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PREFACE.

Tuis treatise may bo considered as a sequel to the small Ele-
mentary Algebra, whose second edition, revised and enlarged,
has just preceded the present publication. However, it is not so
connected with the Elementary Algebra that it might not be
taken alone, for it does not depend on the former in any of its
parts, and is complete, as far as is allowed by the nature of a
book destined for the use of those who desire to be initiated in
the study of Algebra.

The reader, even before perusing the present introduction, has
probably noticed the difference of type, intended to separate those
gubjects which are more accessible to pupils at large from those
which suppose in the student either quicker parts or already some
advancement in the study of Algebra. That is to say, the most
elementary principles adapted even for those who, for the first
time, open a book of Algebra, are printed in larger type: the
other parts, which enter a little more into the secrets of the
science, are printed in smaller characters,

‘We beg the reader, however, to observe, first, that the under-
standing even of the most elementary principles of Algebra and
Geometry supposes always a certain degree of aptitude, Of this,
one who for any time has had experience of the tedious labour of
teaching, will render, without hesitation, abundant testimony.
Another observation to be made is, that the separation adopted
in the present treatise, with distinction of type, does not trace &
limit to be scrupulously followed, so that the teacher or the stu-
dent be compelled to go over all that is printed in large characters
before commencing the rest. But it is left to the discretion of
the teacher to enter, more or less, into the subject where and
when he will judge fit todo so. The teacher is fully aware that

he must unquestionably labour, and must not be satisfied merely
3



4 PREFACE.

with what he is to teach, but he should know much more. He
should he master of the subject, and be competent to adapt it to
the capacity of his pupils.

The Treatise is divided into two parts, the first of which con-
tains algebraical operations, with several questions and doctrines
connected with them, so that each section may prove complete in its
own subject, and the inconvenience of returning elsewhere to
speak of matter left unfinished before, may be avoided. The
same method is followed in the second part, of which we will im-
mediately say a few words. With this method, every thing is
put in its own place, so that any one who would go over the
whole uninterruptedly might have the advantage of order, and
of seeing, at a single glance, all that each subject embraces. Nay,
the same advantages may be enjoyed by those also who will he
able to overcome the first difliculties at a second or third reading,.
This method, we believe, has also the advantage of contracting
the bulk of the volume, which the same subjects, disorderly scat-
tered, would render much larger.

The second part contains the most indispensable theories of
equations, proportions, and progressions, logarithms, and some
few principles on the series. The doetrine of equations has been
treated more copiously than the others, not so much on account
of its importance, as because it is well adapted to give an idea of
algebraic analysis, and thus prepare the mind of the student
who would afterwards apply himself to higher studies.

Grorarrows Correck, July, 1855,
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TREATISE ON ALGEBRA.

INTRODUCTORY ARTICLE.

Mathematios: their 3 1+ MATHEMATICS treat of quantities; name-
oRjocts ly, of all that which can be numerically esti-
mated or measured.

Their variows  § 2- Hence, Mathematics, in their general
B, acceptation, embrace as many branches as there
are species of quantities taken into consideration, and these
various branches are also distinguished by appropriate denomi-
nations, as Geometry, Hydraulics, Optics, &o.

§ 3. Algebra considers quantities in an ab-
stract manner; that is, it considers in quantities
those properties and relations which are common to all the
various species; and we may add: That which Logic is to
mental philesophy and mental sciences of every description,
in some measure Algebra is to the mathematical sciences.
el of A :§4. Algebraic questions are consequently
Algebraic symbols. quite general, as well as the symbols used to
represent the quantities. These symbols are commonly the
letters of the Latin and Greek alphabet.

Algebrale  ques-  § 5. Algebraic questions and operations are,
tions connected with % . . . .
arithmetical ques- besides, strictly conneeted with numerical or
tions. Relation of . . . .
maguitude. arithmetical questions. Beecause, whenever one

quantity is compared with another of the same kind, for
2 13

Algebra: its object.



14 TREATISE ON ALGEBRA.

instance, weight with weight, space with space, &e., the rela-
tion is no other than numerical, This relation is a relation of
magnitude.

Relation of oppe- 5 0. Another relation, we may say of oppo-
Ao sition, depends on the different manner of the
existence of quantities. This opposition is designated by the
denominations of positive and negative quantities. 8o, for
example, two forces acting in the same straight line, but in a
direction opposite to each other, if compared, are respectively
positive and negative.

§7. When a quantity, for instance, a, is destined
to represent a positive one, the sign - ( plus) is fre-
quently placed before it. When the quantity is negative, the
sign — (minus) is always prefixed to the symbol.

§ 8. When, therefore, in the same question
we meet with the quantities 4- o —b, it is-
always understood that @ is positive with reference to &, and &
is negative with reference to” a. And, wvice versa, if two
quantities are given opposite to each other, and before the
first we put no sign or the positive sign, the negative sign is
then to be constantly put before the second.

