos /3. 
Now the value of the radius p in every case (66) is given by 
x + tp, x being the abscissa of that point to which the radius 
is drawn; het1ce substituting, instead of x, the value given by 
the preceding equation, we will have p = t p - p cos f3 + t p ; 
that is 

- JJ 
P - 1 + cos f3 

which equation, containing only the variable quantities p and /3, 
is the required equation. 

Bquatio,. or the p111•abola ..,.,,. ••ere,·euce to at1y dia1nelet· co116ide•·ed ,n 
11,e a:ds or 11,e ab1ci16tu, a11,I 11,e ,laugent pa1·11llrl to tlce 1y,tem or 
cl,ord• bi1ecled by 11,at dia111ele1·, co116idered a, 11,e axis or 11,e ordi­
nate,, 

75. Let Mi be the diameter on which are to be taken the 
abscissas. Mt the tangent parallel (58) to the system of chords 
bisected by Mi on which are to be taken the ordinates. Let the 
co-ordinates of the curve with reference to the new system be 
termed x1, y1, since (6) the angle (xx')= o and (y1x) =°''that 
is, the inclination of the tangent on the axis X, we will have 
(7 C. I) 

y = y0 + y1 sin 0, 

X = X0 + X 1 + y1 
COS a, 

m which x
0

, y
0 

are the co-ordinates of the new origin M with 
reference to the former system, and consequently we will have 

2 _ - Yo
2 

_ P Yo - 2px
0

, and x
0 

-

2
. Again, (69 Sch.) tg 0, - - , from 

'P Yo 
p p cos 0, 

which y
0 

= -t- = -.--; hence g e1 sm 0, 

pi cos 2 0, p cos 2 a 

xo - 2p . sin 2 e1 = 2 sin 2 a 
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which value, with that of y
0

, substituted m the preceding 

formulas, they shall become 

p cos (I, • 

y = . + y1 
Sll1 a, sin a, 

p cos 2 a, 

X = . + xi + y1 
COS a, 

2 sm 2 a 

Let us now resume the equation y2 = 2px, and substituting in it 

the last determined values of x and y, we will have 

(
p ~OS a,+ I 

sm a Y 

hence 

)

2 p cos 2 a, 

sin a, = '2p . 
2 

. + 2p • x 1 + '2p • y1 cos o. 
sin 2 a, 

p 2 
COS 

2
a, p 2 

COS 
2 

+ '2py1 cos a, + y12 sin 2a, = . a, + 2px1 + 2py1 cos o. 
sin 2 a, sin 2 a, 

and consequently y12 sin 2 a, = 2px', from which 

2p 
yl2 = -.-xi 

sin 2 a 

the required equation. 

ELLIPSE• 

PROPOSITIOK I. 

The axes of tlte ellipse meet the curve. 

76. We observed (56 Cor.) that when the second members of 

K-r K-r 
the equations c 2 = -- , c 2 - -- are positive quantities 

l pl 2 - p2 

the axis 2c 
1 

, Zc 2 , having then a real and determined value, 

XO y• 
meet the curve. Now from the equation _.-:. + _:_ = 1 , that 

at b2 

here taken in consideration, and compared \Vith the most general 

. 1 1 1 
(1-) we ha Ye (64) P 1 = at , P 2 = b2 , K = 1 and A at 
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1 
B _bi, C = D = E = 0; hence (55 (i13)) r = o ; therefore 

c12 = az, czz =bz 

that is, the axes of the ellipse meet the curve at a distance from 

the centre, the one equal to b, the other equal to c. 

Supposing a> b the axis 2a is termed transverse, aad the axis 

2b conjugate. Let us here remark that, supposing a = b the 

equation of the ellipse is converted (11) in that of the circle, and 

of course the circle may be regarded as a peculiar case of the 

ellipse. 

PROPOSITION II. 

The equation of the Ellipse considered in the present discussfon 

necessarily supposes tlie origin of tlie co-ordinates in the centre. 

77. Supposing tht! centre or point of intersection between the 

two axes to be different from the point of origin of the- co-ordi­

nates, the co-ordinates (53) of that point will be given by the 

formulas (i12) 

CD -AE CE - BD 
Yo= AB _ cz , X O = AB _ c~ , but C = D = E = 0 

hence Xo = o' Yo= o 

but the point of which both co-ordinates are equal to o is the ori­

gin of the axes; consequently, where is the point of intersection 

between the axes of the curve, there is the origin of the co-ordi­

nates. 

PROPOSITION III. 

ff any clwrd passing through the centre of the ellipse is the diameter 

of another clwrd passing tlirough the same centre, the latttr is by 

turns diameter of the former. 

78. Let (fig. 49) aa1 be any line passing through C the centre 

of the ellipse; since this line meets the curve with both extre-
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mities, it may be considered like a chord; and since it passes 

through the centre it may be considered (53) as the diameter bi­

secting the system of chords parallel to the tangent (58) in a or 

a1• Hence, if from the centre we draw a line bh' parallel to that 

tangent, this line shall be one of the chords of the system ; but it 

is a diameter also, and such a diameter as to bisect the system of 

chords parallel to aa1• Because, supposing a. to be the angle 

formed by bb' with the positive X, the angle "' formed by aa1 with 

the same X, that of the diameter corresponding to the system of 

chords parallel to bb', and consequently given by the formula (is), 

which in the present case becomes tg"' == - t ~

2 

• Now, if 
a g a. 

bb' is the diameter of the system of chords parallel to aa', we must 

have tg a.== - -!--t
2 

; which will be easily demonstrated ; be-
a gw 

cause, let us substitute instead of tg "' the> value given by the 

preceding formula, we will have tg a. == tg a.. Such lines con­

sidered t'ogether are termed conjugate diameters. 

PROPOSITION IV. 

The sum of the squares of the conjugate diameters is constantly 

equal to the sum of the squares of the axes. 

79. Every diameter, a~ we observed before, may be regarded 

as a chord passing through the centre of the figure; and the square 

of any semichord passing through the centre is (55) K p r, in 

which P depends on the angle which the chord makes with the 

positive X. Now, since in the present investigation A= :~ , 

1 
B == bi , C = o, so the value of P [ 44 ( i

2
) ] will become 

sin -zo. 

+ht· Hence, let aa ', :bb' be any two conjugate dia-



GEOMETRY. 103 

meters, and the angle which bb1 forms with CX be termed a., that 

which aa1 makes with the same axis "'' between which angles 

there is the relation remarked before. Now, with regard to the 

former bb', the value of P is that mentioned above, and which 

may be modified as follows : 

b2 cos 2 a. + az sin za, 

p = at bt 

with regard to the latter aa1, we will have 

h2 cos 2 w + a 2 sin 2 w 

p == az b2 

Observe, now, that (64, 76) K == 1 , r == 0; therefore, sub­

-stituting the preceding values of P in the ratio K p r, we shall 

obtain the values of the semi-diameters by means of the follow­

ing formulas : 

-2 a2 bt } Ch= . 
b2 cos 2 a. + a2 sin 2 a. 

••• ( o) 
--2 a2 b2 

Ca==b + . 2 COS Zc., a2 SIU 2c., 

oz 
but we observed in the preceding number that tg "' == - -~-t-­

a 8 a. 

from which follows 

or 

and 

b• 
tg 2c.,- --­

- a4 tgza. 

sin 2 w 

cos 2 w 

b4 cos 2 a. 

a4 sin 2 a. 

cos 2 w a• sin 2 a. 

sin 2 w - b4 cos 2 a. 

by adding unity to each member of both equations, and reducing 

to the same denominator. If we observe that sin 2 w + cos 2 w 

= 1, we will obtain 
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cos 2 (,) 

1 

sin 2 (,) 

GEOMETRY. 

b4 cos za, + a 4 sin 2 a. 

a 4 sin 2 a. 

a4 sin 2 a. + b" cos 2 a. 

b4 cos 2 a. 

hence, 
b2 a4 sin 2 a. 

b2 cos 2 (,)== . 
b4 cos za, + a 4 sin 2 a. 

at b4· cos 2 a. 
a 2 sin 2 (,) == --.-------=---­

a4 Sill Za, + !J4. COS 2 a, 

and consequently, 

. az b2 (a2 sin 2a. + b2 cos 2a 
bz cos 2

(,) + a2 sin 2
c.> == 4 - 2 + b4 • 2 a sin a sin a. 

which value substituted in the second ( o) shall give 

--2 a4 sin 2 a. + b4 cos 2 a. 
Ca= . + 0 a 2 sin 2 a 2 cos 2 0, 

or since 

a• sin 2a. + b• cos2
c,, == a2 b2 + a• sin 2a. + b4 cos 2 0, - a2 b2 

== a2 b\ sin 20, + cos 2 a.) + a• sin 2a + b4 cos 2a.-a
2 
b

2 

== a2 sin 2a. ( b2 + a2
) + b2 cos 20, ( b

2 + a2
) - a

2 
b

2 

== (b~ + a2
) [a2 sin 2a. + b2 cos 2a] - a"' b2 

and consequently, 

a 4 sin 2 a. + b4 cos 2 a. 
------'------ - bz + a2 
a2 sin 2 0, + b2 cos 2 0, -

we haye also 

a 2 sin 2 "' + b 2 cos 2 a. 

but the last term is the value of Cb 
2 

given by the first ( o); hence, 



\ 

GEOMETRY. 105 

and 
-~ _2 

4. Ca + 4 . Cb = 4 . a2 + 4 . b2 

that is, the sum of the squares of any two conjugate diameters is 

equal to the sum of the squares of the axes. 

PROPOSITION V. 

The parallelogram on the con}ugates is equal to tlte rectangle on tlte 

axes. 

80. If from the extremities a, a' , b, bI (fig. 50) of the diame­

ters we draw the tangents mn, m1n1 , nn', mm', the first two shall 

be parallel to ihe diameter bbI, the other to aaI ; hence, mn = 
m1n1 = bb', and nn' = mm1 = aa1, and the parallelogram mnm1n1 

is the parallelogram on the diameters aa1 , bb1• In the t.ame way, 

if rs, r1s1 , rr1, ss' are tangents drawn from the extremities of the 

axes, the rectangle rr1s1s is the rectangle on the axes. Now, on 

account of the parallel lines the diameters aa1 , bb' divide in four 

equal parts the parallelogram mm1n'n, and the axes AA' , BB' di­

vide in four equal parts the rectangle rss1r1, so that the areas may 

be given by the equations 

rr
1
s1s = 4 ACB1r

1 = 4 a. b I 
mm1n1n = 4 mrt O b1 = 4 a C . b1t 

... (a) 

supposing b't perpendicular to aa1• Now, b1t = b'C sin b1Ca1 ; and 

preserving still the same denominations of "' and a of the angles 

a ICA', b1CA', we wil! have sin bICa1 = sin (a - w) ; hence, 

bit= b'C. sin (a - w) .•. (a,) 

but from trigonometry 

sin ( a - "') = sin a cos "' - cos a sin "' 

=cos,~ (sin a - cos a tg w) 
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hence, 
sin 2 ( a. - "') == cos 2

«> ( sin a. - cos a. tg "') t 

bz 
but (78) tg "' == - _"_t_ ; consequently, 

a· g"' 

. cos 2 eu . 2 
sin z(a. - eu) = . [a2 sm 2 a. + 62 cos 2 a.] 

a• sin 2 a. 

substituting now instead of cos 2 eu the corresponding value given 

in the preceding number, we will derive 

. [a2 sin 2 a. + 62 cos 2 a.}2 

sm 2 (a. - eu) = "---.---
a• sin 2 a. + b• cos 2 a. 

but from the same preceding number 

hence, 

a 2 sin 2 a. + 62 cos 2 a. 

at sin za, + b4 cos 2 a. 

1 
--2 

Ca 

a 2 sin 2 a. + 6 2 cos 2 a. 
sin 2 (a. - eu) = __ 

2 
Ca 

again, from the first ( o) 

hence, 

or 

a 2 sin 2 a, + 62 cos 20, -

a2 62 
sin 2 (a. - eu) = ----__ 2 __ 2 

Ca. Cb' 

. ( ) ab 
sin "' - w = Ca. Cb' 

let us now substitute this value in (a
1
), it will become 

b't = b'C a. b a. b 
Ca. Cb1 - Ca 

from which finally substituted in the second ( a), we deduce 

mm'n1n = 4. a . b 
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but the first (a) gives rr1s's = 4. a. b; therefore, 

mm'n'n = rr's's 

that is, the parallelogram on the conjugates 1s equal to the 

rectangle on the axes. 

PROPOSITION VI. 

In every ellipse tltere are two conJugate diameters equal to each 

other. 

· 81. Let aa1 be any diameter, and let us draw from a1 a1n per­

pendicular to CA' the axis of the abscissas. Cn and na1 will be 

the co-ordinates x and y of the point a1, and the square ci of 

the semi-diameter is equal to x 2 + y2 , or 

Ca'=V xz+yz 

Now, from the equation considered in the present discussion of 

the ellipse we derive 

which value substituted in the preceding equation gives 

or 

From which equation we know, first, that all the diameters in the 

quadrant BOA' are different among themselves, because the 

second member of the equation depends on the variable x, which 

is different for every point of the curve corresponding to that 

quadrant. Secondly, since a> b and consequently a<z - b2 > o, 

the diameters are increasing with x, but x is to be taken from o 
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to a ; and to x = o corresponds Ca1 = b ; to x = a corresponds 

Ca1 = a; therefore all the linear values comprised between the 

semi-axes a and b are the values of the semi-diameters drawn 

from every point of the curve contained between B1 and A' . 

Now, on account of a> b 

l a2 + b2 l a• + a
2 I a2 + b

2 I lP + b
2 

~ 2 < ~ -z-- a
nd ~ 2 > ~ 2 

I az + a• I bz + b• I a• + bz 
but ~ 

2 
== a, ~ 

2 
== b; hence ~ 

2 
is a value 

comprised between a and b, and consequently the value of one 

of the semi-diameters drawn from some point a1 of the branch 

B1A 1 • But (78) to every diameter corresponds another conju­

gate, and the sum of the squares of any two conjugates is (79) 

equal to az + bt . Therefore if x' represents the conjugate 

~ 
semi-diameter of V ---t- = x ; the value of x' is to be 

derived from the equation 

a
2 + b

2 

2 + x'z = az + bt. 

a•+ b2 ~ 
which gives x12 = --

2
- and x' = V ---t-

therefore x = x1 and 

2 X = 2 71;
1 

that is, in every ellipse there are two conjugate diameters equal 

to each other. It is here to be remarked that only one binary of 

such diameters can be found in the ellipse, because since the 

sum of the squares of the semi-diameters must always be the 

same, if we take any diameter greater than 2 71; its conjugate 

must, of course, be less than 2 71;1, and vice versa. 

• 
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PROPOSITION VII. 

Tlie sine of tlie angle formed by any two conJugate diameters cannot 

be less tlian that of the angle contained by tlie equal conjugates. 

82. The sine of the angle (a. - w) formed by any two conju­

gate diameters is given (80) by the general formula 

. ( ) a • b 
sm a. - w = Ca . Cb 

hence if Ca = Cb, that is, (81) if Ca and Cb are equal to 

~ ; thE> sine of the angle formed by these diameters 

shall be given by 

2 a. b 
sin (a. - w) = a2 + b2 

If we now suppose the sine of the former equation to be Jess 

than the sine of the latter, we must suppose, also, 

a .b 2.a.b 

Ca. Cb < a 2 • 62 

and b < 
2. Ca. Cb b 

a. a2 + 62 a. 

from which it follows 

2 Ca . Cb > a2 + b2 

0 0 

Bul since (Ca - Cb) 2 = ca· + Cb- - 2 Ca . Cb, and the first 

member of this equation is essentially positive, hence 

- 2 -2 

Ca + Cb > 2 Ca + Cb 

and, of course, if 2 Ca. Cb> a2 + bt 

-2 -2 

Ca + Cb > a2 + b2 
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but (79) we demonstrated that the sum of the squares of the 

semi•diameters is constantly equal to the sum of the squares of 

the semi-axes ; hence we cannot suppose the sine of the angle 

.r d · d. 1 h Za • b J.Orme by any two conJugate iameters ess t an az + bz • 

PROPOSITION VIII. 

The sum of the distances of any point of the ellipse from the FOCI 

is constantly equal to the transverse axis. 

83. Let (fig. 51) two points, F and F 1, be taken on the trans­

verse axis AA1 equally distant from the centre, and let the dis­

tance be equal to V a2 
- b2 

; such points are called foci of the 

ellipse. The difference a2 - b2 is a positive quantity less than 

a 2 , making, consequently, 

we must suppose f < 1. Such a fraction is termed the eccen­

tricity. Observe, now, that the equation of the ellipse reduced 

to the form 

may be transformed, also, into 

yz = (1 _ ~2) (az _ xi) ... (o). 

Let us now draw from any point M of the curve the lines MF, 

MF1 to the foci, which lines are termed radii or radius-vectors, 

and let MF be represented by p , MF1 by p' • Mn the perpen­

dicular drawn from M to the axis X the ordinate y of that point, 

so that, considering the triangles MFn, MF1n, we may derive 

the equations 
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but nF = CF - Cn = .../ a2 
- b2 

- x = w - x 

nF1 = CF' + Cn = .../ a2 
- b2 + x = ea + x 

therefore, substituting in ( 0 1) these values and that of y2 , given 

by the preceding formula (o), we shall have 

p2 = (1- e2) (a2 -x2) + (w-x)2 

pp= (1- e:) (az - x2) +(Ea + x)2 

And since 

(1- e2) (a2 - x 2 ) + (ea- x) 2 = a2 + e2x2 -ZeaX = (a- exjt 

(1- t2) (a2 - X2) +(ea+ X)2 = a2 + E2X2 +zeax =(a+ EX) 2 

so 

therefore 

and 

p2 =(a - ex) 2 , p12 =(a + Ex) 2 

p = a - EX' p1 = a + EX 

p + p1 = Za 

That is, the sum of the radius-vectors of any poi!lt M of the 

ellipse is constantly equal to the transverse axis. 

Observe, that since (a - EX) 2 = (Ex - a) 2 , so p2 = (a - ~x)2 

= (ex - a) 2 , and consequently r = EX - a, in this case we 

would have p1 - p = Za. But considering, for instance, the 

extremity A of the transverse axis, of which the radius-vectors 

are AF, AF1 , according to the last equation it would be 

AF - AF1 = Za = AA1, which is absurd; consequently the 

value EX - a of p cannot be admitted. Moreover, the required 

value of p must be positive. Now, since E < 1 and x can never 

be greater than a, hence EX - a necessarily is negative, and of 

course the value Qf p, to be excluded. 

On the property of the ellipse above discovered depends a 

mechanical construction of the same curve. Because if the ends 

of a thread of the exact length of the transverse axis AA' be 

nxed by pins in the foci F and F1 (fig. 52), then moving a stile 

or pencil P within the thread FMF1 so as to keep it always 

stretched, it will describe the ellipse AB1A'B. 

II 
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PROPOSITION IX. 

The distance from the tangent of any point of the ellipse to the cen­

tre, if reckoned on the transverse axis, is third proportional to 
the abscissa of that point and the transverse semi-axis. 

84. Let (fig. 53) the tangent tT be drawn from any point M 

of the ellipse. Since the origin of the co-ordinates is still sup­

posed in C, if Mn be the perpendicular drawn from M to the 

transverse axis; Cn shall be the abscissa of that point, and CT 

(©°9) the distance A of the origm of the co-ordinates from the tan­

gent, reckoned on the axis X. Such a distance is third propor­

tional to Cn or x and the semi-axis CA.1 or a: because the value 

of this distance (59) is given by the general formula 

Cx+By+E 
A - x + Ax+ Cy+ DY 

and consequently on account 

1 

1 
of C = D = E = o , B = b2 , 

A = - ; by the formula 
a2 

but (83) y 2 

therefore, 

bz 
- - (a2 - x 2) hence az , 

a2 - xz 

X : a 

X 

a A 

ae 

X 

the indicated relation. Observe that the coefficient ~x +By+ E 
x+cy+D 

is (58) equal to - t: a, being a,, the angle formed by Tt with the 

positive X, hence the tangent of the angle tTX will be given by 

Ax+ Cy+ D b2 x 
Cx + By- + E or substituting by - a2 y 
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PROPOSITION X. 