How opposite  §9. When quantities of different signs, sup-
quantities are mu- % :
tually influenced. pose two, are collectively taken, their value is
then equivalent to a third quantity, which is the difference of
the absolute value of them, and whose sign is either positive
or negative according as the greater absolute value of the
two quantities is that of the positive, or that of the negative.
For example : two forces, -+ B and — b, if applied to the same
material point and along the same straight line, their effect is
the fesult of their simultaneons and collective action. But, if
we suppose B to impel the point twice as much as b, or, which
is the same, the absolute value of B to be twice as great as
that of &, since the forces act in opposition, the effect of &
will be counteracted by that of B ; and one-half of B (which

Eipns.

Use of the signs.
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is equal to &) will produce alone the effect in the positive
direction of B. That is, the collective action of the two forces
1s equal to that of their difference, and this difference acts in
the direction of the greater force.

§ 10. When a symbol, for example, b, is adopted
to represent a certain quantity, and it happens
that in the same investigation another quantity occurs whose
magnitude is twice, three times, &c. the magnitude of the
former & ; instead of making use of another symbol, or repeating
the same, we write only once the symbol &, placing before it a
figure to show how many times the quantity is taken. This

Coefficient.

number is called coeflicient, which means malking «together
with the symbol, the whole of a quantity. If, for instance,
the quantity B is three times as great as b, or C five times
as great as ¢, instead of writing B and C, we would write 3
and He.

When two or more terms differ only in the
coeflicient, they are termed similar. For ex-
ample, 5b, 2b, or 3¢, Te, 12¢, are similar terms.

§11. Let us remark here also, than when a
quantity is to be added to another quantity, b
for instance to a, or several quantities are to be added to
another, this addition is commonly expressed by interposing
between the quantities or terms the positive sign -, which,
for this reason, is termed also a sign of addition. Suppose, Tor
example, that the quantities b, ¢, & are to be added to «, this
will be indicated by writing, @ - b4-¢ -} d.

Sign of subtrae. 3 12- When, on the contrary, a quantity is to
on be subtracted from another, the quantity from
which we subtract is first written, then the other, and the
negative sign is placed between them. If, for instance, b is to
be subtracted from @, we will write a — b.

Fqoations ana § 13. Comparing together quantities of the
Inequalitios same kind, for example, weights with weiglts,

Similar terms,

Sign of addition.



16 TREATISE ON ALGEBRA.

surfaces with surfaces, &6., we will find them either equal or
not. Suppose now, for the sake of simplicity, only two such
quantities, which we will call a, b. If they are equal, then
we write @ = b, and the sign (==) of equality is m_ad equal to;
the terms so compared, considered as forming a single expres-
sion, are called an equation. If the same terms represent two
unequal quantities, then a is either greater or less_ r:hnu b in
the former case the inequality is expressed by writing a >0,
in the second, @< b; that is, we place between the terms the
angle, or sign of inequality, with the vertex towards the less
of the unequal terms.

Monomisls ana § 14. Any algebraical expression whose sym-
polynomials, bols are not separated by positive or negative
signs, or the signs of equality or inequality, is called term or
monomial. For example, the symbol b, together with the
coefficient 5, constitute the monomial 56. When two terms
are separated by a positive or negative sign, the expression is
then called binomial ; if three such terms are separated in the
same manner, they form then a ¢rinomial, &e.; and in general
these expressions are called polynomials.

Membersofequs-  § 10+ When two or more terms are separated

R0 by the sign of equality or inequality, these
terms constitute the members of the equation or inequality.
For example, in the equation, a -} & + ¢ = m —n, the tri-
nomial @ -5 ¢ forms the first member, and the binomial
m — n the second member of the equation. Likewise, in the
inequality p + ¢ > f— d, the first binomial is the first mem-
ber, and the second binomial forms the second member of the
inequality.

Constant  mma  § 16, Any algebraical expression whose value
varfable quantities, . . &
Functions. depends on the value of a variable quantity, is
called function of that variable. For instance, the monomial
6z depends on the value given to x. So. likewise, in the
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equation, ¥ = a - x, suppesing @ an invariable or constamnt
quantity, and @ variable, y necessarily depends on the value of
a; hence, y is a function of @. When such quantities as y
are functions of another, or other quantities, this is expressed
by the index f; and, instead of writing, for example, y or
@ -} a, we simply write, f (@), or y =/ (®). The index f
must be varied when different functions occur in the same
question, and we then make use of F or ¢, or some other
letter.

When, therefore, a quantity @, or several quantities a -|- b,
&e., are submitted to any operation, the result is a function
of those quantities, because it depends on the same ¢uantities;
so that, if instead of @ or a—-&, we should submit to the
same operations other quantities, for instance, A and A - B,
the result would necessarily be different. But if two or more
guantities are equal among themselves, and are subwitted to
the same operations or equally modified, the result must
neeessarily be the same. Hence, if a is equal to b and ¢, &e.,
and a is submitted to such an operation as to give for result,
f(a), if we submit b and ¢ to the same operation, with the
cql?ation, g hea e
we must have also,

f@=F®=F()=...
That is to say, the members of an equation equally modified
Joerm another equation.

This deduction cannot for the present be developed nor
illustrated by examples, but its frequent application will soon
supply copious illustrations.

Modifieation of - § 17. Quantities are essentially capable of
mutul relations.increase and diminution ; and considering any
quantity in an abstract manner, we cannot conceive any other
modification of it, except that which is performed by addition
or by subtraction, or by equivalent operations. Again,

2%
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quantities may be compared together, cither by a simple or
complex comparison. 'This is all that concerns quantities,

Divicion of the generally considered ; hence, Algebra may be
froatiéa. conveniently divided into two parts: the first of
which has for its object operations on quantitics ; the second,
to investigate and discover the properties, connections, and
dependences of quantities, according to their various com-
parisons and combinations.



FIRST PART.
ALGEBRAIC OPERATIONS.

CHAPTER L

DEFINITIONS AND OPERATIONS ON MONOMIALS.

ARTICLE 1.
Addition and Subtraction.

Aabrateand 3 18- Apprrron.—Numerical or arithmetical
arithmetilad- g4 dition consists in finding out a number containing
i in itselfas many unitsand fractions of units as there
are in all the numbers to be added together. For example, to
find out the number 12, which contains in itself as many units
as there are in the numbers 2, 4, 6, is to make the sum or
addition of these numbers, and this sum is expressed (11, 13)
by 2 4 4+ 6=12. But, with regard to algebraical quanti-
ties; for instance, a, b, ¢, ... ., although the sum is repre-
sented as in numbers, namely, a-}b-fe4- ..., yet, on
account of the more general signification of the algebraic
symbols, the operation is not equally simple as for numbers.
The quantities represented by algebraic symbols have, indeed,
a numerical value; nay, this value is the one taken into
aceount in addition, as well as in other algebraic operations.
But quantities may have either a positive or a negative value ;
so that a, for example, may be negative with rezard to b and .
Then the numerical and relative value of a is to be expressed,
for instance, by — 3, while the others are expressed, suppose

by -+ 4 and 4 5 in this sum or collection the negative part is
19
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destroyed by the positive, and since 5 -}- 4 = 49 and 9 -—
8 — - 6, a quantity m, whose numerical value is +- 6, will
represent the sum of the given quantities a, b, ¢, and we will
have atb4c=m.

From these remarks we deduce the following definition, and
two practical rules :

Detinition of  The sum of a number of guantities is a mo-
algebruic addi- .
tion, nomial, whose numerical value @s the exeess of
the numerical value of the quantities affected by one sign,
over the numerical value of the quantities affected by the
opposile sign, and the sign of which s the sign of the same
excess. :
m:{':;mg;nl;g Some consequences easily derived from this
same sign, definition will make it more clear. First, if all
the quantities to be added have either a positive or a negative
sign or value, the sum has, likewise, a positive or negative
value, and the numerical value of this sum_contains as many
units and fractions as there are in all the numerical values of
the quantities, added exactly as for numbers. Secondly, if the

Equal nume- numerical value of the qu:mt.ities to be added

rieal walue of 3 ¥
quantities af amount to the same for those which have a posi-

ﬁféﬁgﬁ.m& tive, and for those which have a negative value,
the sum is then equal to zero. A third consequence needs
not to be pointed out, since it obviously appears from the
definition itself.

RuLE 1.— When the quantities to be added are
merely represented by symbols, we consider them as
having a positive sign, and their sum is expressed by writing
in succession the same quantities, and placing the positive
siyn between them.

For example, the sum of the guantities

b di o0
is expressed by a-f-btcd-d4-....
Rure 2.— When the sign s placed before the quantities to

Rules.
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be added, then the sum s vepresented by writing, likewise, the
symbols in succession, each with its own sign ; but the sign of
the first is not written unless 1t be negative.

For example, the sum of the quantities,

a,by¢e, —g —h—k

isexpressed by a-+bte—g—h—F

It is evident that a sum will be always equal to a certain
unvariable monomial expression, whatever be the order in
which the terms are written. So, for instance, calling m the
equivalent monomial expression, we may write

atfbte—yg—h—rlk=m,

or a—gtb—h+c—k=m,&e

The proposed examples are the most general. In more
particular cases there occur simplifications or reductions of
terms, which we will soon see in other examples.