The normal corresponding to any point of the ellipse divides in two 

equal parts the angle formed by tlie radius-vectors of tlte same 

point. 

85. Let (fig. 54) tT be the tangent of any point M of the el­

lipse. The line MR perpendicular to tT will be the normal of M. 

If from this point we draw the radii MF = p , MF' = p1 , the dis­

tances RF and RF1 of the normal from these radii, reckoned on 

the axis AA1, have the same proportion as the radii themselves. 

Because 

FR= FC - CR~ 

F1R = F1C + CR 
•.• (o) 

and (83) FC = F'C = ta , CR is (59) the distance A 1 reckoned 

on the axis X from the normal to the origin of the co-ordinates ; 

which value given by the general formula 

I Ax+cy+D 
A = x - Cx + By + E Y 

becomes in the present case 

bt 
A 1 = X- - X = 

a2 

and since (83) ai - b2 = t
2 

a
2 

' 
t;.I = E ~X 

therefore CR= E 2 x . which value with that of FC and F 1C sub­

stituted in the preceding ( o) will give 

FR= E (a - tX) 

F'R= E (a+ r'x) 

but (83) a - EX = p , a+ EX= p1
; hence 

FR = Ep ' F1R = tp1 

8 
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and ;,: = :, ( = (:!,) 
Therefore, the side FF' of the triangle FF1M is divided by MR 

in two parts, which constitute a proportion with the other sides 

of the triangle; but it necessarily supposes the angle FMF1 divid­

ed in two equal parts by MR. Because let F'M be produced so 

far as to have MF = Mf, and let the points f, F be joined by JF, 

the triangles F'MR, F'fF are similar to each other, for FR : 

F 1R : : FM : F1M, and consequently FR : F'R : : fM : F'M; 

hence the angle F'fF = F'MR, but on account of the equal sides 

FM andfM, the angle MfF is equal to the anglefMF, and con­

sequently F fM + fFM = 2 MfF. Again, the angle F'MF = 
FfM + fFM or F1MF = 2MfF, but MfF or F1fF = F1MR; 

hence 

F1MF = 2F1MR 

that is to say, the normal MR divides in two equal parts the angle 

formed by the radii MF, MF1• 

PROPOSITION XL 

The normal of any point of the ellipse is a fourth proportional to 

the perpendicular drawn from any one of the two foci to the cor­

respc,nding tangent, tlte radius drawn from tlte same focus to tliat 

point, and the half of tlte parameter. 

86. The double of the ratio bz existing between the square of 
a 

the conjugate semi-axis, and the transverse semi-axis is termed pa­

rameter, and if it be compendiously termed 2p, we will have 2p = 
bZ 

2 - · Now, before speaking of the proposed subject, let us de­
a 

termine the values of the tangent and normal of any point M, the 

second of which is to be used in the following demonstration : 

Since the most general values of the tangent and normal of any 
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point (x , y) are given (59) by the formulas t = Vy 2 + (x- .o.)2, 

n = ,v y2 + ( .o.1 - x)2, and being (84, 85) with regard to the 

ellipse, 

x 2 a 2 bt 
X -.0.= ----, c.1-X = -- X 

X a2 

so we will have 

b' b2 bi 
but - == - • ~ and (83) from the equation a2 

- b2 == E
2 a2 we 

a' a2 a 

have :: == 1 - E~; again, since (83) y2 == !: ( a2 :rP) the value 

of the square nt may be conyerted into the following 

buta2 
- Et xt =(a + EX) (a-Ex) and (83) a+ EX= p1, a-EX= p 

hence 
b2 

n2 = - PP1 
a2 

Let us now come to the proposed demonstration, and first ob­

serve that the distance FT of the focus F from the tangent 

reckoned on the axis X corresponds to CT - CF, and the dis­

tance F'T of the other focus from the same point T of the tangent 

at 
conesponds to CT + CF1, but CT or .o. is (84), equal to - and 

X 

(83) CF = CF' = Ea ; hence 

at 
FT=--w, F'T 

X 

at - - + Ell ; 
X 
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but 

and 

therefore 

X 

GEOMETRY. 

a 
=F ca = - (a =F 11x) 

X 

a - EX = p ' a + EX = p
1 

a a 
FT = - p , F'T = - p1 

X X 

Again, the distance TR of the normal MR from the tangent is 

equal to the difference CT - CR and (84, 85) equal also to 

at at Eg x~ 
t::. - t:.1 = - - Et x = - - -- · hence 

X X X ' 

at - E2 xt 
TR=----

x 

but a' - Et x 2 = (a - EX) (a+ EX) = p. p1 ; therefore 

I 

TR=~ 
X 

Let us now draw (fig. 55) Fm = q and F1m1 = q1 perpendicular 

to the tangent MT; the triangles RMT, FmT, F1m1T are of course 

similar to each other; hence the proportions 

TR : FT : : MR : F~ ~ ~ ~ 

TR :F'T:: MR: ~~~~:,~~~~ 
and substituting the preceding values ~ °'~ , ~ ~ ~ (j, 

PP1 ap ~~~ ~ (' ' 
: n: <] I J 

~~ ~~ " I 
~~. ~ ~ 

X X 

PP1 ap1 

- :-
X X 

: ri : q' 

or p1 : a :n:q 

p : a : : n: q1 

from which 
an an 

<J=-, ,q'=-
p p 
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an~ ani 
qn = - 1 , q1n = 

p p 
and consequently 

but the square n 1 of the normal determined before 1s equal to 
bt 
- pp1 , hence 
ai 

b2 
and since - =p the semi-parameter, so 

a 

qn == p p , q1n == p p' 

and consequently, 

<J : p : : p : n , q1 : p1 : : p : n 

the required relations, and 

;,_ _ PP == P ~
1 

- <J ' <J 

Scholium I. Let Cn == q" be the perpendicular drawn from the 

centre C to the tangent; on account of the similarity of the tri­

angles MRT , nCT, we have 

TR : CT : : RM : Cn 

and substituting the corresponding values 

PP1 a• 
- : - : : n : <J" 
X X 

hence, 
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that is, the conjugate semi-axis is a mean proportional between 

any normal and the perpendicular drawn from the centre to the 

corresponding tangent. 

Scholium II. If in y 2 = (1 - E 2 ) (a2 - x:) the equation (83) 

of the ellipse, we substitute ±Ea instead of x; that is to say, the 

abscissa equal to the distance of the foci from the centre, the cor­

responding square of the ordinate y becomes 

but (83) 

and 

b2 
(1- E 2 ) = 2 ; hence, 

a 

yz = !: = (b:r 
bz 

Y=-;;=P 

the semi-parameter; therefore, the double ordinates passing 

through the foci are equal to the parameter. 

Eq1udio11 ot" tlu elli,.,11e u,itl• 1•efe,·e11ce lo tl,e pola•· co-onliual('s. 

87. Let /3 be the angle formed by any radius p = Fm1 , or== 

FM, = .... (fig. 56) and the positive axis X. Such an angle 

may be equal or less or greater than a right angle. In the first 

case cos /3 = o; in the second cos /3 > o ; in the third cos /3 < o. 

Suppose the three different cases to be represented by m1FX < 
90°, MFX = 90°, mFX > 90° ; the first of the three perpendi­

culars m1r1 , MF , mr drawn from the three different points must 

fall between F and A ; the second shall fall in the focus F ; and 

the third between the focus and the other extremity A of the 

axis; and Cr1 , CF , Cr will be the abscissas of each point. But 

Cr1 = CF + Fr1 , Cr= CF - Fr. Again, CF=. a, and 

Fr1 == Fm1 • cos m1FX = r cos /3 , - Fr == Fm cos mFX = 
p cos /3; hence, 
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Cr1 = s a + p cos (3 , Cr = • a + p cos (3 

and since CF = s a = s a + p cos 90° = s a + p cos MFX = 
s a + p cos f3 ; so generally 

X = Ii a + p COS i3 

But observe that (83) p = a - s x; hence, substituting in this 

equation the last value of x, we will obtain 

p = a - • (s a+ p cos f3) 

and consequently p (1 + . cos f3) = a (1 - s 2 ) 

or 
a (1- s2) 

p = 1 + E COS (3 

which is the required equation. 

I 

Eqt1atio,. of t1,e ellipse weitl• refe•·et,ce to U,e co1y,.gate dia,nete1·s. 

88. Let us now pass from the rectangular axes AA' , BB1 to 

any other system determined (fig. 57) by the conjugate diameters 

hb1 , aal; the general formulas (8. C. I) to pass from one to an­

other system of axes must be converted into the following : 

y = x
1 sin a. + y' sin "' i 

X = xi COS a, + y1 COS a, 

... (o) 

because, since all the diameters must pass through the centre of 

the ellipse, the origin of the new system is of course common 

with that of the former; hence, x
0 

= y
0 

= o. Again, the angle 

formed by one of the diameters, for instance bb1, with X being 

termed a., that formed by the corresponding conjugate aa1 will be 

accordingly termed "' ; and supposing the former to be taken for 

axis of the abscissas, we shall have (xx1) = a., (xy1) = w • Sub-
xz yz . 

stituting now the value (o) in the formula -- + - = 1, we will 
aZ 62 

have 



1~0 GEOMETRY. 

(x' cos a, + y' cos "")2 (x1 sin a,+ y' sin "') 2 _ 
1 a2 + b2 -

or 
xtt cos 2a, + y12 cos•,..+ 2 x 1y1 cos a, cos ,., 

a2 ---- + 
xt2 sin 2a, + y12 sin 2

w + 2 x'y1 sin a. sin • 

and consequently, 

[
b2 cos 2 a, + a.2 sin 2 a,] 

:,cit. -----'----- + y'2 
a2 bt. 

2 1 1 [a2 sin ,.. sin a, + b2 cos "'cos a.] = 
1 + xy az bt 

bz 
but since (78) tg,,, = - -

2
-t-; and consequently, 

a g a, 

a2 sin ,,, sin a. = - b2 cos "' cos a. 
or 

therefore, 
a 2 sin ,,, sin a.+ b2 cos "' cos a.= o 

1 

[
bt cos 2 a. + az sin 2 a.] (b 2 cos 

2
"' + az sin 

2
"'] 

xii -----!..---- + ylit -----'----- >= 1 
az bz at bt 

but (79 (o)) 

therefore, 

b2 cos 2 a. + a.2 sin 2 a. 
az bt 

b2 cos 
2
"' + a2 sin 2"' 

ai bz 

:;r/t 

~ 

Cb 
+ 

ylt 

::=t - 1 
Ca 

1 

Cb
2 

1 
--2 

Ca 

the same equation as that of the ellipse having Cb and Ca for 

semi-axes and referred to them. Supposing, moreover, the di­

ameters equal to each other, the equation of the ellipse does not 

differ from that of the circle referred to the rectangular diameters 

and having the radius equal to Ca. 
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xii y2 
It must be remarked, that from the form - + - - 1 of a! b2 -

the equation of the ellipse, we cannot conclude that the corres­

ponding curve is an ellipse whose axes are 2 a and 2 b; because, 

although such an ellipse also is represented by that equation, yet to 

the same equation may correspond any other ellipse referred to 

the conjugate diameters 2 a, 2 b. Observe, moreover, that since 

the equations of the diameters and axes, and every function of 

the lines of the second order derived from the most general for­

mula (i), are deduced in the supposition of the curve referred to 

the rectangular axes, so in comparing any other with that general 

equation, we must suppose the curve referred to the rectangular 

axes. Hence, in comparing xz + Yb! = 1 with the general 
a2 2 

equation (i), we must necessarily suppose 2 a and 2 b to be the 

axes, since in this case the curve is referred to the rectangular 

axes, and among the conjugate diameters the axes alone are per­

pendicular to each other. 

HYPERBOY,A. 

PROPOSITION I. 

Only one axis of the hyperbola meets the curve. 

89. Let us now discuss 

the equation [62. (g) J of the hyperbola; which, compared with 
1 1 

the most general (i) affords (64) P 1 = az, P 2 = - h', K = 1 

and on account of C = D = E = o, (i
1 8 ) r = o. Hence, c 1 

2 
, 

c, i , the square values of the semi-axes (i 15 ) shall become 

of which equations the first only being a real one, it follows that 



GEOMETRY. 

only one axis can meet the hyperbola and at a distance equal to a 

from both sides of the centre. Yet, to preserve the analogy be­

tween the ellipse and the hyperbola, the axis 2 a, or AA' (fig. 58) 

is termed transverse axis, and cutting from both sides of the centre 

at a distance CB , CB1 equal to b, the unlimited axis aa1 , the 

portion BB1 of this axis is termed conjugate axis. 

PROPOSITION lI. 

The equation of the hyperbola considered in the present discussion 

stt,ppose3 tlie origin of i!ie co-ordinates at the centre oftlte curve. 

90. The values of the co-ordinates x
0

, y
0 

of the centre given 

by the formulas (i, 0) on account of C = D = E = o, both be­

come, in the present case, equal to zero. But the values 

C = D = E == o depend, as it was observed (64), on the form 

y'-
bi' = 1 of our equation, and both the co-ordinates equal 

to zero are the co-ordinates of the origin of the axes ; hence the 

equation of the hyperbola considered in the present discussion 

supposes the origin of the co-ordinates in the centre of the curve, 

or in the point C of intersection of the two axes of the same 

curve. 

PROPOSITION III. 

Every branch of tlie hyperbola has its proper asymptote. 

91. If two lines rs, r1s1, passing through the centre of the hy­

perbola (fig. 59), are continually approaching, "the first to the 

branches Al, A1m1, the second to the branches Al', A 1m, without 

touching them, but at infinite distance, according to the definition 

given (19) of the asymptote, each branch of the hyperbola has 

its proper asymptote. To demonstrate, now, that this is the case 

with regard to the hyperbola, let us first recollect the condition 

or criterion to be fulfilled when the chords passing through the 
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centre of the curve do not touch it, except at an infinite distance 

(57). It is proved that when the difference C2 
- AB is posi­

tive, there are two such chords making the angles o/, o// with the 

positive axis X, to be determined by the equation 

C 1 ✓ tg a = - B ± B c~ - AB 

but in the present discussion (64) A= ..!_, B = _ ..!_, C = o; 
a 2 b% 

hence C1 -AB = +-1-ai bi 

and, consequently, 

b 
tg a1 = - - , 

a 

b 
tg a 11 = +­a 

therefore, in the hyperbola, two straight lines rs, r1s1 passing 

through the centre, and making, with the axis CX, the angles 

o/, r,,11, determined by the last equations, are two straight lines, 

which do not touch the curve but at an infinite distance from C. 

Therefore, if the same two lines are, moreover, continually 

approaching to the four branches, each branch has its proper 

asymptote. .Now, the equations of the two infinite chords are 

from which 

b 
y' == -x'' a 

bZ 
Yr2 == _ x/2 

a2 ' 

b 
y'==--x' 

a 

bt 
1,lz == - x 'z 
;, a2 

Again, the equation of the hyperbola may be transfo1·med into 

bZ 
yi == at xz - bt 

hence, if we take the same abscissa in the latter and in the former 

equations, it follows evidently, first, 

Y<Y' 
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secondly, 

and since 
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y!2 _ya== bz 

ylt _ yt. == (yl + y) (yl _ y) 

bt 

y' - y == y' + y 

b• 
but y and y1 are increasing with x, therefore the fraction ,--+ , 

y y 

and of course the difference y1 - y, becomes smaller and smaller 

by the increasing value of x; and consequently the lines rs, r1s1 

continually approach the curve. 

• Corollary. From this property it follows that all the branches 

of the curve are contained within the angles r1Cr, s1Cs bisected 

by the transverse axis ; hence any straight line pp' passing 

through the centre of the hyperbola, and contained within the 

angles r1Cs, sf Cr bisected by the conjugated axis, can never reach 

any point of the curve; nay, shall continually diverge from the 

curve. On the contrary, any line qq1 passing through the centre 

of the curve, and contained within the angles r1Cr, s1Cs must 

necessarily meet the curve ; because, while the curve is continu­

ally approaching the asymptote, that line is continually diverging 

from it. Now, every line passing through the centre of the 

curve and reaching the curve is a determined chord bi1:.<ected at 

the centre. 

PROPOSITION IV, 

The diameter corresponding to any determined chord passing through 

the centre of the hyperbola is contained within the angle bisected 

by the conjugate axis. 

92. We observe (56), with regard to the general formula (i14) 

of the chord passing through the centre of the curve, that the 

second member of that equation must necessarily be a positive 

quantity. But in the present discussion, since (64) K = 1, 
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and (on account of C = D = F = o) r = o and [44 (iz) J P = 
1 1 . br. cos ia, - a2 sin ta, 

- cos ta - - sin 2 a. = ---------- the formula as br. ar. bt 

(i14) becomes 

c2 = ~--------,---­
bt cos 2 a. - a 2 sin ta 

of which the second member cannot be a positive quantity except 

by supposing 

at sin 2 a. < b2 cos 2 a 

• 
or 

and in the present case it must really be so, because the angle 

formed by each asymptote and the transverse axis must be greater 

than that formed by the chord and the same axis. Now, the 

tangent of the former angle is (91) + .!!.__ or - .!!.__, and of course 
a a 

bt 
the square of the same tangent - ; therefore, the square of the 

ai . 

tangent of any angle less than the angle made by the asymptotes 

. h h . h be H "f h wit t e transverse axis, must be less t an at. ence, 1 t e 

angle formed by the diameter corresponding to the chord and the 

transverse axis be such as to give the square of its tangent greater 
bt 

than ~, this diameter is evidently contained within the angle 

bisected by the conjugate axis. Now the angle ,,,, made by the 

diameter and the transverse axis, is to be deduced from (i5 ), 

b'­
which in the present discussion is converted into tg,,, = -z -t­

a ga. 

from which 
/)4. 1 

tgt,..,= -·-­
a4 tg za, 

but since in the present case 
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b2 
tg 2a, < at 

consequently, 
1 a2 

tg ~Cl, > bi, 

1 
and if instead of -t-

2
- we 

g (l, 

rt1-

substitute b2 in the preceding equa-

tion, we shall obtain 

' that is to say, the diameter corresponding to any determined chord 

passing through the centre of the hyperbola is contained within 

the angle bisected by the conjugate axis, and consequently can 

never reach the curve. 

PROPOSITION V. 

If any line passing through the centre of tlte hype,·bola is the diame­

ter corresponding to a determined chord passing through the same 

point, this chord by turns shall be the diameter of the system of 

chords parallel to that line. 

93. Let (fig. 60) bb1 be the diameter corresponding to the sys­

tem of chords parallel to aa1 • Since aa1 is a chord of determined 

length; according to the demonstration of the preceding member, 

bb' must be contained within the angle of the asymptotes bisected 

by the axis BB1 , and will never reach the curve ; yet the lines 

nn1 , ••• mm1 , ••• parallel to bb1 , are chords of determined 

length, and of which aa1 produced is the diameter. Because, 

calling ,.. the angle formed by bb1 and the system of parallel chords 

with AA1 , the equation of the diameter corresponding to this sys­

tem will be derived from (i4 ) by changing « into ,.. , which will 

consequently become 
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But by supposition bb1 is diameter of aa1, which forms the angle a 

i · with AA', consequently (i;,) 
I 

j 

b% 
tga, = --­

a2 tg a, 

which value substituted in the preceding formula gives 

Yo = fg o., • Xo 

the equation of a straight line passing through the origin of the 

co-ordinates, and making with AA1 the angle <1. But such a line 

is aa1, therefore aa1 is the diameter of the system of chords paral­

lel to bb'. To follow the analogy of the ellipse, observe that from 

the formula tg t w > !: ~orresponding to the angle made by bl/ 

with the conjugate axis, we 

deduce 

and 

sin 2 w 

cos 2 w 

a% sin z,., - b2 cos z.., > o 

consequently, the ratio 

a 2 sin 2 ,.. - 62 cos 2
00 

has a determined value; and taking from both sides of C on the 

diameter bb1 the portions Cd, Cd I equal to the square root of the 

late ratio, dd' shall be termed conjugate diameter of aa1 an d vice­

versa. 
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PROPOSITION VI. 

The dijf erence of tlie squares of any two conjugate diameters is 

equal to the difference of tlie squares of the axes. 

94. Let aa', dd 1 be any two conjugate diameters. Since 

aa1 = 2 Ca , dd' = 2 Cd; 

consequently 

and (92, 93) 

-! __ 2 _! __ ! 

aa1 = 4 Ca , dd1 = 4 Cd 

_! a 2 b 2 a 2 b2 

Ca - ----------- Cd2 - ---,----,:-----=--=------=--
- b2 cos 2 a. - a 2 sin 2 a. ' - a 2 sin t,., - b2 cos !,.. 

hence 

aa1 -dd1 -4 
_z -2 [ a2 b2 

- b 2 cos 2a.-a 2 sin 2 a. 

az b2 ] 
2 sin 2 a>-b2 cos z,., ... (o) 

Now from (i5) we have 

SID r,, b 2 cos a. 

cos "' - a 2 sin a. 

and consequently, 

sin 2 ,., 

cos 2 "' - a• sin 2 a. 

From which we may derive the following in the same manner 

as we derived similar equations for the ellipse : 

and 
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hence 

a2 ht. a4 sin 2 a. +· b1 cos 2 a. 
-=--,--=----~-----=-- - -=-=-----,,.-'---- ... (a.) 
a2 sin 2 ,.., - b2 cos 2 .. - b2 cos 2 a.- a 2 sin t'a, 

but the numerator of the second member 

a• sin 2 a. + b4 cos 2 a. + a" b2 
- a2 b2 

= a• sin 2
a. + b• cos 2

a. + a 2 b2 
- a2 b 2 (sin 2 a. + cos 2 a.) 

= b! cos 2 a. (b 2 
- a 2

) - a 2 sin 2 a. (b 2 
- a 2

) + a2 b 2 

= (b2 
- a 2

) (b 2 cos 2 a. - a2 sin 2 a.) + a 2 b2 

consequently, 

a2 bt. a 2 b2 

- ~-- ·----,e----- - h! - a2 + ----------
at sin 2 c.i - h2 cos,."> - b2 cos 2 a. - a 2 sin 2 a. 

which value substituted in the formula (o), will give 

2 2 

aa1 - dd1 = 4 (a2 
- b2) 

2 'I, 

or aa1 
- dd' = (2a) 2 

- (2b)2 

that is to say, the difference of the squares of any two diameters 

aa1, dd1 is equal to the difference of the squares of the axes 2a, 

2b. 

Corollary. Supposing 2a = 2b. (In which case the hyperbola is 

called equilateral,) the conjugate diameters also are equal to each 
_2 -2 

other, because in this case (2a) 2 - (2b) 2 =!>; hence aa1 - dd1 

= o, and 

aa1 = dd' 

Observe that in the same hypothesis the asymptotes are at right 

angles. Because the angle formed by each asymptote is (91) to 

9 
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be derived from tg a. = ± ~; hence, with regard to the equi-
a 

lateral hyperbola, from tg a.=± 1. That is, the angle formed 

by each asymptote with the tranverse axis is equal to 45°; he.nee 

that contained by the asymptotes themselves is equal to 90°. 

PROPOSITION VII. 

Tlie parallelogram on the conjugates is equal to the rectangle on 

the axes. 

95. Let us draw (fig. 61) from the extremities a, a1 of the con­

jugate diameter aa1, the tangents mm1 , nn1 which (50, 78) must be 

parallel to each other, and to the conjugate dd'. Let us draw also 

m1 n1, mn parallel to aaI from the extremities d and d' of ddI , we 

evidently have 

mnn1m1 = 4 Ca1n1d 1 • ••• (o) 

and in the same manner the rectangle on the axes 

rss'r1 = 4 CAs1B1 • • • • ( o 
1 

) . 

Again, let d1 fl be drawn perpendicular to aa1• For the area of 

the parallelogram Ca1n 1d 1 we may substitute the product Ca1 • d 1t' 

but d 1 t1 = Cd1 • sin d 1Ca1 = Cd 1 • sin (d1CA1 - A 1Ca1) ==Cd' . 

sin (co - a.) ; hence 

CaIn1d 1 = Ca1 • Cd1 sin (co - a) •••• (02) . 

Now from trigonometry 

hence 

but (92) 

siu ("' - a) = sin w cos a - cos ,,, sin a 

= cos w ( tg "' cos a. - sin a,) 

sin 2 ("' - a)= cos 2 w (tg c., cos a- sin 0,) 2 

bt 
tg(i)=--­

a2 tg a 

b2 cos (l, 

a 2 sin a 
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,consequently 

sin 2 
( w - a,) = cos 2

"' • - sin a, [ 
b2 cos 2

a, ]~ 

a2 sin a, 

= . b2 cos 2 a, - a 2 sin 2 a, 
cos 2c., [ ] 2 

a' sin 2 a. 

but from the former (a) of the preceding number, we may derive 

the value of cos 2 c.i, which substituted in our last equation will 

give 

[b 2 cos 2 a, - a 2 sin ta,] 2 

sin '((,) - a,) = -=----------
a4 sin 2 a. + b" cos 2a, 

b2 cos 2 a, - at sin 2 a, 

(bz cos 2 a, - a 2 sin 2 a.) 
a4 sin 2 a, + l,4 cos 2 a, 

but from (a
1

) of the same number, we derive 

b2 cos 2 a, - a 2 sin 2 a, 

a' sin 2 a, + b4 sin 2 a, 

_2 

a 2 sin 2 (,) - b'- cos tc., 

a'- b2 

and the value of Ca gives 

hence 

a2 b2 
b2 cos 2 a, - a 2 sin 2

a, = -ie 

Ca1 

a2 sin 2"' - b2 cos 
sin 2 ( c.i - a,) = --------­

Ca12 

2 

again, from the value of Cd we deduce 

consequently 

and 

a2 b2 
sin 2 (w - a,)= -2 __ 

Ca1 • Cd1 

a.b 
sin ("' - a,)== Ca1 • Cd' 
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therefore 

Ca1 • Cd1 • sin ("' - a.) = a. b 

which value substituted in (0 2 ) gives 

Ca1n 1d 1 = a. b 

but a . b = CAs1B , hence 

Ca1n1d 1 = CAs1B 

therefore the second members of the equations ( o) ( o 
1

) are equal 

to each other ; consequently 

mnn1m = rss1r1 

that is, the area of the rectangle on the axes is equal to the area 

of the parallelogram on any two conjugate diameters. 

PROPOSITION VIII. 

The difference of tlie distance of any point of the hyperbola fr011i 

tlie foci is equal to the transverse axis. 

96. Join (fig. 62) the extremities B1 and A' of the semi-axes 

CB1 , CA' and take on the transverse axis two points F , F1 at a 

distance from the centre C, equal to the hypothenuse B1A'. 

Since B1A' = ¥a 2 + 6 2 CF= CF'= ¥a 2 + b2
, the points 

taken at such a distance from the centre are called foci of the hy­

perbola. Let us make now 

r (which is termed the eccentricity of the hyperbola) must evident­

ly be greater than unity. Now from this equation we may derive 

bt bi 
- = , 2 

- 1 and - -= 1 - fz a2 at 
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and since (63) the second (g) which is the equation considered in 

the present discussion, may be transformed into 

b2 b2 

yz = of:" (xz _ az) = _ a"' (xz _ az ) 

so by substituting the value of - bz the same equation will 
a z 

become 
y,, = (1 - s2

) (a2 
- xi) .... (o) 

Let p and r' be the straight lines MF , MF' drawn from any 

point M of the curve to the foci, which lines are te rmed radii or 

radius-vecto1·s. Again, let y b e the ordinate M n of the point M. 

From the triangles MnF 1 , M nF we shall have 

But nF1 = Cn - C F1 = x --Va~ = x - Ea 

nF = Cn + C ]T = x + -V a2 + b
2 = x + Ea 

Therefore, substituting these values in ( o 1 ) and the values of y 

given by ( o) we shall obtain 

p/2 = ( 1 - s
2

) (a2 - a?) + (x - Ea)2 

p~= (l- E2
) (a2 - x2 ) + (x + sa)2 

now 

(1- i) (~~ - x,,) + (x - w)2 = a2+ a? E2 - 2x sa = (Ex - a)
2 

{l- e2
) (a2 - x2

) + (x + sa)2= a2 + x<i/' + 2x ca= (sx + a)
2 

hence 

and 

therefore 

p12 = (EX - a)2 , p
2 = (EX+ a)" 

r' = ( EX - a) ' p = EX + a 

p - r' = 2a 
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that is to say, the difference of the radius-vectors of any point M 

of the hyperbola is equal to the transverse axis. We can here 

make the same observation which we made (59) with regard to 

the ellipse, that is, since (EX - a)2 = (a - EX)2 so we could take 

the last form of the square of pfZ. But then p1 = a - EX and con­

sequently p + p1 = 2a, which would be an equation to be verified 

with every point of the hyperbola. But the radii of the extremity 

A of the transverse axis are AF , AF' and their sum is FF1• 

Hence, supposing p' = a - EX we would have also AA1 = FF1, 

which being absurd, that supposition is to be excluded. Again, 

since the values of the radius-vectors considered here are positive, 

it is plain that p1 = a - .x is to be excluded, because x cannot 

be less than a and E is > 1. 

From this property of the hyperbola is derived a mechanical 

method of constructing this curve. Because let (fig. 63) the 

ends of two threads FMm , F'Mm1 be fixed in the points F and F 

of the straight line FF1, and suppose these two threads to pass 

through a small ring M. Now, if by means of a stile t we make 
the ring glide in such a manner as to cause the same length of 

each thread to pass by the ring, the difference between the 

stretched part of the threads will be constantly the same; for in­

stance, AA', and of course the path AM marked by the point of 

the stile, must be a hyperbola. 

PROPOSITION IX. 

The distance from the tangent of any point of the hyperbola to tlie 

centre, reckoned on tlie transverse axis, is a third proportional to 

tile abscissa of that point and the transverse axis. 

97. Let M (fig. 64) be any point of the hyperbola, and tT the 

correspondent tangent ; the distance CT or t:.. from the centre 

to the point T being, according to the general equation (59)~ 

Cx+By+E . 
x + Ax + Cy+ D y m the present case will become 

az yz 
t:..=x---

b2 X 
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but (96) " b
2 

( " y· = - x· - az) hence 
aZ ' 

xz az az 
A=X---= 

X X 

from which x: a:: a: A 

that is, the distance CT from the centre to the tangent is a third 

proportional to the abscissa Cn and the semi-axis CA'. 

. Cx + By + E af y 
Observe, that smce Ax+ Cy + D = - bz x and since (58) 

Cx +By+ E 1 . 
Ax+ Cy + B = - tg o, bemg o, the angle tTX, we will also 

have 
b2 X 

fgo,= -­
a2 y 

PROPOSITION X . 

Tile tangent corres-ponding to any point of the liyperbola bisects into 

two equal parts the angle formed by the radius-vectors of tlie 

same point. 

98. Let MT be the tangent and MF , MF' the radius-vectors 

of any point M. In the discussion of the analogous property of 

the ellipse we observed (85) that the angle M of the triangle 

FMF1 is equally bisected by a line MT when the segments FT 

and TF1 are proportional with the correspo!lding sides FM , F'M; 

therefore, to demonstrate that the angle FMF1 is divided into two 

equal parts by the tangent MT, it is sufficient to prove that 

Now 

TF _ CF + CT~ 
•• ( o) 

TF1 = CF1 
- CT 
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aZ 
But CT or A , as we observed before, is equal to and (96) 

X 

CF = CF' = Ea ; hence 

a2 a 
TF = w + - = - (EX+ a) 

X X 

a2 

TF1 = Ea-­
x 

a 
= -(Ex-a) 

X 

again, EX + a = p , EX - a = p1 ; consequently 

TF 

and 

a a 
- - p TF1 = - p1 

X ' X 

TF p 

TF1 =7 

Co1·olla1·y. Let us produce FM towards g, the angle FMT 

shall be equal to gMt, but FMT - " F 1MT, hence gMt = F 1MT ; 

let now MR be drawn perpendicular to the tangent, the angles 

RMT, RMt are of course equal to each other. But RMT = 
RMF' + F'MT , and RMt = RMg + g Mt , hence 

RMF1 + F'MT = RMg + gMt 

and on account of FIMT= gMt 

RMF' = RMg 

that is to say, the other angle F'Mg , formed by the same radius­

vectors, is equally bisected by the normal. 
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PROPOSITION XI. 

The normal of any point of tlie hyperbola is a fourtli proportional 

to the perpendicular drawn from any one of tlie two foci to the 

correspondent tangent, the radius drawn from that focus to the 

same point and the half of the parameter. 

99. The double ratio 2 ~ existing between the square of the 
a 

conjugate semi-axis is termed the parameter of the hyperbola, 

and is compendiously represented by 2p. Now, to follow the 

analogy with the ellipse, let us first ascertain the values of the 

tangent and normal corresponding to any point of the hyperbola. 

The values of which functions given by the general formulas (59) 

t = ivy2 + (x - A) 2 
, n = -Vy2 + (A1 - x) 11 in . the present 

case may be modified by the substitution of the values of .D. and .D.1 

corresponding to the hyperbola, the first of. which is already (97) 
a2 

determined and found equal to - : the second, that is (59) the 
X 

distance from the centre to the normal, being, according to the 

Ax+ Cy+ D . 
general formula, x - Cx + By + E y is consequently in the 

bz 
present case equal to x + - x; iherefore 

a2 

X - D. 
xz - at bi 

X ' .D,I - X = at X 

but (96) 

hence, taking the square of the normal 

b2 bt 
n2 == - (x2 - a2) + - ( E~ - 1) x2 

at az 
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Again, (/:i :x:2 - a~) ==(Ex+ a) (Ex - a) and (96) Ex+ a== p, 

Ex - a== p1 ; therefore, (E2 x2 - a2) == p. p1 , and 

or 

b ✓ -
n == a PP

1 

Now, let M (fig. 65) be any point of the hyperbola, and MR the 

corresponding normal n, MT the corresponding tangent t. Again, 

let MF == q , m1F1 == q1 be the perpendicular lines drawn from 

the foci to the tangent, we will manifestly have 

or 

TR : F 1T : : MR : F 1m1 

TR : FT : : MR : Fm 

TR : F'T : : n : q1 ~ 
... (o) 

TR: FT : : n: q 

b2 
But (97, 99) TR == CR - CT == t::..I - t::.. , and t::..' == x + - x a2 

a2 == x + (E~ - 1) x = E2
X , t::.. == - ; hence, TR == 

X 

E
2 x 2 

- a<J. 
---- ; again, ( E2 x 2 

- a2
) = p p' ; therefore, 

X 

I 

TR=t:i 
X 

az 
E

2
X - -

X 

Observe, moreover, that F'T = CF' - CT = CF1 - t::.. , and FT 

= FC + CT = FC + t::.. ; but CF = CF' = Ea; hence, F1T 
a2 a2 

= E a - - , FT = E a + - ; and since 
X X 

at a az a 
Ea - - = - (Ex-a); Ea+- - -(Ex+a) 

X X X X 
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and E x - a = p1 , E x + a = r, ; so 

I 
F1T = ap , FT = a P 

X X 

180 

which with the preceding value of TR substituted rn (o), will 
give 

from which 

p 

and 

or 

P P1 a P1 

-:-: 
X X 

n : q' 

p P' a P 

X X 
n q 

a : . n : q' p1 
: a: n q 

1 
an an 

q = -;-,q=7 

an2 

q1n = -- , qn 
p 

b2 
but we observed above that n 2 = 2 p p1 ; hence, 

a 

bZ bZ 
q

1
n = a p1 

' qn = a {J 

bZ 
but - is equal top the half of the parameter; hence, 

a 

q1n = p P' , qn = pp 

and finally, 

q':J>'::p:n <] P :p n 

the required proportions, and 

n =PP
1 

= PP 
q' <] 
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Scholium I. Let Cn = q11 be the perpendicular drawn from 

the centre to the tangent, the similar triangles CnT , TMR will 

afford the proportion· 

TR : CT : : MR : Cn 

or, substituting the preceding values 

hence, 

and 

A(=~): n:q11 

a2 n 
q"= -

I' P' 

bt 
but n 2 = - p ,/ • hence, at , 

q''n = b2 

and n : b : : b : q11 

That is to say, the conjugate semi-axis bis a mean proportional 

between the normal of any point and the perpendicular drawn 

from the centre to the corresponding tangent. 

Scholium II. If in the equation of the hyperbola (96) y 2 = 
(1 - c2

) (a 2 - x 2 ) we sub~titute ±, a instead of x; that is, if 

we give to the abscissa the value equal to the distance fro_m the 

centre to the foci, the corresponding value of y 2 will become 

bZ b4 
but (96) (1 - c) = -

2 
; hence, y 2 = - , and 

a az 

bz 
y= ±-(=p) 

a 

Therefore, the double ordinate 2 y passing through the foci are 

equal to 2p, that is, to the parameter. 
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B911atiou or the bype•·bola ,cille •·ef"e,•e,u:e to tke pola•• co-o,•diuatet1. 

100. Let .B (fig. 66) be the angle formed by any radius-vector 

with the positive axis of the abscissas, we shall have either 

cos /3 = o, ~>r < o, or > o, according as the angle is equal, 

greater, or less than a right angle. Suppose, now, the three dif­

ferent cases to be represented by mF'X < 90°, MFX = 90°, 

mF1X > 90°, and let us draw mr and mr1 perpendicular to the 

axis X. We will have F'r = F 1m cos mFX = p cos f3, F'r' = 
F'm cos m1F'X = r cos f3 , and o = F'M cos MFX = r' cos f3 • 

Now Cr, CF' , Cr1 are the abscissas x of the three different 

points, and Cr= CF1 + F1r, CF1 = CF1 + o Cr1 = CF1 - F'r'; 

consequently, since (96) CF1 = w, by substituting we shall ob­

tain in every case. 

X = Ea + p1 
COS {3 

but p1 = EX - a; hence, substituting m this formula the pre­

ceding value of x , we will have 

and 

or 

r' = E (Ea+ r' cos 13) - a 

p1 ( 1 - E cos f3) = a ( E 
2 

- I) 

I_ a (E2 - }) 
p - I - E cos f3 

the required equation. 

Bq1tatiou or the l1ype1·bola •·ef"er,•ed to tlee co•vugate d;a • .,eters. 

101. Supposing a. and <-> to ·be the angles formed by the diame­

ters aa' , dd' (fig. 67) with CX. Since the origin of the co-ordi­

nates in the present transformation is in the centre, the general 

formulas · (7) giving the values of the former by the new co­

ordinates must be transformed into 

y = x 1 sin a. + y1 sin w 

X = xJ COS a, + yl COS <-> 



142 GEOMETRY. 

xz yz 
which values substituted in the equation a"i - b2 1 of the 

hyperbola referred to the axes will give 

(x' cos a. + y' cos c.,)2 
a2 

(x' sin a. + y' sin c.,)z = 1 
be 

or (88) 

b2 [xlz cos 2a. + y12 cos 2w] - a~, [x'2 sin 2a. + ylz sin zc.,J + 
az b2 

2x'y' (b2 cos a. cos"' - a 2 sin a. sin c.,) = 
1 

a2 b2 

bz 
but (92) tg "' == t . Hence 

aZ g a, 

a 2 sin "' sin a. == b2 cos "' cos a 

and consequently 

b2 cos w cos a. - az sin w sin a.= o 

therefore 

bi [x'z cos 2a, + y12 cos 2 w] - az [x1z sin 2a, + y12 sin 2 w] == l 
a2 bt 

or 

[
b2 cos 2

a. - az sin 2 a] [a2 sin 2 w - bt. cos 2 w] 
x'z ------,------ - y'2 -----·----- - 1 

az b2 a2 b2 -

but (92, 94) 

b,,_ cos za, - a2 sin 20, 

a2 b2 

hence 

1 
==z , 
Ca 

-2 

Ca 

a 2 sin 2 w - b2 cos zw 

a2 b2 

yl2 
- ==1 
-2 

Cd 

1 
-=:-t 

Cd 

the equation of the hyperbola referred to the conjugate diame-
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ters, to which we may extend the same observations made with 

regard to the ellipse (88). 