Doctrine of & 19. We have already remarked, that the sign placed
signs. before a symbol is not always the same sign as that of
the numerical value of the quantity represented by it; and although,
generally, the quantity @ or 4 a is considered as having a positive
numerieal value, and the quanity — b, a negative numerical value,
it happens, however, in mathematieal investigations, that the numeri-
cal value of a positive quantity is sometimes found negative, and vice
versa. Hence, some questions arise concerning the final sign to be
given to a quantity, which deserve to be noticed here. And, to give
to our researches a quite general character, let us first remark, that
one or more signs by which an algebraieal symbol can be occasionally
affected necessarily affect the numerical value itself, and wvice versa ;
secondly, an algebraical symbol is frequently a symbol of another,
or other symbols, sometimes affectedl by the same, sometimes by the
opposite signs. For instance, we may have

&= -I- A

ora=—A;
hence, +a=4(+A), orfa=-4(—A)
—a=—(+4A), or —a = —(—A).

Product of The expressions of these two sets are manifestly
sigus, opposite, but 4 (4 A) is equivalent to 4 A; hence,
—(4A) must be equivalent to — A; again, 4 (—A) is equivalent
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to —A; hence, — (— A) must be equivalent to 4-A. Therefore, we
derive this general inference :

A double sign placed before an algebraical symbol, @s equivalent o the
positive sign, when the two are either both positive or both negative; il is
equivalent 1o the negative sign, when one of the two s positive and the
other negative,

But, suppose A to be a symbol of another algebraical symbol; for
example, - « or —e, we will have

A= (2)
or ++A=++(—2)
and, continuning the same process, we see that any number of signs
may affect an algebraical symbol, but the same signs may be easily
reduced to a single one. When, for example, & is affected by a num-
ber of signs, as follows:

2 Ehi i A
make first, -} — b = ¢, we will have
+—— b= ——e;

make again, — —e¢=4d, we will have

but 4+ —b=—5; hence, e =—15,
and ——c¢=-+}c¢; hence, e =4,
and consequently, =—b;

but d=4——4 —b;
hence, et —b=—b;

and in general, when the original number of signs contains an even
number of negative ones, the final sign is always positive; and when
the original number of signs contains an odd number of negative, the
final sign is always negative. In fact, no sign is changed from posi-
tive into negative, and wice versa, except by the influence of a preceding
negative sign; hence, the first negative sign determines a negative
sign for the symbol, the second ¢hanges it into positive, the third into
negative, &e.

The analogy between the mutual influence of signs when applied to
the same quantity, and the influence of terms affected by different
signs when multiplied together, has given to the final sign in question
the name of product of signs, although this result is altogether
different from that of multiplication.

Examples and §20 Let _21’) St m) + 35) _Sm) +f)
gt —2m) be terms to be added. In this example,
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the similar terms, — 28, = 80, and 4 m, — 8m, -} 2m may
be reduced to a less number, beeanse (9) 86 — 24 is evidently
equal to -5 or b, and m - 2m = 3m ; hence, m --2m —3m
—0; therefore, the sum of all the terms is given by &/
that is, — 264 m -+ 86—38m -+ f+2m=0b+ f.

Let the terms given for another addition be 16m) - 12¢)
— 47) +§) — 12m) — 18¢) — 8s) - 7) +-¢) —m) - Tr)
— 18¢). Select first the similar terms, and dispose them as
follows :

+16m +12¢ —4r - s
—12m —18¢ -+ r — 3Bs
— m 4+ e +Tr —13s
Sum -+ 3m 0 -4r —1bs.
And since the collection of the separtial sums gives the total
gum, we will have
16m -} 12¢ — 4» - s —12m —18¢ — 35 r |-c
—m -+ Tr —13s = 3m - 4r — 1bs.

From these examples it is plain, that the addition of simple
monomials consists in a bare reduction of similar terms, and
this reduction is performed by taking the sum of their co-
‘efficients when they are affected with the same sign, or by
taking the difference of the same coefficients when affected
with opposite signs. Let us now propose some problems to be
resolved with simple addition of monomials.

Twelve divisions of soldiers, containing each
92 soldiers, are in a castle when the enemy com-
mences the attack; 2 of these divisions take to flight during
the assault; 43 divisions perish in the conflict. The assailants
gain the battle, and their general with 8 divisions, cach con-
taining » men, enters into the fort when it is still occupied by
the defenders.

We ask what is the amount » of combatants in the fortress
after the entrance of the victorious general ?

This problem, besides giving another example of addition,

First problem.
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plify still more the relative signifi-

gives also occasion to exem
The quantity here

cation of positive and negative terms.
inquired is a number of men; considering, thercfore, as posi-
tive all that tend to add to this number, we must consider as
negative all that tend to diminish the same number, being
evidently quantities opposite to one another. Hence, the
terms given by the problem, will be as follows :

Twelve divisions of men, each containing 2n soldiers, give
the term, - 12. 2a, or o 24n.

Two divisions of men leaving the fort, give the term
—2.2n, or —4n.