Equation of tl,e l,yperbola refe1·1·ed lo 11,e asymptote. 

102. Suppose (fig. 68) the asymptote rs to be taken for axis 

of the abscissas, and r1s1 for axis of the ordinates, the angle o/, 

tormed by the former asymptote with CX, as well as - o/ formed 

by the second with the same axis, are to be derived (91) from the 

b2 sin 2 o/ b2 

formula tg 2 0.' = - , or 
1 

= - ; but from this last equa-
a2 cos 2 a a 2 

tion we have 

or 

and, since 

or 

sin zo/ + cos 2 o/ 

cos 2 a 1 

cos 2 o/ + sin 2 o/ 

sin 2 a.' 

sin 2 a/ + cos 2 o/ = 1 

a 
cos~ =-,:.=== 

vb2 + a2 

bz 
• o I 

sm ·a = a" + bt 

b 
sin a1 

- --;==== 
- va2 +62 

Considering, now, that the equations (7) to pass from a system 

of rectangular axes to any other become, in the present case, 

x = X 1 cos a1 + y 1 cos a
1 

y = x 1 sin o/ + y1 sin a 1 
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and substituting the preceding values of cos (1.
1 and sin (1.

1 we will 

have 

y= X1 

from which 

a a 

az + Yi V bz + a"' 

b b 

V 62 + a2 - Yi V 62 + a2 

b(x1-YJ 

vbi + az 

Substituting, finally, these values in the equation xi - Y
6

2 

= 1 
az 2 

of the hyperbola referred to the axes we will obtain the equation 

between the co-ordinates Xi, y1 of the same hyperbola referred to 

the asymptotes ; that is 

from which 

and 

that is the product x 1 • y, of the co-ordinates of the hyperbola 

referred to the asymptotes is a, constant quantity. Observe, 

again, that since in the supposition of the eq~ilateral hyperbola 

a= b; 
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Bquatio,i or the l•ype,·bola refe1·1•ed to an asy11iptote takl'u -ro,· axis ot: 

absciuas, and to a dia11iele1· taken -ro,· axis o-r 01·ditiales. 

103. Let (fig. 69) the asymptote rCs and the diameter dCd1 be­

the new system of axes to which the hyperbola is to be referred, 

and let x 11, y11 be the co-ordinates corresponding to the new system. 

Since the origin of the same system is still at the centre of the 

curve, the above mentioned formulas (7) will become 

x == x 11 cos (x11x) + y" cos (y11x) ~ 

y == x 11 sin (x11x) + y 11 sin (y"x) S 
.. (o} 

Now (xl1x) == sCX == c,,' and (102) sin c,,' == ,v b , cos a.'= 
b2 + a2 

a · hence sin (x"x) == b cos (x"x) == a 
vb~ + a2 

, ,V b2 + a2
' 1/ b2 + a~ 

Again,. being w the angle d'CX formed by th_e diameter with the 

axis X, since we consider the positive direction of the new axis 

of ordinates from C to b ; the angle formed by Cd with CX , that 

is, dCA + ACd' + d'CA', will be equal to 180° + w; and con­

sequently · y":E = (180° + w) ; hence sin (y"x) = - sin ..., , 

cos (y''x) = - cos w; which value and the preceding, being 

substituted in the formulas (o), will give 

a 
X == x".--;=== - y'' COS G> vb2 + a2 

,: 
y == x '' l} - y" sin "' 

Vb2 + a2 

but (96) b2 + a 2 = E 2 a~; hence 

1 x" - EY" cos w 
X == - x'' - y" COS w == ---=-----

E E 

b bx" - Eay" sin w 

Y - x" - y'' sin w == ----=----- -;ii Ell 

10 
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.Let us now substitute these values in the equation x: - ~: = 1 
a- o-

"t>f the hyperbola referred to the axes, we will obtain 

or 

(x" - Ey'' cos w) 2 

E2 at 

b2 (x" - Ey' I cos w) 2 
- (bx11 - E ay11 ~in w)z _ 

1 
E2 a2 b2 

from which, since 

(/,xii - E ay11 sin w)2 == bz x 112 - 2E bax11 y11 sin w + E.
2 a2 y112 sin 2 w 

we derive 

E 2 (b2 cos 2 w - a'sin 2a)ym +2b E (asinw-bcosw) x 11 y1' 

Ez az bz 

and 

bt cos 2 w - a 2 sm 2 w 

az bz 
II

• + 2 (a sin w - b cos w) 
Y ~ --'-------------'- xt' Y. " = 1 

w 2 b 

but (93) 
b 2 cos 2 w - a2 sin 2 w 

az bz 

hence 

11 2 2 
Cd ( a sin w - b cos w) 

11 11 
-C 2 

Y - -----·---:----- y X = - d 
Elt 2 b ... 

equation of the second degree, which resolved, will give 

-2 

YI/ = Cd ( a sin w - b cos w) 
x" ± 

Ea2 b 

1 

✓ cl (a sin w - b cos w) 2 -2 
---'-----,-·---'-- ;,cllz - Cd . (e) 

E2 at 62 
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the required equation of the hyperbola referred to the above men­
tioned system of axes. 

Corollary. From this equation we may derive another proper­

ty of the hyperbola; because let aa1 be the conjugate diameter of 

dd1 ; the tangent a1T drawn from the extremity a1 of the former 

diameter is (58, 93) parallel to the latter dd1• Now, considering 

the equation lately determined, it is to be observed first, that 

when the quantity under the radical sign is positive, to every 

value of x 11 correspond two values of y11 different from each other; 

secondly, if the value of x 11 is such as to make the quantity under 

the same sign equal to zero, to this peculiar value of x" will cor­

respond only one value of y11 ; and finally, when the value of x" 
becomes such as to cause the quantity under the radical sign to 

be negative, no real value conesponds to y11• Now, since the 

tangent a1T drawn from a1 is parallel to the new axis Cd of the 

ordinates, it is the ordinate of that point a1 of the curYe. But the 

tangent cannot meet the curve but in that point; hence to the 

abscissa CT corresponds only one real value of the ordinate, that 

is to say, the abscissa CT is that peculiar value of x 11 by which 

the radical quantity becomes zero. But the radical quantity can­

not become equal to zero, except in the case of 

- 4 

Cd (a sin w - b cos w) 2 
xllz = Cde 

E2 a4 &2 

or, what is the same, except in the case of 

-2 

Cd (a sin w - b cos w) 2 __ _,_ _________ ___:__ x 11 2 = 1 
E 2 a• b 2 

from which equation 

1 E a 2 b x" = - ------­
Cd a sin w - b cos w 

but in the present case x 11 = CT, hence 

1 E a 2 b 
CT= Cd . b a sin w - cos w 



148 GEOMETRY. 

and froro (e) we have 

hence 

or 

-2 

!/
" == Cd (a sin w - b cos w) CT 

E at b 

y" == Cd 

a'T == Cd 

that is, the tangent drawn from any point of the curve, and ter­

minated to the asymptote, is equal to the semi-diameter to which 

it is parallel. 

Scholium. If we suppose that the asymptote r1 s1 is referred to 

the system of axes Cs , Cb; since the equation of r1 s1 referred to 

the rectangular axes CB', CA' is y == - fg oJ x, or (91) y == -

!_ x, it will be sufficient to substitute instead of x any, the values 
a 

given by the preceding formulas ( o), to have the equation of the 

asymptote referred to the new system. And to obviate confusion 

between the co-ordinates x 11 , y 11 of the curve and those of the 

asymptote, we will term x 111 , y"' the co-ordinates of the latter, 

and by substituting, we will obtain 

x 111 sin (x'1x) + y'" sin (y"x) ==- !!_ (x"' cos (x"x) + y'" cos (y''x)) 
a 

but we observed that 

b a 
sin (x11x) == :;=.=== , cos (x11x) == --;::::;==== 

V bz + a 2 V bi + a 2 

sin (y11x) == - sin w , cos (y11x) == - cos .., 

hence 

lb - y111 sin w 

'V bi + ai 

b b == - x 111 --;-:::;::===::. + y'" - cos w 
V bt + a 2 a 

consequently 

y'" (b cos w + a sin w) == Zx"' b 
a Vb'-+ ai 

2b x 11 

Ell 
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2b x 111 

y'" = 
E ( b cos w + a sin w) 

149 

but supposing x'" = CT , that is x'" = _!_ . E a
2 

h • 
Cd a sm G) - b cos w ' 

hence (93) 

1 
y"' = Cd a2 sin 2 eu - b 2 cos 2

G) 

,,, _ 1 2-2_ 
y - Cd . Cd - 2 . Cd 

that is to say, the ordinate TT1 c~rresponding to the abscissa CT 

is equal to the conjugate diameter dd', but Ca1 == Cd==½ dd 1• 

Hence the tangent TT1 contained between the asymptotes is bi­

sected in two equal parts at a', the point of contact. 

Eq,u,tious of 11,e s111•faces ge11e1·aled by the Uue6 of the 6econtl o••de,• 

••u,ol'fJed about tl1ei•· axe,. 

104. We observed (30) that when the equation of a curve de­

scribed on the plane ZA V (fig. 70) moveable about AZ is repre­

sented by 

v =f(z); .... (o) 

the equation of the surface generated by that line is 

Now, let the lines of the second order be referred to the axes 

AZ, AV of the moveable plane ZA V, and first the parabola, sup­

posing AZ to be the axis of the abscissas, and AV the axis of the 

ordinates, the equation (o) in this case (63. (g)) will become 

v ==V 2px 

hence (o,) 

the equation of the surface generated by the revolution of the 
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parabola about its proper axis, and referred to the rectangular 

system (X, Y, Z.) 

Secondly, let the ellipse be referred to the same axes AZ , AV ,. 

and let us first suppose that the transverse axis of the curve be 
vz zZ 

taken on AV, the equation will then be (63 . (g)) - + 
6
- == 1 

aZ t 

zt 
and consequently vz == a 2 

- a 2 7j"i, therefore the eqo.ation (o) 

will become 

v == ✓ az - :: z
2 == ~ ✓ b

2 
- zt 

hence (01) 
at 
b! (h2 _ z2) == xz + y2 •••. (h) 

the equation of the surface generated by the ellipse revolved 

about its conjugate axis. 

If we suppose the transverse axis to be taken on AZ, then the 

. f h 11· . z2 + vz z bz equation o t e e 1pse 1s a2 62 == 1 ; hence v == -
bl 
ai" zZ , and consequently (o) 

v == V bz - :: zt == ! ✓ a 2 z
2 

which value substituted in ( o1) will give 

bz 
a 2 (a 2 

- z~) == x"' + y-z • ••• (b,). 

The equation of the surface generated hy the ellipse revolved 

about its transverse axis. 

Finally, let the hyperbola be referred to the same axes AZ , AV, 

and first suppose the transverse axis to be taken on AV. The 

v2 z 2 

equation will be (63 • (g)) az - b• == 1 , from which v2 == 
az 
b

2 
( b~ + zt) and consequently ( o) 

a 
1,==b !VIP+ zs 
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. (c). 

equation of the surface generated by the hyperbola revolved 
about its conjugate axis. 

Suppose the transverse axis on AZ, the equation will be 
/J2 zs y2 - -- = 1, hence v 2 

al - b,. a 2 (z 2 
- a 2

) ; consequently (o) 

and (oJ 

b% 
_ (z2 _ a2) -- ~,2 + yz (c ) 
az "" ' • • • • • 1 

equation of the surface generated by the hyperbola revolved about 
its transverse axis. 

CONSTRUCTION OF EQUATIONS, 

REMARK~. 

105. The finding of the roots or unknown quantities of a deter­

mined equation by geometrical construction of right lines or 

curves, is called construction ef the equations. Now such a reso­

lution may be obtained by means of the intersections both of 

straight lines and curves; and if the equation is of the first de­

gree, by the intersection of two straight lines ; if the equation is 

of the second degree, by the intersections of the circle and the 

straight line; if the equation is of the third and fourth degrees, 

hy the intersections of lines of the second order. So, after having 

spoken of the properties of these lines, it seems proper to apply 

them to the resolution of some problems which depend on the 

construction of equations of a degree superior to the second. Yet, 

before coming to this application, let us construct the equations 

of the first and second degree, which will afford a suitable intro­

duction to the same application. 
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co,ut,·,ictiou or a,iy ,lete,·1ui11ed equation or tile fir•I de;;•·er. 

106. The general formula of any equation of the first degree is 

X == C ... (d) 

in which x is given by the determined value of C. Suppose now 

y == ax + b • • • • ( e) 

any undetermined equation, that is, an equation in which the 

value of y depends on those attributed to x, or vice versa. Again, 

suppose we substitute in (e) the determined value of x given by 

( d), and let a1 , b1 be quantities different from a and b, but such 

as to give the same value of y (already given by (e) ) by the fol­

lowing: 

y = a1x + b' ••••• (e1) 

substituting here also x = C. Now (e) and (e,) are the equations 

of two straight lines ; and supposing these lines referred to the 

same system of axes, they must be different from each other; be­

cause, since a and a1 are different from each other, the inclina­

tions or angles formed by the lines with the axis X are (10) dif 

ferent ; and since b and b1 are also different from each other, 

the points of the axis of the ordinates met by the two lines are 

equally different from each other. But if we suppose an abscissa 

equal to C, since in this case the ordinate y given by both equa­

tions (e) , (e1) is the same, the point determined by such co-ordi­

n~tes must necessarily be that of the common intersection between 

the two straight lines. But two straight lines inclined to ear,h 

other can meet in only one point; hence, if after having derived 

from (d) and (e) the equation (e
1

) in the manner described, and 

after having constructed the two lines with reference to the same 

system of axes, we draw from the point of common intersection 

the ordinate to the axis of the abscissas, the corresponding abscissa 

is the value of x given by (d ). Now it appears that the resolu­

tion of the equations of the first degree does not require so long a 

process ; yet we know from this the principle on which depends 
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the method of construction, which 1s always the same although 

applied in different manners. 

Co,utn,ction of any tlete1·1niued eq11atio11 or t1te •ecoud de;:•·ee. 

107. Let xz+mx==n ..••• (o) 

be any equation of the second degree. Supposing x
0 

, x 
I 

to be 

the roots or values by which the equation is fulfilled according to 

the general properties of the equations, we will have 

m == X O + X 1 , n == X O . X 1 •••• ( 0 1 ) 

Again, suppose AX (fig. 71) to represent the axis of the abscissas, 

and let Ab , Ab1 be the linear values of x
0 

, x 
1 

; from b and b' 

draw be, b1e1 parallel to the axis Y, next with A as centre, and 

Ad' as radius, describe a circular arc d 1d. . . The equation of 

this circle referred to the rectangular axes AX , A Y is 

x 2 + y~ == r" ... (o,,) 

an equation which will be fulfilled with the values x
0 

, x 
1 

, or 

roots of the equation (o). Moreover, suppose the straight line 

BD to pass through d I and d the points of the circle correspond­

ing to the abscissas x
0 

, x 
1 

, and let the equation of the straight 

line be 
y == ax + c • • • • ( Oa) 

It is evident that we cannot suppose in the two equations ( o~) , 

(08) the same co-ordinates, without supposing at once the abscissas 

x
0 

, x 
I 

to be the roots of the former equation ( o ). Hence, any 

determined equation of the second degree may be resolved into 

two undetermined equations, the one of the circle, the other of 

the straight line fulfilled at once by the roots of the proposed 

equation. Therefore, the only thing to be done in order to re­

solve (o), is to determine the dependence of the constant quanti­

ties of (o
2

) (0
8

) upon the given m and n. It is now evident that 

as far as we suppose in the formulas (o
2

) (0
8

) the roots of the 

equation (o), every other equation derived from them must con-
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tain the same roots. In this supposition let us square the second 

of those equations, and let us substitute the value of y~ deduced 

from it in the former (02), we will obtain 

.xi + at .xt + 2 acx + c2 = r2 

or 

and 
x 2 (1 + a 2

) + Zac.x = r 2 
- c! 

2ac rt - cz 

.xt + 1 + at .x = 1 + at • · • · ( 0 
4 ) 

which is an equation of the second degree having the same roots 

as the proposed equation ( o) ; and, consequentth according to the 

properties of the equations 

hence (oi), 

2ac rt - ct} 
m = 1 + at ' n = 1 + at ... ( 05) 

the equations between the known quantities m , n and the un­

known a, c , r. Now, from these last formulas we have 

m (1 +at) 
C = --'-----:2=--a--

r 2 = (1 + at) n + ct 

- (l+at) n + mt (l+a2)z 
4a2 

1 + at 

4 
a2 [ 4 a 2 n + mt ( 1 + at) J 

and substituting these values in (o
2
), (0

8
) 

1 + at 
.x2 + yz = 4 at [ 4 at n + m2 

+ 
m (1 + at) 

y = ax 2a 
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the equations of the geometrical loci, from which intersections 

and corresponding abscissas we have the roots of the proposed 

equation (o). Let it be remarked that the constant a remains un­

determined, and consequently the resolution may be performed 

with an infinite number of combinations. Now, suppose to be 

taken a determined value of a, that is, (since a is the tangent 

of the angle formed by the rectilinear locus and the axis X,) sup­

pose a determined angle formed by the rectilinear locus with 

X, the last term of the second ( o 
6 
), as well as the second member 

of the first, shall be also determined. In this supposition let AX , 

AY (fig. 72) be the rectangular axis; since (10) m C\::- az) is 

the linear length of the axis Y contained between the origin A 

and the point met by the rectilinear locus ; let us take Al cor­

responding to that length, and from l let u~ draw ll 1, making 

with X an angle whose tangent is equal to a. Again, since 

1 
:ata

2 

[4a2 n + m'l, (1 + at) J is the square of the radius of 

the circle, let us draw the perpendicular Ag from A to the recti­

linear locus ll 1, and from the same A let us take on Ag a linear 

length corresponding to the radius. Three cases can happen in 

this construction : the linear length of the radius shall be either 

greater than Ag, or equal, or less. In the former case the recti­

linear locus shall cut the circle in two different points ; in the se­

cond it will be tangent ; in the third no intersection will occur 

between the circle and the straight line. Therefore, in the for­

mercase two different real roots fulfil the equation ( o) ; in the se­

cond two equal real roots ; in the third no real root can fulfil the 

equation. 

PROBLEM I. 

To find out the side of a cube whose solidity will be equal to twice 

that of a given cube. 

108. This problem, so celebrated among ancient geometricians, 

consists in finding two mean proportionals between the side of the 
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given cube and the double of the same side. For let a be the 

side of the given cube, and let y , y1 be two mean proportionals 

between a and 2 a,, that is, 

a, : Y : : Y : Y1 : : Y1 : 2 a 

which proportion decomposed into two 

<t: Y : : Y : Y1 

gives first 
Y : Y1 : : Yi 2a 

and 
y 2 y4 

Y = 2
1

a 2a'1 

consequently, 
ys = 2 as ...•• (oi) 

that is to say, the cube of the first of the two mean proportionals 

y , y 
I 

is double the given cube. Consequently, if we are able to 

find the first mean proportional, the problem will be resolved. 

But let us consider the equation ( o 
1

) without reference to the 

proportionals ; and let us decompose that equation into two un­

determined, in the following way : Suppose the real value of y, 
by which 1s fulfilled ( o 

1 
), to be substituted in the undetermined 

equation 
y 2 = 4 ax .... ( o 2 ) 

And again, let this peculiar value, as taken from (oi), be substi­

tuted in ( o 
1
), we will obtain 

hence, 
y. 4 ax= 2a3 

a2 
xy=-z·····(o3 ) 

another undetermined equation. Now (o
2

) and (o
3

) cannot ad­

mit the same variables x, y, except when the variable y is that 

which fulfils (0
1
); because, first, the equation (o3) is derived 

from ( o 
1

) and ( 0
2

) in this supposition. And it is to be observed, 
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that the relation between x and y afforded by (o
1
J is such as 

to give a greater or less value to y , according to the greater or 

less value of x; therefore, if we suppose y 
I 

and x 
I 

to be two 

corresponding values of (02), and different from y, x, and if 
ai 

xy = 2- , the product x I y 1 must necessarily be greater or less 

at az . . 
than 2 ; consequently, as long as 2 remams m the second 

member of (08) , we cannot suppose there the same variables of 

(oz) without supposing y to be that peculiar value which resolves 

the equation ( o 
1 
). Now from these observations it follows, that 

the geometrical loci (02 ), (o3 ), if referred to the:same system of 

axes, will cross each other in only one point, and the ordinate y, 

corresponding to that intersection, is the required value which 

fulfils the equation ( o 
1

) and the required side of the cube. Let 

us now examine the nature of the geometrical loci ( Oz) , ( o3). The 

former is (63) a· parabola having the parameter equal to 4 a ; the 

second is an equilateral hyperbola (102) referred to the asymp­

totes, which (94, C.) are perpendicular to each other. There­

fore, let AX, AY be (fig. 73) a system of rectangular axes, and 

let lAl 1 be the parabola (0
2
), and mBm1 the hyperbola of which 

AX, AY are the asymptotes; from p, the point of intersection, 

draw pq perpendicular to AX , pq will be the side of the required 

cube. 

PROBLEM II. 

To divide a given angle into tliree equal parts. 

109. The trisection of an angle is another problem whose solu­

tion has been much sought for by ancient mathematicians; yet, it 

is to be understood of the geometrical trisection of any angle, be­

cause, with regard to the peculiar case of the right angle the so­

lution is easy. For suppose BAC (fig. 74) to be a right angle, 

and take Arr. at pleasure, then construct the equilateral triangle 

Amn, next draw Aq perpendicular to mn, the lines Ap , Aq di­

vide BAC into three equal parts, because the angle nAm = 60° ; 
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hence, nAC = 30°, and nAo = oAm = 30°. Moreover, the 

trisection of any angle, trigonometrically, is likewise easy; for let 

(fig. 75) BAC be any given angle, and with A as centre, and Am 

as radius, describe the circle mpn; it is plain that the division of 

the angle BAC into three equal parts, depends on the equal divi­

sion of the. arc nm. Now suppose np to be the chord correspond­

ing to the third part of the arc mn, and draw Ap in the triangle 

nAp, the sides An , Ap, as well as the angle contained by them, 

are known quantities ; hence, we may derive the third side np or 

chord, and, consequently, the trisection of the arc. 

But let us come to the exact and geometrical division which 

will afford us an example of the construction of an equation of the 

fourth degree ; but in order to proceed without interruption, it is 

requisite to mention that a and b being any two circular arcs of a 

circle, having the radius equal to unity, we know from trigonome­

try that 

(1) ~in (a+ b) = sin a cos b + sin b cos a 

(2) sin <t = 2 sin t a cos {· a 

(3) cos a = 1 - 2 sin 2½ a 

(4) cos 2 a = 1 - sin 2 a C') 

Now let mpn (= a) be the arc corresponding to the _given angle, 

and mn (= c) the chord. Let v be the third part of the arc a, 

and y the corresponding chord to be determined. Supposing the 

radius Am = r, we have from trigonometry -!- c = r sin -!- a 

t y = r sin t v ; hence, 

sin½ a 

sin½ v = 
2; 1.. ... (o) 

2rj 
again, since v is the third part of a, 

(") Devies' Legend. may be consulted. Trig. xix, xx. 
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and 
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a== 3v 

sin ½ a == 1,in ( v + ½ v) . . ... ( 0
1

) 

but (1) 

sin (v + ½ v) == sin v cos ½ v + cos v sin ½ 1,• 

159 

/ and (2) , (3) sin v == 2 sin ½ v cos t v , cos v == 1 - 2 sin 21 v 

hence sin (v + ½ v) ==,~sin{· v cos ~½ v + (1 - 2 sin 2 ~- v ) sin ~- v 

j 

again ( 4) 

hence 

cos 2
} v == 1 - sin 2 J v 

sin(v+½v)=2sintv (l-sin 2½v)+(t -2 sin 2½v) sin ½v 

= 2 sin •½ v - 2 sin 8 ½ v +·sin½ v - 2 sin 3
~ v 

= 3 sin ½ v - 4 sin ~½ v 

therefore, substituting this value in ( 0 1 ) 

sin •½ a == 3 siu ½ v - 4 sin '1½ v 

from which 

4 sin 3½ v + sin ½ a - 3 sin ½ v == o . . . . ( 0 2) 

and substituting the preceding values ( o) 

consequently 

'l + cr 2 
- 3 yr 2 == o . . . . . . ( oJ 

the equation in which the only unknown quantity is y, that is, the 

chord of the arc v. Therefore, the resolution of the problem de­

pends upon the construction of that e<1uation. But before pro-

... 

• 
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ceeding to such construction, let us transform the equation into 

the following 

y• - 3 yt rt + cy rt = o •••. ( o.) 

Again, supposing y2 = rx , (provided x be properly determined,) 

we may substitute the value of yt in the first term of ( o.), hence 

xi - 3 yt + cy = o 

an undetermined equation which affords the required value of y 

when there is substituted the corresponding value of x. Observe, 
now, that since we suppose y 2 = rx , we must also suppose 

yz - rx = o and µ,y2 
- µ,rx == o (µ, being any number whatever, ) 

consequently the last formula will remain unvaried by adding to 

it the difference µ,y2 
- µ,rx, and we may say of the equation 

xt - 3 yt + cy + µ,y2 
- f<?'X == o 

that to some value of x must correspond the required y indepen­

dent of any value of µ,. But this equation represents different 

geometrical loci according to the different value ofµ,. Therefore, 

substituting to µ, two different values, we shall obtain the expres­

sion of two different geometrical loci, which, if referred to the 

same system of axes, must admit of the same ordinate when the 

abscissa is properly chosen; or, in other words, such geometrical 

loci must cross each other, and the ordinate corresponding to the 

point of intersection is the required value of y. Observe, now, 

that the different geometrical loci represented by the last equa­

tion, which may be reduced to the form 

x 2 + (µ, - 3) y 2 + cy - µ,rx == o • • • (o5) 

a re either the parabola, or ellipse, or hyperbola, according to that 

µ, is equal, greater, or less than 3, and it represents the circle 

when µ, == 4 ; because in the first case it becomes 

x i + cy - 3 rx == o 

and then [43 (i1) ) A== 1, B == C == O, consequently [45 . {i10)J 
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P1 = ½ + ½ = 1 , P2 = ½ - ½ = o, and [ 47 . 1] the curve ad­

mits of only one axis, which is the case of the parabola. 

In the second supposition, let, for instance, µ, = 5 : the 

formula ( 06) becomes 

xt + 2 yi + cy - 5 rx = o 

and then A== 1, B = 2, C = o, consequently P1 = 2, P2 = 1 

and Ct - AB== - 2, that is to say, the curve (47) admits of 

two axes, and it does not admit (57) of asymptotes. Therefore 

it is an ellipse. 

In the third case supposing for example ,.,, = 2 the same (06) 

becomes 

xt - 1 . yr. + cy - 2 rx = o 

hence A= 1, B = - 1 , C = o, consequently P 1 = 1, P2 = - 1, 

and C2 
- AB=+ 1, that is, the curve admits of two axes as 

well as the asymptotes, which is the quality exclusively proper 

to the hyperbola. 

Suppose, finally,,.,,= 4 in which case (06) becomes 

xz + yt + cy - 4 rx = o 

and A= 1 , B = 1 , C = o, therefore P1 = P2 = 1, and P1 -

P2 = o which ( 4 7 . 48) is the case of the circle. 

Suppose, now, that the construction or geometrical determina­

tion of the unknown y is to be performed with the circle and el­

lipse. To this end let us transform the preceding equation of the 

ellipse into the following 

11 
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from which, since 

(y v'z + 2:2Y = [vz (Y+2v2c• v'2)T 

== ( vzy (Y+D)'= 2 (Y+ :y; 

( 
5 r)2 ( C )2 

x-2 2 Y+ 4 - 1 
25 ct + 25 cz -

Tr
2 +s Tr

2 + s 

and, finally, 

- 1 ... • • (0 6 ) 

Let us now transform the equation of the circle into 

x 2 
- 4 rx + (2 r)z + y 2 + cy + (; y = (2 r)z + ( ; y 

or (x-2r)2+(Y+ ;y=4r2 + ~
2

•• (o?) 

If now the geometrical loci represented by (0
6

) (o?) are referred 

to the system AX , A Y ( fig. 76) of rectangular axes ; let us take 

A', a point of which the co-ordinates are x = Am = 2r, y = 

mA' = - ..:._ , and with A1 as centre, and ✓ 4 r2 + !:... as ra-
2 4 

dius, describe the circle lrds,_which is, that corresponding to (o?) 

and referred to the axes AX, AY, (49). In the same way take 

A" of which the co-ordinates with reference to AX , AY are 

5 r C 

x = An = 2 , y = nA11 = - 4 : draw A 11 XII, A 11 Y 11 pa-
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rallel to AX , AY , and taking A"p = ✓ 25 
rt + c

2 

, A"q = 
4 8 

✓ 2 : r 2 + ;; as semi-axes, describe the ellipse pqts. This is 

the ellipse corresponding to the equation ( o 
6
), and referred to the 

axes AX , AY. Because, suppose the ellipse referred to the 

x" z 
axes A11X11 , A 1' Y", the corresponding equation is 

25 
cz 

4rz +s 
yllz 5 r + 25 cz = 1; but (8) x 11 = x - An = x - 2 ; y" = y + 

4 rt+ 16 

A11n = y + : , and substituting, we derive the equation (06 ) . 

If now from the intersections r , s we draw rf, sg perpendicu­

lar to the axi!:I X, either of them will be the required chord v. It 

is to be observed, that since the equation is of the fourth degree, 

there must be four intersections, except when the roots of the 

equation are equal to each other. 



BOOK IV. 

SURFACES OF THE SECOND ORDER, 

R E MARKS. 

110. According to the observations made at the beginning of 

the preceding book, ( 42 . 43) , and according to analogy, the 

equation of the second degree 

Axz + Byz + Czt + 2 Dyz + 2 Exz + 2 Fxy + 2 Gx + 
2 Hy+ 2 Kz = Q ... (hi) 

containing the rectangular co-ordinates x, y, z, and the constant 

quantities A, B, C, .... is the most general formula of the 

surfaces of the second order. Hence the determination of the 

general as well as peculiar properties of these geometrical loci 

depends upon the discussion of the same equation (h
1

) which 

may still be reduced to the same form as that given [ ( 44) i 3J of 

the general equation of the lines. 

Simpk•· t'orn• gi'IJe,i to the ge11erul eqllation a11d co111111ou propes·ties. 

111. Let ( fig. 77) AX, AY , AZ be any system of rectangu­

lar axes, and let A 1m be any straight line in space. Draw from 

A', A'X1, A'Y1, A1Z 1 parallel to the axes1 and produce the same 

parallel, so as to meet the planes XAY, XAZ, YAZ in P1, Q1, 

R'. Again, draw from m to the same planes mP, mR, mQ 

parallel to A'P1, A'Q1, A 1R1, and suppose mP to meet X1A'Y1 in 

p, mR to meet Y1A'Z1 in r, and mQ to meet X1A'Z' in q, then 

evidently 

A'P1=pP, A'Q1= qQ, A'R1=rR 
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because they are lines contained by parallel planes. Again, 

mP=mp + A'P1
, mQ= mq + A'Q1 , mR =mr + A'R' 

now mp = -41m cos A 1mp = Alm cos mA'Z' 

mq = A 1m cos A Imq = A Im cos mAIY I 

mr = A Im cos A Imr = A Im cos mAIX I 

hence mP = A1P1 + A Im co, mA'Z'} 
mQ=A'Q'+A'm cos mAIY I • . (e1) 

mR=A'RI +AIm cos mAIX I 

and · A'P'= mP -AIm co, mA'Z'} 
A'Q'= mQ -AIm cos mA1Y 1 • . (e2) 

A'R'=mR -A1m. cos mA IX I 

Suppose, now, (fig. 78) any two points n, n' of any surface of 

the second order referred to a system of rectangular axes. The 

straight line nn1 (= 2g) will of course be a chord of that sur­

face; let this line be divided into two equal parts in o, and let 

x
0 
= or, y

0 
= oq, z

0 
= op be the co-ordinates of the point o; 

and suppose the angles formed by nn1 with the axes X, Y , Z 

to be represented by a., "'', "'"· The co-ordinates ns, nt, nv; 
nIs1, nIt', nIvI of the points n, n1 are the co-ordinates x, y, z of 

any two points of the surface. Considering, now, onI or g with 

reference to the axes, we will have (ei) 

z = zo + g cos "'" 

y = y O + g cos "'' 

X = X
0 
+ g COS 0, 

Considering on we will have ( e2) 

z = zo - g cos "'" 

y = y
0 

- g cos a.I 

X = X
0 

- g COS a, 
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Substituting, now, in the different terms of (hi) the values 

given by these two systems of equations, we will derive 

Ax= = Ax/ + 2Agx
0 

cos o, + Ag2 cos 2o, 

And 

Ax2 = Ax
0

2 
- 2Agx0 cos a. + Ag2 cos 2o, 

By: = By
0 

2 + 2Bgy
0 

cos a.1 + Bg2 cos 20/ 

And 

By2 = By
0 

z - 2Bgy
0 

COS o,1 + Bg2 COS 2o,1 

Czz = Cz
0 

z + 2Cgz
0 

cos o,11+ Cg2 cos 2o,11 

And 

Cz 2 = Cz
0 

! - 2Cgz
0 

cos o,11+ Cg2 cos 2o,11 

2Dyz = 2Dy
0
z

0 
+ 2Dgy

0 
cos o,11+ 2Dgz

0 
coso/ + 2Dg2 cos o,1 cos a.11 

And 

2Dyz = 2Dy
0
z

0 
- 2Dgy

0 
cos o,11- 2Dgz

0 
coso,I + 2Dg2 coso,I cos o/1 

2Exz= 2Ex
0
z

0 
+ 2Egx

0 
cos o,11+ 2Egz

0 
coso, + 2Eg2 coso, coso,lf 

, And 

2Exz = 2Ex
0
z

0 
- 2Egx

0 
cos o,11- 2Egz

0 
cos o, + 2Eg2 cos o, cos o,11 

2Fxy = 2F%Yo + 2Fgx0 cos o,1 + 2Fgy
0 

COS o, + 2Fg2 cos o, cos a/ 

And 

2Fxy= 2:F'x
0
y

0
-2Fgx

0 
coso,1- 2Fgy

0 
coso, + 2Fg2 COSo, cos o, 

2Gx = 2Gx
0 

+ 2Gg cos o, 

And 

2Gx = 2Gx
0 

-2Gg cos (I, 

2Hy = 2Hy
0 

+2Hg cos o,I 

And 

2Hy = 2Hy
0 

-2Hg cos o,1 

2Kz = 2Kz
0 

+ 2Kg cos o,11 

And 

2Kz = 2Kz
0 

-2Kg cos a." 
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Making, compendiously 

A cos 
2
a. + B cos 2o/ + C cos 2a.11 + 2D cos a.' cos a." + 

2E cos a. cos a.11 + 2F cos a. cos a.' = R 

(A%+Fy0 +Ez0 +G) cosa.+(Fx
0
+ By

0
+Dz

0
+H) cosa.1 

+ (Ex0 + Dy0 + Cz0 + K) cos o/1 = R' 

Ax0

2+By0

2 + Cz0

2 + 2Dy0 z 0 + 2E%Z0 + 2Fx
0
y

0
+ 

2Gx0 + 2Hy
0 
+ 2Kz

0 
= R11 

We will obtain from (hi), and the preceding substitutions, 

Rg.z + 2R
1
g + R" = Q~ 

("'3) 
Rg2 

- 2 R'g + R11 = Q 
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(~) 

Or, representing both equations by the only one, Rg.e ± 2 R'g + 

R11 = Q, which has [44 (i:.) J the same form as that correspond­

ing to the lines of the second order. And from the discussion 

of the formulas (h3) we are enabled to derive the properties of 

the surfaces in the same way in which, from the discussion of 

(i3), we deduced the properties of the lines • 

.Dianulral plaue. 

112. The second ("'3), subtracted from the first, gives 

4 R1g = o, or R1 = o ; 

and, consequently, (~) 

(Ax
0 
+ Fy

0 
+ Ez

0 
+ G) COS a,+ (Fx

0 
+ By0 + Dz0 + H) cos a.1 

+ (Ex
0 

+ Dy
0 

+ Cz0 + K) cos a,11 = o 

from which 

x
0
(Acosa.+ F cos a.'+E cosa.'')+y

0
(F cos a.+ B cosa.1+D cosa.11

) 

+z
0
(E cosa.+Dcosa.'+ C cos o!')+ Gcosa.+ H cosa.1+ Kcoso/1 =o 
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and, consequently, 

z0 f E cos a.+ D cos a.'+ C cos a."] == 

- XO [A cos a,+ F cos a.1 + E cos a.11] 
- y

0 
[F cos a.+ B cos a.1 + D cos a.II] 
[G cos a.+ H cos a.1 + K cos a.11

] 

and making, for brevity, 

we will have 

A cos a. + F cos a.1 + E cos a.11 

- ----'------'-----= m E cos a. + D cos a.1 + C cos a.11 

F cos a. + B cos a.1 + D cos a.11 = n 
E cos a. + D cos a.1 + C cos a.11 

G cos a. + H cos o.' + K cos a.11 

E cos a. + D cos a.1 + C cos a.11 = q 

z 0 = mx0 + ny0 + q •••• (h4) 

Let it be now remarked that m, n, q depend only upon the 

constant quantities A, B , C , . . • and the angles a., o.', a." 
formed by the chord nn1 with the axes X, Y, Z . Therefore the 

same equation (h4 ) would have been obtained, considering any 

chord parallel to nn1, and the only difference would be in the co­

ordinates x
0

, y
0

, z
0 

of the middle point of the chord. There­

fore the formula (h4) is the equation of the series of the middle 

points of a system of parallel chords. But (29) the geometrical 

locus corresponding to (h4) is a plane; hence any system of paral­

lel chords in any surface of the second is bisected by a plane, 

which is termed diametral plane; and in the case in which the 

system of chords is perpendicularly bisected, the plane then is 

called principal plane. 



GEOMETRY. 169 

PROPOSITION. 

In every surface of the second order there is always at least one 

system of chords bisected by a principal plane. 

113. The equations of the chord nn1 passing through o and 

referred to the axes X, Y, Z are [ (35) ( 40) J 

cos Cl, 

X '--- X 0 = (y y ) 
COS a/ - 0 

hence, the equations of the straight line passing through the origin 

of the co-ordinates, and parallel to nn1 , wil~ be 

cos Cl, cos Cl, 

X = COS a.1 y ' X = COS a,II Z 

Supposing now the system perpendicularly bisected in this case, 

we will have 

cos Cl, 

cos a.1 

m cos a. } 

n ' cos a.11 = - m 

for the equation (h
4

) may be transformed into 

1 n q 
XO = m· z o - m Yo - m 

and comparing this equation and those of the chord passing 

through the origin of the co-ordinates with the equations of the 

plane (36), and of the perpendicular drawn to it, we deduce 

cos a, __ 
1 

. _ n cos a. __ 
1 

. 1 . 
Hence, if for every 

cos a,1 • m ' cos a,11 - m 

surface of the second order there is such a system of parallel 

chords, whose angles a., a.' , a." with the axes, fulfil the conditions 

(li
5
), every surface admits of at least one principal plane. But 
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the angles a., a.', a.", which any chord makes with the axes, must 

be such as to give (25, C. V.) 

hence, the real values of a,, ol, a.11 by which are to be fulfilled 

(h
5
), must be derived from this last equation. To know now if 

this is really the case with regard to any surface of the second 

cos a. cos a. 1 1 
order, let --

1 
and --

11 
be represented by - and--;, so as to 

COS a, COS a, V V 

have 
cos a.1 = v cos a, , cos oJI = v' cos a, 

and since 
m A cos a. + F cos al + E cos a." 

n = F cos a. + B cos a/ + D cos a." 