Four and a half divisions lost in the battle, give the terms,
—4 .23, — u; that is, —8n, — 2. -

The general entering into the castle, gives the term, 1.

And the eight divisions containing each # soldiers, give
the term, }- 8. Hence, we have for the required amount

24n —dn —8n—mn -1 -4 8r;

which gives z=11n 41 -4 8.

Lettors used ~ We may here remark, that @, as well as y and
for unknown
quantities, 2 and some of the other last letters of the alpha-
bet, are usually employed to represent the quantities to be
found, or generally unknown quantities.

Numeriealap-  But to render the case more determined, sup-

plications of the -
problem, pose n==50 and »==80, we will have from

x=11n-}- 1 8r,

o =1191.
If, instead of n = 50 and + = 80, we take n — 80 and »= 60,
then we have = 1361.

General cha.  And so we eould resolve any number of cases
Tt &> by substituting other values for » and 2. And
tions. from this the learner may appreciate the general

character of algebraical questions.
Tour hunters agree to meet together at the verge

Problem 2. : :
"% of ariver after hunting. The first of them shoots
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n birds, the second, twice the same number, and 27 birds
besides ; the third shoots as many birdsag the first and second
killed together; the fourth does not shoot any, but seeing the
good success of his companions, takes the birds brought by
the first, and one-half of those brought by the second, and
throws them into the river.

How many birds remained after this? and how many birds
were brought by the hunters ?

Aus, to the first question:

z=4n48r.
Ans. to the second question :
y = 6n - 4r.
Suppose n=—10, » =9, then
€T = 67, y =96.

Suppose n =9, » =10, then
@ =60, y = 94, &e.

§ 21. SusrtrAcTioN.—To subtract a quantity &
from another quantity @, means, to find the difference
between the two quantities; and this difference, which we
will eall d, is such, that if added to the quantity &, the
sum will be a. Hence, we may briefly give the following
definition :

To subtract b from a, means to find out a
quantity d, which added to b gives a. Namely,

d-l-b=a.
Now let us add the term — b to both members of this equa-
tion, we will have d b —b=—=a —Db, that is
d=0a— b.
Suppose, again, b equal first to 4 ¢, and secondly to —g;
we will have, in the two cases,
mslmesil )
e

But in the second case, the value of & is oppo-

site to that of thi; same & in the first case, con-

Difference.

Definition.

Result of gigns.
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sequently, since — (- g) = — (g), or since in the first ca.sa
— b= —g, in the second we will have — b— - g; thatis,

—(—g) =+ g, which exactly corresponds to the doctrine
of signs (19); hence, with  — |- g, we have
d=a—b=—=a—4g;
and with b =— — g, we have
d=a—b—=a-+tg
In the first case we obtain the difference d, by adding to a a
quantity opposite to - g¢; in the second case the required
difference is obtained by adding to @ a quantity opposite to
—g; henece, follows this general rule :
The quantity b is subtracted from a, by adding

Rule for sub-
tractlon, to & a quantity opposite to b.
General ex.  Lhus, for example, — % is subtracted from #&,
Buples: by simply writing
h4- T,
and m is subtracted from n by writing
i — M.

These are the most general examples of algebraical sub-
traction of monomials. We will soon propose other examples
and problems, in which the difference can be expressed by a
single term.

Criterion of  222. Let us here observe, that when the difference
magmitude. n—m is positive, then n is said to be greater than m;
when the same difference is negative, then n is said to be less than m.
The difference, therefore, between two quantities, is the eriterion of
their relative magnitude; and since by substituting for n any positive
number or numerieal value, and for m any negative mumber or

Any positive numerical value, the difference is certainly always posi-
:r“'ﬂ:f: Joeal five, so it follows that any positive mumber or quantity
gative, relatively considered is greater than all negative ones.
Again, substituting for n and m negative numerical values, but the
absolute value of n less than the absolute value of m, the difference
is, likewise, always positive; therefore, the greater of two negative
quantities or numbers, relatively considered to a certain term, is that
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T which has a less numerical value. We may illustrate
tation of num- the same doctrine as follows: observing first, that num-
pers. bers are either considered as terms of comparison, or as
symbols by which one or more existing objects may be designated.
When we consider numbers under this last point of view, the only
cipher zero, which excludes all numerical signification, is and signifies
nothing, When we consider numbers as terms of comparison, zero is
a term to which we may refer all the others as to any number. So
it is evident that to say three units above zero, or two units below five,
conveys the same conception of the number three. Nay, the term

The term zero Z€ro is the central term between the ascending series of
m“ of com. Dositive, and the descending series of negative num-
parison. bers. This heing admitted, we observe, moreover, that
with regard to positive numbers, all agree that the greater among them
is that which is farther from zero, the term below all positive num-
bers; but zero is in an equal manner above all negative numbers, and
the more above, the more they increase in absolute value; referring,
therefore, to the same term, zero, negative numbers, we infer that
among negative numbers relatively considered those are less that have
a greater numerical value.