A cos a. + F cos a.1 + E cos a." 
- m = -------------

E .cos a. + D cos a.1 + C cos a." 

so by substituting 

m A+ Fv+ Ev' - = =---,-=-- - m = A + Fv + Ev
1

} • • ( l) 
E+Dv+Cv1 n F + Bv + Dv1

' 

and the equations (h-
5

) will become 

1 A + Fv + Ev' 1 A + Fv + Ev' 

v = F + Bv + Dv' ' v' = E + Dv + Cv1 

the former of which gives 

hence, 
F + Bv + Dv1 = (A + Fv + Ev') v 

Av + Fvi - Bv - F 
v' = D - Ev · · · · (l 1 ) 

the second gives 

hence, 

or 

E + Dv + Cv1 = (A + Fv + Ev') v' 

Evlt + [Fv + A - CJ v1 = Dv + E 

E ri + (Fv + A - C) (D - Ev) 1 _ D + E 
v D-Ev v - v 

I 
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and substituting the value of v1 derived from the former 

E [Av+ Fv 2 
- Bv - F]i 

(D- Ev)2 + 
[Fv+A - CJ [D-Ev] [Av+ Fvi -Bv-F] 

(D-Ev)2 ----' =Dv+E 

hence, (l•) 

st The same formula may be transformed into 

E [Fv2 + (Av - Bv -F)]2 + [FDv + AD - CD - EFt>2 -AEv + CEv] 

[Av+ Fv2
- Bv-F]-(Dv + E) [D-Ev]2 = o 

and considering each term separately, 

E[Fv2 +(Av-Bv-F)]2=EF2v4 + 2EF (Av-Bv-F)v2+ E (Av-Bv-F)'l" 

[FDv + AD-CD-EFv2 -AEv+ CEv] [Av+ Fv2 -Bv-F] = 

[-EFv2 + (FD- AE + CE)v + AD- CD] [.Fv2 + Av - Bv - F] 

= - EF0v4 + F (FD - AE + CE) v3 + F (AD - CD) v2 + (Av -

Bv - F) [-EFv2+ (FD-AE-CE)v + AD-CD} 

the last term, 

(-Dv+E)[D-Ev12 =-[DE2 v1 -(2D2 E-E3)v2+ (D3 -2E
2
D)v-D

2
E] 

making the sum 

[F (FD - AE + CE) - DE2
] v3 + (Av - Bv - F) [EFv2 + E (Av - Bv 

- F) + (FD - AE + CE) v + AD - CD) + [F (AD - CD) + (2D
2 

E 

- E 3)] v2 + (D3 - 2E2 D) v + D 2 E = o 

the second term of which may be further transformed into 

[ (A - B) v - F] [EFv2 + (FD + CE - EB) v + AD - CD - EF] 

or 

(A-B) EFv3+ (A-B) (FD+ CE-EB)v2 + (A- B) (AD- CD-

EF)v-EF2v2-F (FD+ CE-EB) v-F (AD-CD- EF) 

hence the same sum shall become 

(~ D - BEF + CEF - DE2) v3 + [ (A - B) (FD + CE - EB) + F (AD 

- CD - EF) + E (2D2 - E2 )) v• + [EF (2B - A - C) + AD (A - C 

- B) + D (D• - 2E2 - F2 + CBD)] v - F (AD - CD - EF) + D 2 
E = o 

and consequently 
v 3 + &c .•... = o 
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3 
( (A- B) (FD + CE-EB)+ F (AD-CD- EF) + E (2 D2 -E2)1 

2 

1> + F21>-BEF + CEF-DE2 11 

[EF(2 B-A-C) + AD (A-C-B) + D (D2 -2E'- F 2
) +CBD] 

+ F 2 D-liEF + CEF-DE2 v 

F (AD- EF-CD) + D2 E 

- F 2 D - BEF + CEF - DE2 = 0 

An equation of the third degrre, which, according to the general 

properties of equations, may be resolved by a real value of v, 

which substituted in (lJ will give a corresponding real value of 

v1 ; hence, the two equations (l ) may be resolved by real values 

ofv and v1 , or what is the same, there are always such real an­

gles Cl,, Cl,,, tl,11 , by which the formulas (h
4

) may be fulfilled. It 

remains now for us to investigate, if in every case the same an­

gles can fulfil the other condition, cos ztl, + cos 2 t1,
1 + cos ztl,11 = 1; 

that is to say, if the equations 

cos Cl, 1 cos Cl, 1 
cos o/ = v ' cos t1,lf - v' 

are at once fulfilled by the same angles Cl,, Cl,, , tl,11 • To this end 

observe, that from the first and second of these equations we have 

cos 2 tl,' = v2 cos 2 t1,, cos 2 (),11 = v' 2 cos 2 u; and substituting these 

values in the third 

hence, 
cos 2 a. (1 + v• +viz)= 1 

1 
cos (J, = 

"11 + vz + v'z 

Substituting, now, this last value in the two former equations, we 

obtain 

V d 
COS oJ = ---;====== cos CJ,lf = ---;====== 

"11 + v2 + v' 2 
' Vl + v 2 + viz 

which are the required values ; because v and _v1 being real values, 

the angles Cl,, 0:, a.'1 must be also real; and di vi ding cos Cl, by cos o/ , 
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1 
and cos a by cos o/1, we have in the former case - , in the 

V 

1 
latter 1 , and the sum of the squares cos %a,, cos za,f, cos 20,11 , 

V 

equal to the unity. Hence, the conditions required may be al­

ways fulfilled, and in every surface of the second order there is a 

system of chords perpendicularly bisected by a principal plane. 

Ta11,ge11,t plane a1ttl t1-0•·111al linr. 

114. Let l (fig. 79) be any point of any surface of the sec.ond 

order, through which conceive a plane passing tangent the curve 

surface. Describe on that plane the straight line mn passing 

through the same point l, which of course must be a straight line 

tangent the surface in l. Let a, a 1 , a 11 be the angles formed by 

mn with the axes X, Y, Z; and observe that the diametral plane 

bisecting the system of chords parallel to mn must pass through 

l. For, suppose any chord parallel to mn to be moved in such a 

manner as to remain constantly parallel to itself, and so moved as 

to become coincident with mn, it is plain that as far as the chord 

is below mn, its middle point shall be on the diametral plane, and 

that the middle point, as well as the extremities of the chord, 

shall unite in a common point when the chord becomes tangent. 

Hence l, the point of contact of the tangent mn, is a point of the 

diametral plane bisecting the system of chords, whose angles with 

X, Y, z are a, a', a'', but (h
4

) is the equation of this plane; 

hence the co-ordinates x, y, z of l must fulfil the same equa­

tion; that is, we will have 

z = mx + ny + q . • • • ( o) 

Suppose the co-ordinates of mn to be represented by X, Y, Z; 

since mn must pass through l, the equations of mn will be ( 40) 

X-x 
cos a 

Y - y 
cos a1 

X - x 
cos a 

Z-z 
COS a 11 
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hence, (X - x) 2 (Y -y)z (Z - z) 2 

cos '-o/1 
-

COS ZoJ 

and supposing these ratios to be represented by r, (X - x) 2 

= r cos za,, ( Y - y)t = r cos 2 a/, (Z - z) 2 = r cos 2 a/l; and 

consequently, 

each of the preceding ratios is equal to the last in which it is to 

be remarked that the denominator (25 . c • 5) is equal to unity. 

Hence 

(X- x) i = (X - .x)z + (Y-y)z + (Z - z)t 
COS Za, 

(Y- y)z = (X - x) 2 + (Y-y) 2 + (Z - z) 2 

cos t.a,' 

_(Z_-_z)_z = (X - .x)z + (Y- y) 2 + (Z - z) 2 

cos z a,// 

and consequently 

X - x 
cos (l, = . -

,v (X - x) 2 + (Y - y2 ) + (Z-z) 2 

cos a,1 = 

cos a,11 = 

Y-y 

1\1 (X - x) 2 +(Y-y)2 +(Z-z) 2 

Z-z 

-./ (X- x) 2 + (Y-y) 2 + (Z - z) 2 

hence, by substituting (112) 

A (X - .x) + F ( Y - y) + E (Z - z) 
m = - E (X - .x) + D ( Y - y) + C (Z - z) 

F(X-x)+ B(Y-y)+D(Z-z) 
n = -E (X - x)+ D(Y-y)+C(Z-z) 
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_ _ G (X - x) + H ( Y - y) + K (Z - z) 
q - E (X - x) + D (Y-y) + C (Z - z ) 

and substituting these values in ( o) 

Ez(X- x)+ Dz(Y- y)+ Cz(Z- z) = 

175 

- [Ax (X - x) + Fx ( Y - y) + Ex (Z - z)] 

- [Fy (X - x ) + By ( Y - y) + Dy (Z - z)] 

- [G (X - x) + H (Y - y ) + K (Z - z)] 

hence 

(Z- z) [Cz+Ex+Dy+K] =-(X-x) [Ax+Fy+Ez+G] 

- (Y-y) [Fx +By+ Dz +HJ 

and making compendiously 

Ax+Fy+Ez+G 
- Cz+Ex+Dy+K 

= m' , Fx + By + Dz + H n' 
Cz +Ex+ Dy + K -

we will have 

( Z - z) = m1 ( X - x) + n1 
( Y - y) . • • • • (he) • 

The equation of the tangent plane. For in the same manner as 

we considered the line mn of that plane, we could consider any 

other line of the same plane passing through l, and the difference 

would have been only in the angles formed by the same lines 

with the axes. But the equation (he) is independent of such 

angles; hence the co-ordinates X, Y, Z may be those of any 

straight line on the tangent plane passing through l, that is, the 

equation (he) is the equation of the tangent plane in the point 

(x,y,z). 

115. The perpendicular line drawn to the tangent plane, and 

passing through the point of contact, is called the normal cor-



176 GEOMETRY. 

responding to that plane. Now, since (h
6

) may be transformed 

into 
1 n1 

( X - x) = m' ( Z - z) - ml ( Y - y) 

by comparing the present equation with that already considered, 

(41), and supposing X ' , ¥ 1 , Z 1 to be the co-ordinates of the 

normal, we will obtain 

X 1-x = m' (Y' -y)l 
n' ( 

X 1 - x = - m1 (Z1 - z)J 

for the equations of the normal. 

.Di.,i•/- of tlte s11rfaces of 11,e 11ecoJ1tl 01•der ;,. su••face. 1,n.,itig a ce11-

tre a11d ,nu•faces •Dilltout a ce11tre, 

Modifications of tlte most general formula. 

116. We proved (113) that in every surface of the second or­

der there is at least a principal plane. Suppose, now, the system 

of axes AX, AY, AZ to be taken (fig. 80) in such a manner as 

to have the axes X , Z on that principal plane. In this case the 

general equation (/i1) shall be converted into 

Nxt + Blyi + C1zt + 2 E 1xz + 2 G'x + 2 K1z = Q1 •••• (o) 

in which there are no longer any terms involving y to the first 

power. For, supposing that there are such terms, and consider­

ing the late equation with regard to y, we could represent it by 

yi + 2Sy-T = o 

while, if there are no terms with y to the first power, the same 

equation shall take the form 

yi -T = o. 
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Of which equations the first resolved according to the known 

ule, affords 

the second 

Y= - s±-v's•+T 

Y=±-VT 

Now s and T depend on the variables x , z , hence to every dif­

ferent value of these variables correspond two values for y, which 

are different from each other, if we suppose in the equation (o) 

some terms with y to the first power; and equal if there are not 

such terms. But the co-ordinates y are the system of chords bi­

sected by the principal plane ZAX; hence, supposing the axes 

AX , AZ on this plane, the equation ( o) becomes the general 

equation of the surfaces of the second order. 

Suppose, now, a plane Y 1A'Z1 of which A 1Z 1 , A 1Y 1 are the in­

tersections with XAZ , XAY. Let A 1X1 be drawn perpendicular 

to A'Z1, and on the same plane ZAX. Supposing, moreover, 

the intersection A 'Y 1 parallel to the axis AY, so that A 1Y' be per­

pendicular to AX , the lines A'X' , A 1Y 1 , A 1Z 1 will constitute a 

system of rectangular axes, and the relation between the co-ordi­

nates of any point with regard to X , Y , Z , and with regard to 

X' , Y', Z' will be given by the known formulas (27 , C . II). 

Still it is to be remarked, that since the axis "X' is parallel to the 

corresponding axis Y, we will have 

cos (xy') = cos (yx1) = cos (yz1) = cos (zy') = cos 90° = v 

cos (yy') = 1 

again, supposing A'L parallel to AZ, since XA1Z 1 = Z'A'X' + 
X1A'X = XA'L + LA'Z1

; 

cos ( xz1) = cos (90° + ( xx') ) = - sin ( xx') 

= cos (90° + (zz')) = - sin (zz') 

and since LA'X = LA'X- XA'X' = X'A'Z' - LA'Z' 

cos (zx) = cos (90° - (xx')) = sin (xx') 

= cos (90° - (zz')) = sin (zz') 

12 
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and since XA'X' = LA' Z' 

cos (zz') = cos (xx') 

the first of the co-ordinates x
0 

, y
0

, z
0 

of the new origin A' with 

reference to A, is equal to AA', the other two equal to zero: hence 

to have the co-ordinates x , y , z of any point, with regard to the 

former system, given by x', y, z', with regard to the latter; it is 

sufficient to substitute the preceding value in the formulas (27) of 

transformation. In this manner we will obtain 

x = x
0 

+ x' cos (xx1) - z' sin (xx') 

Y= y' 

z = x' sin (xx') + z' cos (xx') 

from which 

:1: 1 = x/ + 2x
0
x1 cos (xx') - 2x

0
z' sin (xx')+ x1 z cos 2 (xx')-

2 x'z' cos (xx') sin (xx') + z' 2 sin z (xx') 

:1:z = x
0

'Jf sm (xx') + x
0
z' cos (xx') + x't sin (xx') cos (xx1) + 

x'z' [cos 2 (xx') - sin 2 (xx')] + z2 sin (xx') cos (xx') 

yz = yz 

zZ = x'2. sin2 (xx')+ 2 x'z' sin (xx') cos (xx')+ z'2 cos~(xx'). 

Substituting, now, these values in the preceding formula ( o ), we 

will derive the equation of the surface wilh regard to the system 

X' , y, , Z' having the following form : 

in which 

A''= A' cos z (xx)+ 2E' sin (xx') cos (xx1) + r,, sin z (xx'), B' = B' 

C" = A' sin 2 (xx') + 2 E' sin (xx') cos (xx')+ C' cos 2 (xx') 
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E" =-A' cos (xx') sin (xx')+ E' [cos 2 (xx')- sin !(xx') J + 

C' sin (xx') cos (xx') 

G" = A'x0 cos (xx1
) + E 1x0 sin (xx1) + G' cos (xx')+ K' sin (xx') 

K'1 = -A'% sin (xx')+ E 1x
0 

cos (xx')-G' sin (xx')+ K' cos (xx') 

Q11 = -Ax
0

2 
- 2 Gl:r

0 
+QI. 

Suppose, now G'' = E 11 = o, that is, 

(C1-A') [sin (xx') cos (xx')]+ E' [cos•(xx')-sin °(xx1)J= o ~ 
(o.) 

(A!x0 + G') [cos (xx1)] + (E'x
0 

+ K1) f sin (xx')] = o , 

which in every case is possible, provided in every case both 

equations may be fulfilled by real values of (xx') and x
0 

• For 

in this case taking A'X' inclined to AX by an angle equal to (xx') 

and AA' equal to x
0 

corresponding to the equations ( 0 2), we will 

have G" = E" = o_, and consequently ( o,) converted into 

All:,/! + B'yli + C'lzl2 + 2K'lz' = Q" ... (h8 ) 

which, as the preceding, is a general equation of surfaces of the 

second order. It still remains to prove that the equations (02) 

may be always fulfilled by real values of (xx') and x
0

• To this end 

let us divide the former by cos 2 (xx'), and the latter by cos (xx'), 

which consequently will become, the first, 

(C' - A') tg (xx')+ E' (1 - tg.2 (xx')) = o 
or 

A'- C' 
tg 2(xx') + E tg (xx') - 1 = o 

the second, 

A'x
0 
+ G' + (E'x0 + K') fg (xx') = o 

Now the first is an equation of the second degree, which resolved 

according to the known rule, gives 

A' - C' ✓ l + (A' 
0 

E C'>' 
2 

tg ( xx') = - 2 E ± "' 
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from which we have two real values for (x:x!) , which, excepting 

the case of A' = C', are different from each other, and which 

substituted in the second equation will give the corresponding 

real value for x
0

• Hence, it is always possible to reduce the 

general equation of the surfaces of the second order to the 

form (h
8 
), which, considered with regard to :xi, may be also re­

presented by the simplest formula 

x' 2 = 0, or x' = ± VO 

in which O is a function of the variables y, z'. Hence, to every 

value of y', z' correspond two equal values for :xi; that is to say, 

all the chords parallel to the axis A'X' are perpendicularly bisect­

ed by the plane Z' A'Y' , which is consequently a principal one, 

but XAZ is also a principal plane and perpendicular to Z' A'Y'; 

herefore, in every surface of the second order there are always at 

least two principal planes, and these are perpendicular to each 

:,ther. 

R-ed1u;lio11, oF tl,e 1~1,/e ge11e1·at fo1·111ula l o t-,eo tu.1.ni'ruite11t fo1·11:11lat1. 

117. It is evident that as far as the equation (h8) represents a 

surface of the second order, we cannot suppose A'', or B" equal 

to zero, for in this case the corresponding geometrical locus would 

be a line. For the same reason, we cannot suppose C" and K" 

at once equal to zero; hence, the only suppositions which may 

be made with regard to the coefficients are, that only one of the 

two C", K" is equal to zero, or neither is equal to zero ; and in 

the former case the equation will be deprived either of the third 

or of the fourth term; but, as we shall presently see, supposing 

all the coefficients different from zero, the equation (lt8) may be 

deprived of the fourth term ; hence, two cases only may be sup­

posed, the equation (!ti) deprived of either the third or of the 

fourth term. Let us now observe how the equation may be · de­

prived of the fourth term, still remaining the equation of the same 

geometrical locus. Suppose (fig. 81) A'X!, A'Y', A'Z' to be the 

system to which the surface represented by (ha) is referred. Pro-
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K" 
duce Z' A' so far as to have A' A" = C" ; draw A"X" parallel to 

A'X!, and A"Y" parallel to A'Y'; it is plain that the co-ordinates 

y' and x' of the surface referred to the former system will remain 

unvaried, if the same surface be referred to the system A"X'', 

K" 
A"Y", A"Z', and that the co-ordinates z will become z' - C". 