Examples and § 23. From 5b subti'act 4b H

i we will have the difference
b —4b=1.

From 44 subtract 50 ;

we will obtain 4b—b6b = —0.
From 55 subtract —45 ;

we will have 5b - 45 = 9b.
From — 55 subtract — 45

we will have — 5b 4 4b = —5b.
From — 4% subtract — 5b;

we will have — 45 - 5b =0

Ten men pull, with a rope, a heavy stone in a
Problem 1.

straight line from A towards B, and with a force
10n. Seven more men pull the same stone in an opposite
direction, namely, from B towards A, with a force 7n. What
is the difference = of the action of- these two forces?
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Ans. Tt is plain that, considering the action which moves
the weight towards B as positive, the opposite action must be
negative. Hence, the two terms in question are - 10n — Ta.
Now the second is to be subtracted froma the first, therefore,

=100 4 Tn = 177.

Suppose n =— 10 pounds, we will have
X==:170 s

Numerical ap-
plications,

Suppose n = 15 pounds, we will have
z=955...p.
Four workmen cut each m pieces of timber, and
three boys ent each » pieces. What is the differ-
ence between the two numbers ?

Problem 2.

Ans. x—4n— 3r.
Numerical ap Suppose 2 =50, r = 80, then
Pplications. R 110-
Suppose n =90, 7 = 40, then
xz — 240.

Let us observe, that when we merely intend to take the
difference between two numbers affected by the same sign, we
only attend to the numerical value.

ARTICLE TI.
Multiplication and Division.

Invwhatmue  § 24 ‘MurnrrenicarroNn.—To multiply a mo-
trliution ton' nomial @ by another monomial 4, means to find a
g i quantity p, whose numerical value is equal to the
product of the numerical values of @ and 5. The monomial a
is termed multiplicand, b multiplier, and both, factors. The
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Yarlous man- Q“a“t“‘y r is termed Prodwct, and thiﬂ product
ners of D™ i represented by the factors in any of the follow-

senting the pro-
e ing manners :
a.b, a X b, ab,
and each one of these expressions is read e multiplied by &, or
simply ab. .

Definition of 2 25. The definition and deseription of numerical mul-
numericslmual- . o, . £ 5 PR
tiplicafion. tiplication is frequently given as follows: Multiplica-
tion is the addition of the multiplicand repeated as many times as
thore are units in the multiplier. This definition (when we merely
consider the absolute value of the product) is correct so far as the
multiplier is a whole number ; but when it becomes a fractional one,
that is, when the multiplier is a fraction of unity or even contains
some units, but a fraction of unity besides, the given definition can-
not then be rigorously applied. A definition which comprehends the
object in its full extension, supposing, namely, the multiplicand A and
the multiplier B to be any two numbers, is the following: To multiply
A by B, is to derive from A through addition a number in the same man-
ner as, through the addition of the same element, the number B is derived
from positive unity. That is, the operation to which positive unity
must be submitted in order to give through addition the number B, is
the same operation to which A must be submitted to obtain the pro-
duct of the numbers A and B. Now, B represents a rational number,
(either whole or fractional,) or an irrational one. Let us examine
each of these cases, and we will have a complete explanation of the last
definition.

Case of the  Suppose, first, B a whole and positive number. The
maltplier. - simple addition of unity repeated as many times as there
and positive.  are units in B, is the operation to be made about unity
to derive from it B through addition. The multiplication, there-
fore, of A by B, consists in this case in making the addition of A
taken as many times as there are units in B, which accords exactly
with the first definition. From this we derive a consequence concern-
ing the sign which affects the product; a consequence applicable also
to the cases to be considered hereafter.

Consequence Since positive unity, taken as it is, forms by repeated
:ﬂ?nu::rrntil‘;g '::: addition the positive multiplier B, so A, taken as it is
duct. given, and repeatedi?:addad to itself, gives the product
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of A by B. Hence it follows, that when A also is positive, the pro-
duct is positive. But when the multiplier A is given negative, and B
ig still positive, then the product, being a sum of negative terms, is
necessarily negative.  Suppose now, B a whole negative number, then
B caunot be immediately obtained from positive unity, but we must

The multiptier first change its sign. But according to the definition,
nezative. to obtain the product of A by B, we ought to operate
about A as about positive unity to obtain B. So in the case of B
negative, the sign of the multiplicand A is to be changed ; then obsery-
ing how many units are in B, add A to itself, as in the pre;:eding
case, but with the sign changed, which, consequently, is the sign of
the product. Therefore, when B is negative, and A also negative, the
product is positive; when D is negative but A positive, the product
then is negative. Hence, the known rule, like signs give a positive
product; unlike signs, negative,

Case of the  When B is a fractional number, having, for example, n
multiplier frae- s : . .
tioual. for its numerator, and m for denominator, in this case,
to obtain B from unity, we must take, first, one m™ part of nnity and
add it n times to itself, because in this way only, throngh the addi-
tion of the same element, we can derive B from unity, Operating now

upon A in like manner, we will have first ’—t , which represents the
m™ part of A ; taking thon n times this element, which is expressed by
placing the coefficint n before ;—E, we will have the product ﬂ;}‘;. CorTes-
ponding to the factors A, ;:.