Therefore, supposing the surface referred to the new system, it 

will be sufficient to substitute in (ks) x'' and y", instead of x' and 

K" y', and z' - C" instead of z , to have the corresponding equa-

tion. But by making such a substitution we deduce 

K"
2 

2 K"
2 

A"x''i+ B'y"%+ C"z' 2
- 2K"z' + C" + 2 K"z' - c" - Q:' 

from which 

.e .t K''z 
A"x'' + B'y" + C"z"

2 

= C + Q ' .• . .. (o) 

In the other case, in which the equation (k8) is deprived of the 

third term, or converted into A "x'2 + B'y'2 + 2 K"z' = Q!'; let 

as before A'X', A 1Y ' , A' Z' be the axes to which the correspond-

ing geometrical locus is referred, and take A' A 11' _ 
2
';;_'., ; from 

A'" draw AIIIX'1' parallel to A 1X' , and A'1'Y'1' parallel to A'Y' , the 

co-ordinates x"', y'" of the surface referred to the new system 

shall be equal to x', y', and the co-ordinates z"' shall be equal to 

Q:' Q" 
z' -

2 
KIii; hence, zl = z'" + 

2 
KIii . Therefore, to have the 

equation of the surface referred to the axes A'11X 111 
, A 111Y 11 

, 

A"'Z111 , it is sufficient to substitute in the late equation of the 

same surface referred to the axes X', Y 1 , Z 1 ; x 111 
, y111 

, instead 

Q" 
of xi, y', and z"' + 

2 
K'" , instead of z1 

, which consequently 

will become 
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Allf:i/112 + B'y/1/2 + 2 K'"z"' + QII = Q" 

from which 

A"'x'"2 + By'11
t + 2 K111z'11 = o • •. •. •• (oi) 

Now, since all the surfaces of the second order are represented 

by (ha), and since every surface represented by (ha) may be re­

presented also by the two ( o) and ( o 
1
), hence, all the surfaces of 

the second order shall be represented by the general equations 

Mx: + .Nyi + J>zi = V .. (h9) 

Mx2 + Ny 2 +2Sz= o .. (hto) 

Surf"aees liamHg ee,it,·es. 

118. The centre of a surface is that point by which every chord 

passing through it is bisected. Now the surfaces corresponding 

to the equation (ltg) have this point in the origin of the axes to 

which the surface is referred; because, by comparing (lt9) with 

(h1 ), we find A = M, B = N, C = P, Q = V, D = E = 
F = G = H = K = o ; hence (112), 

M cos a N cos o! 
m = - P cos a!' ' n = - P cos o!' ' q = 0 

and (h.) will become 

M cos a N COS of 

zo = - p COS a 11 Xo - p COS of! '!Jo 

equation of a plane passing (29, C. III) through the origin of the 

co-ordinates. But (h.) is the equation of any diametral plane; 

hence, with regard to the surfaces corresponding to the formula 

(kg) all the diametral planes shall pass through the origin of the 

axes to which the surface is referred, and, consequently, there is 

the centre of the surface. For let us conceive any chord mn 

(fig. 82), for instance, passing through that origin, the diametral 

plane by which this chord with its parallel system is bisected, 
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passes through the origin where of course the chord mn is bi­

sected. 

Corollary. Since all the diametral planes pass through the 

origin of the co-ordinates, if the surface admits of several princi­

pal planes, all shall pass through the same origin ; and it is to be 

observed, that besides the planes XAZ, ZA Y which (117) are. 

the principal planes, XAY is also a principal plane. For, consi­

dering the equation (h9) with regard to z, it may be represented 

by zt = T, or z = ± "1T, in which T depends upon x and y. 

Therefore, to every value of x and y there are two corresponding 

equal values for z; that is to say, all the chords parallel to AZ 

are bisected by the plane XA Y ; but AZ is perpenaicular to 

XAY, therefore, XA Y is a principal plane. 

SHrfaces ~oitl~oul ceut,·e. 

119. All the surfaces corresponding to the equation (h.10) are 

without centre. For, by comparing (hi) with (h.10), we have 

A=M, B=N, K= S, C= D= E= F= G= H= Q= 0; 

hence (112) 
M cos"' 

m= - ·o = -00 

N cos"'' 
n=-

0 
= -oo 

s cos"'" 
q=- 0 = -00 

and consequently (h.
4

) the general equation of the diametral plane 

becomes 

M cos "' N cos "'' S cos "'" 
Zo = - 0 Xo - 0 Yo - 0 

... (o) 

Now (29) the coefficient, of x
0 

and y
0 

are the tangents of the 

ano-les which the intersections of the plane ( o) with the planes 

XAZ, YAZ make with che axes X and Y. Therefore, since 
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these two tangents are infinite, the intersections must be perpen­

dicular to the axes X and Y, which may happen in two different 

ways. Either if the diametral plane passes through AZ (fig. 83), 

as, for instance, the plane mAZ , or through two lines sr, for 

instance, and qp parallel to the same axis; because in both cases 

the intersections of the diametral plane with XAZ and YAZ are 

perpendicular to the axes X, Y. Still there is a differPnce to 

be remarked in the two cases : that is, the intersection Am of 

the diametral plane with XAZ must paf's through the origin of 

the co-ordinates in the former case, and sq never meets that ori­

gin in the second. It is also to be observed that in both cases 

the diametral planes are perpendicular to XAY. Now the planes 

XAZ, YAZ are principal planes; therefore in the supposition of 

the diametral plane rsqp not passing through AZ , there will not 

be any point common to the three planes; hence there will be no 

point through which pass the chords bisected by the three planes. 

Again, in the supposition of the diametral planes passing through 

AZ, there cannot be any determined point through which the 

chords corresponding to those different planes are bisected; be­

cause every point of the common intersection can be such a 

point. Hence the surfaces corresponding to the equation (hrn) 

are said to be without centre. 

Scholium. Let us remark that the equation (h4) may be trans­

formed into y = _!_ z - !!!.... x - J_ and substituting: in the 
o n o n o n' ~ 

equations ( 112) 

1 
-=-
n 

m 

n 

q 

n 

E cos a, + D cos a,1 + C cos of' 

F cos a, + B cos o! + D cos of' ' 

A cos a, + F cos o! + E cos o!' 

F cos a, + B cos o! + D cos of' ' 

G cos a, + H cos o! + K cos o!' 

F cos a, + B cos o! + D cos o!' ' 

the values A, B, ... above determined; since, then, we have 
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m M cos a. 

n - N cos cl' 
J_ - s cos a,

11 

n N cos c! 

the same (h.1) will become 

M cos a S cos 0:' 
Yo= - N cos cl xo - N cos a' 

185 

Now a, a', cl' are the angles formed by any chord with the 

axes. Hence such values of cl, a" may be always found giving 

the last term of the equation different from zero. But an equa­

tion between the co-ordinates x
0

, y
0 

of a diametral plane is 

the equation of the intersection of this plane with XAY; that 

is, the equation of a straight line referred to the axes X, Y, 

which will not pass through the origin of the co-ordinates as far 

s cos cl' . . 
as - N , 1s different from zero. Hence in every surface 

cos a, . 

represented by (li10) there are such diametral planes not passing 

through the common intersection AZ of the two principal XAZ, 

YAZ. 

Diffe,·ent species of lhe srn·faces 1,aviug ceutres. 

120. In the equation Mx 2 + Ny 2 + Pz.t = V we must sup­

pose all the coefficients M, N, P different from zero, otherwise 

the equation can no longer represent any surface. Therefore all 

the different species of the surfaces represented by (I½) depend 

upon the signs of the same coefficients. And, first, we may 

suppose all the coefficients positive, in which case V of course is 

positive. Secondly, supposing V still positive, we may suppose 

either two coefficients positive and one negative, or two negative 

and one positive. Thirdly, supposing V = o, we can again 

suppose two coefficients negative and one positive, and vice versa. 

These are all the possible cases. Because, in the supposition of 

all the coefficients negative, we must admit of V negative; but 

an equation in which both members are negative does not differ 

from that in which both members are positive. In the suppo-
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sition of V negative, we must suppose two coefficients having 

the sign different from that of the third, and since the equation 

remains t,he same by changing the signs in both members, so the 

last case does not differ from the second. 

FIRST SrECIES. 

121. Let all the coefficients be positive, and let us divide both 

members of the equation (kg) by V, we will obtain 

M N P 
v xi + v y2 + V z2 = l 

. V V V 
b' c• , we will and representing the ratios M, N' p by a• 

' ' 
have 

M 1 N 1 p 1 

v - ~' v - bi' v c2 

and consequently the preceding equation will be converted into 

x 2 y<t z! 
- + -b2 +---; = 1 ..... (hu) 
a2 c-

To have, now, the intersections of the corresponding surface 

with the plane XAZ, it is sufficient to suppose in (h") the co­

ordinate y = o, because for every point of the plane XAY the 

co-ordinates y are equal to zero. Hence the equation of the 

intersection will be 

But this equation (63 (g ) ) is that of an ellipse ; therefore the 

intersection between the plane XAZ and the surface is an ellipse, 

of which the semi-axes are a and c . In the same manner if we 

put in (h11) successively x = o , z = o , we shall obtain the 

equations 

y2 z2 

b2 + -;;-; = 1 
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of the intersections between the surface and the planes ZAY, 

XAY, which are two ellipses, the former having the semi-axes 

b, c , the latter a and b. These intersections are termed prin­

cipal. 

Suppose, again, a plane parallel to the plane, for instance, ZAY. 

The intersection of this plane with the surface is a curve of 

which all the co-ordinates x are equal to the distance of the two 

parallel planes. Hence, supposing that distance to be equal to 

d. The equation (h11) will become that of the parallel intersec­

tion by substituting there d to x; which, in the present suppo­

sition, is to be considered as a constant quantity. But by such a 

substitution the formula (h11) becomes 

yi zt dz a2 - dt 

l bi +c2 =1--
at az 

yt . r ·. (o) 
or 

bi + z -1 
c2 

(a 2 
- d 2 ) at (at - dt) at 

which is either the equation of an ellipse, or of a point, or 1/C an 

imaginary one. Because as far as we suppose d < a, that is, the 

distance of the cutting plane from YAZ, less than the semi-axis 

a, the denominators of the variables y , z are both positive and 

represent the square of the semi-axes of an ellipse. If we sup-
yz zt 

posed=atheformer (o) becomes bt + ct =o, which cannot 

be fulfilled but by y = z = o . But, if two co-ordinates are 

equal to zero, and the third has only one determined value, the 

locus referred to the axes is a point; hence in the second hypo­

thesis the equation ( o) is that of a point; that is, the plane parallel 

to YAZ is a tangent plane of the surface. Suppose, finally, 

d > a : in this case we must also suppose that the sum of 

two negative terms is equal to + 1 , which being absurd, we 

conclude that any plane passing beyond the extremity of the 

semi-axis a and parallel to ZAY, can neither cut nor touch the 

surface. 
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The same may be proved in the same way of the sections of 

the surface produced by planes parallel to ZAX and XAY. This 

surface is termed ellipsoid. 

Scholium I. Suppose a = b = c the formula (Ii, 1 ) will 

become 

xz + yz + z! = az 

which (30 , C . I) 1s the equation of the sphere having the ra­

dius a. 

Scholium II. Suppose only a = c or only b = c, in the for­

mer case (h
1 1

) becomes 

xz 4- z2 + yz 1 
az b2 

or 

which (104) is the equation of the surface generated by an ellipse 

turned about Y. 

In the latter case (h
11

) becomes 

1 

or 

which is the equation of the surface generated by an ellipse 

turned about X. 

SECOND SPECIES. 

122. The second species correspond to the case in which two 

coefficients, for instance, N and P, are negative, and the third, M, 

positive, and from the case in which two coefficients, for exam­

ple, M and P, are positive, and the third negative. Now, since V 
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is still positive, supposing in the former case the ratios V V V 
M'N'P 

represented by a 2
, - b2 , - cz, and consequently in the latter by 

a2 
, - b2 

, + c 2 
, we will also have, in the first case, 

M 1 N 1 P 1 

V = a 2 ' V = - Iii ' V = - ci 
in the second 

M 

V 
1 N 1 p 

a 2 'v=-Tz' V 

and the formula (h
9

) shall become 

xt- y2 z2 

a2 Iii c2 
1 ..... 

x2 y2 zt 
or 

b2 + - 1 . . . . a2 c2 

1 

(h1 e) 

(h I 3) 

Following now with regard to· (li
1 

,,) the same process observed 

in the preceding number, we shall obtain the principal sections of 

the corresponding surface, supposing successively x = o, y = o, 

z = o , hence the equations 

yz z2 xe 
-+- --l -
a! c2 - ' a 2 

r.. - 1 
be -

of which the first is an imaginary one, the others are (63) equa­

tions of hyperbolas. That is, there is no section between the 

plane ZAY and the surface, and the sections between the planes 

ZAX, XAY and ihe same surface are hyperbolas, having the 

common transverse axis 2a. To have the sections of the surface 

with planes parallel to XAY , XAZ, it is sufficient ( 121) to sub­

stitute instead of z and y a linear value d equal to the distance of 

the parallel plane from the principal : in this way we derive the 

equations 

dz xz 

+ 1' ct 
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.r! yi 

or a2 - - bZ 
c2 (dz + cz ) c2 (dz + cz) 

1 

yz z! 

a2 
(dz + bz ) 

ci 
(dz + bt ) 7ji Iii 

1 

equations of hyperbolas, the first of which has its transverse 

semi-axis equal to !!:_ 1V dz + c2 and the conjugate equal to 
C 

!!_ 1V d 2 + c2 • The second has the transverse semi-axis equal to 
C 

~ 1V d 2 + bz and the corfjugate equal to ~ ,v d 2 + b2 
• There­

fore, all the sections formed by such parallel planes are hyperbo­

las. And it is to be remarked, that the transverse axis of 

these hyperbolas are all greater than 2a or 2b. For since 

A/ dz + cz > 'Vet = c and A/ d 2 + b2 > A/t)i = b ; so 

a., a a .I a c -v d 
2 + c2 > c c == a and 6 '¥ d 

2 + b2 > b b = a . 

Let us come to the sections formed by the planes parallel to 

YAZ. For this purpose it is sufficient to substitute d instead of .r 

in the formula (h12), which becomes 

yi zZ dt 

77 +-;; ~- 1 

yi 
+ 

zZ 
bt cz 1 

or 
- (d2 

- a2
) - (dz - as) 

at az 

which is an imaginary equation when d < a: represents a 

point when d = a: an ellipse when d is greater than a; there­

fore, taking on the axis X from the origin of the co-ordinates 

in the positive direction of the axis as well as in the negative, two 

portions equal to a, and supposing two planes parallel to YAZ to 

pass through the extremities of the same portions, the surface 
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will not enter within the space contained by these two planes, 

but shall begin from the points common to the planes, and to the 

axis X, and beyond the planes, will extend indefinitely itself. 

123. Supposing, now, successively x = o, y = o, z = o in 

the equation (h1 8 ), we obtain the intersections of the surface 

represented by that formula and the principal planes, which are 

x2 z• x 2 y• z• y• 
-+--1,-- -bn = 1, -en --bn = 1 
a2 c2 

- a2 
• • • 

that is, an ellipse and two hyperbolas, the first on the plane 

XAZ , and the others on the planes XA Y , Y AZ. 

Supposing, moreover, in the same (h
1 8

) successively d instead 

of x, y , z , we derive the equations of the parallel sections, 

hence all the sections parallel to the plane XAZ are elliptical, 

and the axes increase more and more with the distance d. With 

regard to the sections parallel to the planes XA Y , YAZ, three 

cases are to be distinguished, which being the same for ( o J as 

well as for (0
2
), we will only consider the former. We may have 

d < c or d = c or d > c in the first case; the second ( o,) represents 

a hyperbola of which az (cz - dz) is the conjugate diameter. 
' cZ 

::r/1' y• a• 
In the second, the former (oJ becomes -- 62 = o or X9 = 62 y9, 

a. 
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a 
or x = ± b y , a double equation of a straight line in the third, 

since 
a! 
- (ct - d!) 
ct 

bz---11.:_ __ by substituting these values in the second (ol) be­

- (d2 - c2) 
a~ 
ing d > c, we have again a hyperbolical section. 

Scholium. Suppose in (h10) b = c, and in (h13) a= c, the 

former equation will become 

x2 y~ + z~ b2 
- - 1 = ~-- or - (.rt - a2

) = yz + z! at b2 , at 

the equation (104) of the surface generated by the hyberbola 

turned about its transverse axis. The second (Ii, 
8

) becomes 

xt + z2 y2 a2 
-~a-2 - = 1 + 7ji , or bi ( bt + yz) = xz + z2 

the equation of the surface generated by the hyberbola turned 

about the transverse axis; The surfaces corresponding to the 

equations (h
1 2

), (li
1 3

) are termed hyperboloids. 

THIRD SPECIES. 

124. Let us come to the last species of surfaces having a centre 

which corresponds (120, 3°) to the case, in which supposing as 

before two coefficients of the first member of (h9) with the sign 

different from the third. We suppose, moreover, the second 

member V = o; and it is plain that it will be the same to make, 

for instance, M positive, and N and P negative, or the first nega­

tive and the remaining positive; because on account of the se­

cond member of the equation equal to zero, we may change at 

pleasure the signs of the first member. In the case of M positive, 

and N and P negative, we will have, as in the preceding numbers, 
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1 1 1 
M == ~' N == - bt' p == - ct 

and the equation (/ig) will become 

xt y2 zt 

~ - bt - c2 = o . •.. (h11) 

from which we derive, as in the preceding cases, 

yt. z2 yt. zt 

bi c2==0, or 
7iz + - 0 

ct 

xt yt b 

a2 bz=o, or y=± X 
a 

x2 zt 
z=± 

C 

a2 c2==0, or X 
a 

the equations of the principal intersections. But the first of these 

equations can only be fulfilled with y = z = o ; therefore, the 

intersection of the surface (h
1 4

) with the plane YAZ is a single 

point on the origin of the co-ordinates; the remaining equations 

are both equations of two straight lines. Hence, the intersec­

tions of (h
1 4

) with the planes YAX, XAZ are two straight lines 

passing through the origin of the axes, and equally inclined on 

both sides to the same axes. 

To have the sections parallel to the principal planes, let us sub­

stitute d in (h
1 4

) successively, instead of x, y, z, we will ob-

lain 
ye zt d2 yt zt 

+ a2' 
or 
~ + ~ bt ct 
-b,, - ct 
at at 

1 

xt y2 d2 xt- yz 

a2 77 cz , or 
~ dt !Jz -az 
ct ct 

1 

xz zt dt. xt z2 

bt' 
or 
~ ~ at ct 
-a z - c2 
bt 62 

1 

13 
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therefore, the sections parallel to YAZ are elliptical, and those 

parallel to the planes XAY, XAZ hyperbolical. 

Since the surface passes through the origin of the co-ordinates, 

and extends itself indefinitely on both sides of the plane YAZ, 

we may conceive that surface as having the form of a double cone 

with the- vertex at the origin of the axes and elliptical bases. In 

this hypothesis every plane passing through the axis AX will 

make with the surface rectilinear sections passing through the 

origin of the co-ordinates ; hence, every other plane passing 

through the same origin, and touching the surface of the cone in 

any point, shall touch the same cone indefinitely. Inversely, if 

every plane, touching the surface, passes through the origin of 

the co-ordinates, the surface shall of course be conical ; because, 

suppose (fig. 84) the surface not to be conical, and let us repre­

sent it by AL, it is evident that that plane only which touches 

the surface in A can pass through the origin of the co-ordinates. 

F'or draw from A the chord Am to any point of the surfa.-;e; now 

every plane passing through Am must necessarily cut the surface, 

and the plane touching the surface i:t m cannot pass through the 

origin of the co-ordinates. Therefore, if with regard to the sur­

face represented by (h
14

) every tangent plane passes through 

the origin of the axes, the form of the surface will be conical. 

The general equation (114, /i
6

) of the plane touching the sur­

faces of the second order in any point varies according to the dif­

ferent values of the co-efficients m1 , n' . Now, by comparing (h
1 4

) 

with (h1 ) , we have A = : 2 , B = - !2 , C = - :£ and D 

- E = F = G = H = K = o; hence, (114 ) 

1 1 

a2 x c2 x b2 y c 2 y 
mi _ -- - - . - , n 1 _ __ - - __ 

1 a- z 1 - bt z 
- z ct ct z 

consequently, the equation (h6 ) of the tangent plane becomes 

c t X r c 2 y 
z - z = az z (X - x) - b t z (Y - y) 
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or 
Z X y 
ct(Z-z)=a2 (X-x) - b2 (Y-y) 

from which 

Z.z z2 X.x x2 Y.y y2 
c'}, c•2 - 7 - az - 7F + b2 

and 
Z.z x2 yz zz X.x Y.y 

c~ + a2 b., c2 - 7 T 
z •2 

- = o · hence, c2 , 

c 2 x ct y 
Z=-X--Y 

a 2 z b2 z 

equation of a plane passing (29, C. III) through the origin of the 

axes. Hence, the tangent plane of any point of the surface (h
1 4

) 

shall pass constantly through the origin of the axes, and the form 

of that surface is conical. 

Belaliot1 beltr,eeu 11le stu•faces of" the secot1d and thi,·d 1pecie11. 

125. Suppose in the equations (It 12 ), (h
1 

.,_) the same values of 

a, b, c, and let the corresponding surfaces be referred to the 

same system of axes; let the double cone corresponding to (h
1 4

) 

be represented (fig. 85) by mAm1n1n, and the surface correspond­

ing to (lt
12

) by fRd, f 1R'd1 , the cone will be an asymptotical 

surface to the other. To demonstrate this it is sufficient to prove 

that the elliptical sections of the two surfaces, produced by the 

planes parallel to YAZ, are continually approaching to each other. 

Now the general formula by which such sections are represented 

with regard to (liu), is (122) 

1 
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and that which represents the same sections with regard to (h
1 

j ), 

is (124) 
z2 

+---=1 
_.::. d2 
a2 

that is to say, the square semi-axes of the former sections are 

b2 cz 
- (d 2 - a2), - (d 2 - a2), and those corresponding to the 
az az 

b2 c2 
latter - d 2 - d 2 • Let us divide each semi-axis of the first at , at 

sections by the corresponding semi-axis of the. second, we will 

obtain in both cases 

but since a is a constant quantity, and d continually increasing, 
at 

the ratio dz approaches continually to zero. And the ratio 

between the square of the semi-axes is likewise is approaching 

to unity; but this cannot happen unless the axes of the ellipses, 

and, consequently, the ellipses themselves, nearer an<l nearer 

approach to each other. Observ~, that since 

b~ b2 c2 c 2 

-;; (d2 - a0
) <- d 2 and - (d2 

- a~)< -d~ 
a· a 2 a 2 a~ 

the semi-axes of the sections of (h1~) are less than the corres­

ponding semi-axes of (hM), and, consequently, the whole surface 

(h12) must be contained within the cone (h14). 

The same thing, although with some variation with regard to 

the relative position of the two surfaces, may be proved of the 

surfaces corresponding to (ll13) (h14). First, observe that sup-

. . (' ) . t d f 1 
. t· d l · 1 · posmg m ,i13 ms ea o a' pos1 1ve an 62 negative, a~ negative 

and !z positive, the elliptical sections of the corresponding sur­

face will be represented (123) by 
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therefore the square semi-axes of the ellipses are, in this case, 

which, divided as before, by each other, give 

d 2 + a'l, a~ 
dz = 1 + d·' 

From which equation we are enabled to derive the same conclu­

sion as in the preceding case; that is to say, the cone shall ap­

proach continually to the surface (li13). But in the present case 

the semi-axes of the sections of (h11) are less than those of (/i13) 

bt bt c 2 ct 
for a!(d2 +a2 )> at dz, a2(dt+a2)>a2d2; hence the 

double cone mAnm1 ••• is contained within the surface pqgg1 • • • 

Di/Te,•e,il 11pecies of tl,e s,.,.faces ~Dillwut a ce>1l1·e. 

126. Surfaces of the second order, without a centre, are (119) 

generally represented by the equation Mx 2 + Ny2 + 2 Sz = o, 

in which we must, of course, suppose the coefficients M, N, 2 S 

different from zero, for the reason already given (120)_; and con­

sequently the different species of the surfaces depend upon the 

<l.iffercnt signs of the coefficients . Now two only different cases 

can happen. S may be either positive or negative ; and, first, 

we may suppose the remaining Mand N, both with the same, or, 

secondly, with different sign. For suppose, for instance, all the 

coefficients positive: it is plain that without supposing, at the 

same time, z negative, we will never obtain the first member of 

the equation equal to the second; and if we suppose M and N 

positive and S negative, we never will obtain the first member 

equal to the second without supposing z positive. Therefore in , 
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both cases the equation will represent the same surface, and the 

only difference shall be in the different position of the surface 

with regard to the plane XAY. The same is to be said if we 

suppose both coefficients M and N negative. Hence when the 

coefficients· M, N have the same sign, we may suppose S indif­

ferently positive or negative. But it is moreover to be remarked 

that the surface represented by (!t10), supposing M and N posi­

tive is the same as that represented by the same equation in which 

M, N are negative. For, since the second member of the equa­

tion is zero, without making any alteration we may change the 

signs of the first member, and the difference between the two 

cases is only apparent. Therefore the first case to be considered 

is that of the equal signs of M and N. Again, suppose S posi­

tive, and one of the remaining coefficients positive, the other 

negative, we shall obtain the same surface as we would obtain 

with S negative, provided the co-ordinate z be taken with con­

trary sign. Hence, when M, for example, is positive and N 

negative, we may suppose S either positive or negative; and 

since, in the case of M negative and N positive, we may change 

at pleas·ure the signs of the first member, the other case to be 

considered is that of the unequal signs of M and N, .supposing 

S indifferently positive or negative. 

FIRST SPECIES 

127. Let Mand N be represented, as m the preceding num-

1 1 1 
bers by ai, 69 , and S by c, the equation (!t

1 0
) will become 

.x2 y2 2z 
a2 + b2 + c = a •••• (o) 

. h' h k' 1 11 l · · l m w 1c , ma mg at as we as 7jz positive, suppose c ne~a-

tive, and let us examine the surface represented by 

.x2 y2 2z 
a2 + b2 - c = o •••• (hi s) 

I 
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The principal sections shall be obtained as usual by substituting 

successively x, y, z equal to zero; in this manner we obtain 

2a2 

x 2 == - z, 
C 

2bi 
y2 =-z 

C 

The first of which equations can only be fulfilled with x = y = o, 

and consequently represents a single point at the origin of the 

axes; the second and third (63 (g) ) are equations of parabolas 
at bt 

of which 2 - , 2 - are the parameters. That is, the section of 
C C 

the surface (h15 ) made by the plane XAY is a point; the sec­

tions of the same surface with XAZ, YAZ are two parabolas. 

Let us come to the parallel sections; and first let us substitute 

d to z, to have the sections parallel to the plane XAY. The 

equation (h
1 5

) becomes 

xt 

+ 
y2 2d 

at b2 C 

xz 
+ 

yt 
1 or daz dbZ -

2- 2-
C C 

that is, the sections parallel to XAY are elliptical. And since 

substituting successively d to y and x we obtain 

xt d 2 2z 
ai+!Ji==---;;-, 

or 
_ 2a

2 
( cd

2
) 

.r2 - C \ z - 2 bt ' 
2 bt ( cd2.) 

Yz - -- z - -­
- C 2a2 

that is, the sections parallel to the planes XAZ , Y AZ are para­

bolical sections · from which it follows that the surface repre-, 
sented by (h ) touches the plane XAY at the origin of the axes, 

and then ext~~ds itself indefinitely on the positive side, because 

(h
15

) may be fulfilled only with z positive. 
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Scholium. Suppose in (/i 1 5 ) a == b == c, we have 

xz + y 2 2z --'-..;;._ - - = o, or xz + yz = 2 az 
at a 

equation of the surface generated by the parabola turned (104) 

about its axes. 

SECOND SPECIES. 

128. To have the equation of the surfaces of the second spe­

cies it is sufficient ( 126) to suppose in the formula ( o) of the pre-

d. b l · d l · · . Th t . th ce mg num er -
6 

negative an - positive. a 1s, e sur-
z az 

face of the second species is represented by 

from which, as in the preceding cases, we derive the equations 

xz yz b }co) ~ - Tz==o, or y == ± -x 
a 

xi 2z 
or x~ == -

2at }<01) a2 +-==o, --z 
C C 

y! 2z 2 bt }co2) T-+-==o, or y2 == -- z 
- C C 

that is, the principal section of the surface made by the plane 

XAY, consists in two straight lines pa~sing through the origin of 

the axis ; the principal sections made by the planes XAZ , Y AZ 

2 a2 2 b2 

are two parabolas having - -- , - for parameters, and in the 
C C 

first of which the abscissas must be taken on the negative Z. 

Now, substituting successively d for x, y, z in (h
1 6

) to have 

the parallel sections, we obtain, first, 

x2 y2 2d 

at - bz + c == o, 
yt xz 

or -- - --
2 d bt 2d at 

1 

C C 
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that is, the sections parallel to the plane XA Y are hyberbolical, 

and the transverse axis is converted into the conjugate, when 

d from positive becomes negative, and vice versa; but in every 

case the equation of the corresponding asymptotes will be repre-

sented by ~ 

b 
y==±-x 

a 

because, suppose d positive and equal to Am (fig. 86), in this case 

the square of the transverse semi-axis is 
2 

d b2 and that of the 
C 

conjugate, 
2

d a2
; and considering Y as axis of the abscissas, the 

C 

equation of the asymptotes nm, mp , corresponding to the hyper­

bola on the plane nmp, is (91) 

✓ 2d 2 -a 
C 

±---y-± 
✓ 2d b2 -

C 

X 

in which ± : represents the trigonometrical tangents of the 

angles formed by the asymptotes with the axis of the abscissas ; 

but from this equation we derive the equivalent 

b 
y==± -x 

a 

Again, suppose d negative, and equal to Am', the square of the 

transverse axis will be in this case 
2 

d a2
, and that of the conju-

c 

()'ate 2 
db% and ha vino- X for axis of the abscissas, the equation 

t, ' C ' b 

of the asymptotes n'm1 , p 1m1 corresponding to the hyperbola on 

the plane n1m1p1 is 

~ 
y-±----x 

~ 



202 

that is 

GEOMETRY. 

b 
y=± - X 

a 

but this equation is the same as that of the principal intersection 

made by XA Y; hence, all the asymptotes mn ... m1n1 •••• 

mp ....• m'p1 •••• are parallel to the same principal sections 

AL, AR, and all passing through ZZ1 ; therefore, all the asymp­

totes parallel to AL, are on the plane determined by ZZ1 and AL, 

and all the asymptotes parallel to AR, are on the plane determined 

by ZZ1 and AR, which planes are consequently the asymptotical 

planes of the surface. The equations corresponding to the re­

maining parallel sections are 

2z 

C 

2z 

C 

which reduced to the form 

2at(cdz -z) 
c 2 b2 

2 b
2
(cdt ) 

yz = - -+z 
C 2 a2 

show that the sections parallel to the planes XAZ , Y AZ are of 

parabolic figure. The surfaces corresponding to (h, 
5
), (h

1 6
) 

are termed paraboloids. 

Common p1•ope1·ties of 11,e s,u·faces of tlte second 01·tle1·. 

PROPOSITION I. 

The section of any su1f ace of tlie second order made by a plane, must 

be either rectilinear oi- a line of the second oi-der. 

129. The surfaces, as considered in the preceding numbers, are 

referred to the principal planes ; and all the surfaces of the se-

,. 
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cond order could be represented by the formulas (h
9
), (h

1 0
). 

But suppose a plane cutting the surface in any direction whatever, 

and let this plane be taken as that of a new system of axes; for 

instance, the plane X 1A 1Y1 • To the surface referred to the new 

system shall correspond an equation between the co-ordinates x', 
y', z1 ; and since (27, Sch.) passing from one to another system 

of axes, the degree of the new equation does not exceed that of 

the former, therefore, in the equation between the co-ordinates 

x', y1, z1
, there will be no terms with the co-ordinates except 

those of the first and second degree. Now, to have the equation 

of the section made by the plane X 1 A 1Y 1 , it is sufficient to substi­

tute zero for z1 ; hence, the equation of that line shall be an equa­

tion of which· the variables x1 , y' do not surpass the second de­

gree; but such an equation can only represent straight lines, or 

lines of the second order. Therefore, every section of the sur­

faces of the second order made by a plane, is either rectilinear or 

a line of the second order. 

PROPOSITION II. 

.!J.ny straight line can meet a surface of the second order in no more 

than two points. 

130. From the equations of any straight line in space [35 ( o) J 
we may obtain the value of x, as well as of y given by z. Now 

it is evident that supposing the points common to the straight 

line, and any surface represented (110) by (ii 1 ), the co-ordinates 

of the line, as well as those of the surface, must be the same. 

Hence, we may substitute in this case in (hi) the values of x and 

y, derived from the equations of the straight line, and so we shall 

obtain an equation with the variables z alone, which we may con­

sequently represent by 

a, z 2 + f3 z + "t = P 

Moreover, it is evident that the co-ordinates z, common to any 

straight line and to any surface, must fulfil this equation; but an 
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equation of the second degree is fulfilled by two real values only ; 

hence, only two different co-ordinates z can be substituted in the 

preceding equation. In the same manner we can demonstrate, 

that no more than two different values of y and x can be substitut­

ed in the analogous equations; hence, only two points may be 

common both to any surface of the second order and any straight 

line. 

Equatio>1s or ()OHical nHtl cyli11d,•ical s1u•rau,. 

131. Suppose any curve to be described in space by the ex­

tremity of a straight line which constantly passes through a fixed 

point with the other variable extremity, the surface generated 

by the motion of that line is termed a conical surface ; but if the 
straight line, while describing any curve with one extremity, 

remains constantly parallel to itself, the surface generated by this 

line is cylindrical. 

GeHe1·al equation of a11y co.,icaf s111•face. 

132. The equations of any curve in space are (33) generally 

represented by 

or 

X = j (z) X = j (y) 

z = cp (x) , y = ,i, (x) . (e) 

and the equations of any straight line passing through a giveu 

,point are (35, Seit.) 

· 1 1 · } 
Or y-y0 = a (X - %) , Z - Z0 = al (X - %) .. (e

1
) 

Suppose mn (fig. 87) to represent a peculiar position of the 

generating line, and let n be a point of the curve in space : more­

over, suppose a and a' to be taken in such a manner as to have 

the equations ( e 1 ) corresponding to the position mn of the gene­

rating line. It is evident that the co-ordinates of the point n .will 
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fulfil at once the equations (e) and (e
1
), and of course in this 

hypothesis the values y, z given by (e) may be substituted in 

(eJ . Hence, 

4- (x) 
1 

Yo == - (x 
(J, 

From which, by eliminating x, may be deduced an equation. 

between the quantities a , a1 and the constant co-ordinates. 

x0 , Yo , z 0 of the point m. Let this equation be represented by 

F (a, a') == o .•. (e1) 

Since from (e1 ) we have 

a - X - X O a' = X - X O 

- Y -yo ' Z - Zo 

in which x , y , z are the co-ordinates of any point of mn; sub­

stituting these values of a and a' in ( e1 ) , we shall obtain the 

equation 

[

X - X X- X] 
F ---0 

; 
0 = o • , . . ( e.) 

y.- Yo z - zo 

between the constant co-ordinates x
0 

, y
0 

, z
0 

and the co-ordi­

nates of any point of mn. Now, the formula (e3) is independent 

of the coefficients a, a1 , which are different according to the dif­

ferent position of mn. Therefore, whatever be the position of 

that line, the variable x , y , z shall represent the co-ordinates of 

any of its points, or, what is the same, the co-ordinates x , y , z 

contained in (e3) are the co-ordinates of any point of the conical 

surface. Therefore ( e3) is the required equation. 

Corollary. Supposing the curve described in a plane of co-or­

dinates, for instance, YAZ. Instead of the two equations ( e) of 

the curve, we will have only one represented, for instance, by 

y == X (z) • • • · (Jo)· 
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It is evident that all the co-ordinates x of the points common to 

the curve and the generating line are equal to zero. Hence with 

regard to such points, the equations ( e 
1

) become 

but such values are contained in (f
0

) , hence they may be substi­

tuted there, in wl1ich case we will obtain 

and substituting again instead of a and a', the corresponding 

values derived from (e,), we will have 

y
0 

(x - x0 ) - % (y - y0 ) = X [z0 (x - x0 ) - x0 (z - z0 )] 

X - X
0 

X-X
0 

or 

EXAJ.l!PLE. 

133. Let the equation (f
0

) represent an ellipse, since (63 (g)) 
y2 zt _ - + - 1 , and, consequently, 
A2 B2 -

y = ± 1 ✓ B2 - z2 

The function x signifies in this case that the square of the vari­

able z is to be subtracted from the square of the constant B, and 

the square root of this difference is to be multiplied by the ratio 

A 
B. But to have the equation of the conical surface, it is neces-

. Z X - X Z 
sary to submit O x _ x<L- of the formuh.i. (.fi;) to the same opera-

o 

tions of = ; hence 

. ' 
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1-,m which 

• (y0 X - X 0 y/ - B2 [B 2 (x - x 0) - (z0 x - x 0 z)t] I
• N 

' 

le required equation of the surface. It is here to be remarked, 

l hat according to the equation of the ellipse, we must suppose the 

~ entre of that curve at the origin of the co-ordinates. Therefore, 

supposing, moreover, the cone to be right, the vertex or the point 

f/ through which the generating line constantly passes shall be on 

- the axis X, and of course the co-ordinates y
0 

, z
0 

of that vertex 

must be equal to zero. In this supposition the preceding formula 

becomes 

or 

and transposing to the vertex the origin of the co-ordinates, or, 

what is the same, substituting x1 + x
0 

for x, if every thing else 

remains as before, the last formula will become 

or, since we may use indiscriminately x or x 1 and x 0 is a constant 

quantity like A and B, substituting x to x' and C to x 0 , we have 

yt x2 z2 

A 2 c2 B• 

from which 
xi y2 zt 

£2 - 0 ci A 2 -

equation corresponrling (120) to the third species of surfaces hav­

ing centres. 
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Ge-ral l'qnalfon of a,iy cyliiulrical surface. 

134. Suppose ( 132) the equations of the curve in space to b-e 

z=<1>(x),y=-i,(x) .... (e) 

and the equations of the generating line (35 ( o) ) 

x = ay + b , x = a1z + b1 

or y == al x - i , z = -; x - b: } . . . ( e 1 ) • 
a a a 

In the present 

parallel to itself, 

supposition of the describing line constantly 

the co-efficients ..!. , ~ will be constant quanti­
a a 

· h'l b b' ·11 fi d'ffi t ·t· f th ties, w I e - , , w1 vary or every 1 eren pos1 1011 o e 
a a 

line. Now, observe, here, as in the similar case (132) that for 

the points common to the generating line and the curve, the 

co-ordinates of (e) and (ei) must be the same. Hence in this 

hypothesis 

l b 
.), (x) == a X - a ' 

1 b' 
cj> (x) == - X - -

a1 a1 

from which by eliminating x, we are enabled to derive an equa­

tion between the constant quantities a, a1 and the variables b, b1, 

which we represent by 

i (b, b') = o ••• (e2 ). 

But from (e
1

) b == x - ay, b1 = x - a'z, in which x, y, z are 

the co-ordinates of the generating line, which will be differently 

situated according to the different values of b and b1• Now, in 

every case, by substituting the last values of these two variables 

in ( e~) , we will obtain 

z (x - ay, x - a1z) = o ... (e3 ). 
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Which giving the same relation between the co-ordinates of the 

generating line in every one of its positions, is the general equa­

tion of the cylindrical surface. 

Corollary. Supposing the curve to be described on the plane 

XAZ , and represented by 

Y = <I> (z) · • • · (fo) · 

Since in this case all the co-~rdinates x of the points common to the 

curve and the generating line are equal to zero, the equations ( e 
1

) 

with regard to such points will become 

and since in this same case the values of y , z given by these 

equations fulfil the equation (/
0

) ; so they may be substituted 

there, in which case 

_!!_ = <I> (- !!..) 
a a1 

and substituting for b and b1 the corresponding values 

EXAMPLE. 

135. Suppose the equation (/
0

) to be that of a parabola, that is, 

y _ ± V2p z hence (133) y - : = 0P (z- :,) 

and 

the equation of a surface produced by parallel motion of a straight 

line describing a parabola with one of its extremities. 

14 
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