"mn:if 2‘1: In one of the following paragraphs we will dwell on
tors, irrational numbers. For the present it is enough to
observe that they eannot be expressed like rational numbers, although
we may conceive a series of rationals, continually and indefinitely
approaching to any irrational. HWenee, whenever an irrational number
is to be used for any purpose, we must necessarily make use of a
rational near it. Therefore, in the ease of irrational numbers, the
multiplication will be performed with rational numbers, and, conse-

quently, the foregoing remarks are applicable to this case also.

Arithmetical — § 26, Considering the numerical value and
rules applicable

toguantities.  sign of quantities, it is plain that the same
arithmetical rules are to be followed with regard to quantities
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for that which concerns the form and sign of the product.
The rule of signs may be derived indeed from the definition.
But sinee all agree in admitting that | @, multiplied by - 5,
gives a positive product, we may infer the same rule as fol-
lows :
sutuatinta.  The factors are mutually influenced in effecting
ence o factors:  he product, and this influence is twofold : the one
numerical, or of magnitude ; the other of sign. Suppose, now,
the numerical value of the factors - a, - & to remain un-
varied, and change the sign of either of them; this change
must necessarily affect the product - p, and this cannot be
done except by the change of the sign of the same product,
and so admitting
+ a X o b= ~+ s
we must admit, also, the two following equations :
+axX —b=—p;
—aX4+b=—p
Take again either of these two cquations, for instance, the
last, and change the sign of b; this will again produce an
equivalent change in the product, and we will have
Treating of the multiplication of polynomials, we will come
to the same consequence by another process; meanwhile we
may infer the general rule.
The sign of the product is positive when both

Rule of signs. . . . T
S fuctors arve affected with the same sign : it is nega-

tive when the JSactors ave affected with opposite signs.

In the practical application of this rule we usually say,
plus by plus, or minus by minus, give plus; plus by minus,
or minus by plus, give minus.

Yariousforms  § 27. Thus far we have considered the factors
of the mumerd in their most gemeral acceptation, and only two.
quantities. Byt the numerical value, which is the one taken

into account, specifies in some measure the quantities, because
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this value is either whole or fractional ; hence, four cases can
take place with regard to the factors @ and . We may first
suppose the numerical values of both of them to be whole
numbers ; secondly, both fractional ; thirdly, the numerical
value of the multiplicand a whole number, and that of the
multiplier fractional, and we may finally suppose the multi-
plier & whole number, and the multiplicand fractional.

The student being familiar with the numerical operations, it
is not necessary here to dwell upon them : it will be profitable,
however, to place before his eyes the general formulas of those
which concern our present question, leaving, if necessary, to
the teacher the eare of making numerieal substitutions.

Genoral for-  Suppose m, n, %, h to represent whole num-

mnrrinxiol' i T 3
;ﬁn}t,.l_’"n'w bers, and i fractional ones. With them we may

represent the above-mentioned cases; and calling p the pro-
duct of m by n, we will have

m.n=p

n &'—“'hand!‘i E—k.'.i

m' kT m.k k'm ™ k.m

h wm .l h h.m

f) m.}‘—:z A nndz.m_.-——k
E.h=“'kandfa.£=k'n.

m m e m

From these formulas we will soon derive a general and use-
ful consequence.

How thearith. & 28 Let us observe, meanwhile, that the arithmetical
;ﬂ;ﬂgﬁnﬁtﬁf rules expressed by the (f) eannot be arbitrary, and if
follow from the right, they must necessarily follow from the definition of
Srnuisen, multiplication. Examining (25) the case of a fractional

multiplier, we have touched this subject, which we will develop here,
h

And, first, suppose 3 to be the multiplicand, and ﬁf the multiplier,

which indicates that the n™ part of unity has been taken m times.

Hence, to obtain the product of % by E. according to the definition
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(25), the n™ part of z 13 first to be determined, and the same is then

to be taken m times. Now, the s part ofg is %‘. Suppose, in

Mechanical artl-  fact, n straight line divided into & equal parts, these
fice, showing the

h
?;:jﬂzfl_m" ofa parts may represent the & of the fraction & suppose,

besides, each one of these parts to be subdivided into m equal
parts, (which is the same as dividing unity into n, k parts,) the &
part of our line will then become f&.n, but each one of these is
equal to the (&.n)" part of unity; therefore, the %.n parts of the

. < h.n 3
line will represent the fraction e, but the same line represents

h .
also the fraction .‘i" therefore, i == H. Compare now together, the

h
fractions — £5 and e the first is n times less than the second, but the

.’t h
gecond is equal to % therefore, k-—- is n times less than Por which is

h
the same, T is the n'™ part of E' To complete now the multiplica-

h
tion of P by ’:—:, the n* part of the first fraction is to be taken m times,
which is evidently obtained by multiplying by m the numerator & of the

fraction J:.‘_'n' Hence, — Pt %, exactly as the rule preseribes; the
product of one fraction mu.lnplied by another is equal to another frac-
tion whose numerator is the product of the numerators of the factors,
and the denominator is the product of the denominators of the same
factors.

Let us now come to the cases of the multiplicand whole number,

and of the multiplier fractional, and vice versa. In the first of these

. i h m.h
two cases, reasoning as above, we will have m. E‘ = T; and in the
n.h

second, it is plain that — . h o= e That is, the product of a whole

number by a fraction, and vice versa, i3 obtained by multiplying the
numerator of the fraction by the other factor.

m:’;sg:;ﬁp}:;: §29. The product p of the first formula (/)

e it is given by m units, repeated n times. But to
er, and wvies % . « .

versa, without add s units » times, is the same as to add » units

affecting  the . L .

product. m times. We can see it by making use of a
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mechanical artifice. Range on a horizontal line a row of m

caso of the dots, and from each dot draw a vertical line;
factors : whole
numbers, range again on each one of these verticals = dots,
commencing with that already marked on the horizontal line.
In this manner we have m dots repeated » times, and conse-
quently the whole number of dots is the product of 22 by n.
But since, on each vertical line there are » dots, and these
lines are m in nuomber, we have also n dots repeated m’
times; that is, the product of # by m given by the same num-
ber of dots; hence, we may always write

m.n=mn.m.

Othercases.  Therefore we may write also n. k=% . n, and

B o Bom ot pedmar

m .k = k.m, and consequently

m.k  k.m
n.h n A k.n 2 n
second of (), we havem.kzﬁ'k’wdk — =
A & n
theref: S 45
ot 2 m k k'm

Reasoning in the same manner, we deduce from the remain-
ing formulas (/) that

m. « M.

el
Bk

Gomerst fns- Whatever be, therefore, the numerical value of
bralal factors.  the algebraical terms @ and b, we generally infer
that a.b="5%.a.

The proanet 9 o0. The same inference may be applied to
of soy number any number of algebraical terms a, b, ¢, &, e ...
sambwhatever  QObserve first, that if any number of quantities,
Yohich the B> having all a whole numerical value, bring the same
e product whatever be the order in which they are
taken; any number of algebraical quantities will bring the
same product also when their numerical values are fractional or
partly fractional, and partly whole numbers, whatever be the

order in which they are taken, since the operation is always
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performed upon the whole numbers of numerators and denomi-
nators. It is enough, therefore, to demonstrate here, that
whatsoever be the order in which whole numbers, or quantities
having whole numerical values, are taken, their product will be
always the same. Let three such guantities be a,
b, c. To multiply @ by b, is to take a as many
times as there are units in the numerical value of b; that is,
a+a--a- a-. Again, to multiply this product by ¢ is
to add the whole series of terms a -{- @ 4 a +- @ repeated as
many times as there are units in e. Now, & terms repeated ¢
times give a nmumber of them equal to the product & X e.
To multiply, therefore, the product @.b by ¢, or @ by the
product . ¢, gives the same result; hence, generally,
a. b ec=aXb.c;
and since @. b =1"0.a, b.c =ec.b, so we will have also,
bia o= eib = a.c X b,
and, in like manner,
a.e}b=¢.aXli=eXa.b;
and so on. 8o that we may evidently infer that three factors
multiplied in any order whatsoever, give constantly the same
product.

Threa factors.

Add now another factor, and make
aibicid=DPi

The first three may be changed at pleasure, and the factor
d will always multiply the same quantity ; but calling p the
partial product of the first two factors, the same product P can
be represented also by p.c.d, or by p.d.c; that is, resolving
again p into its factors,

But again, whatever be the order in which a, b, d are taken,
their product will remain unvaried; the factor d, therefore,
which was the last, can become the third, the second, and the
first, while the other three factors may be arranged from the
beginning in any manner whatsoever; but this evidently em-

Four factors.
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braces all the possible cases of combinations of the four fae-
tors; therefore, the product P made by four factors will be
always the same, whatever might be the order in which the
fuctors are taken., We may reason in the same manner when
the factors beecome five, because the first four may be changed
at pleasure ; considering then the first three as a single term,
the place of the fourth may be changed with that of the fifth,
which, together with the three preceeding, will always give the
- ... same product, whatever be the manner in which it is
combined with the others; the same consequence, therefore,
can be inferred with regard to five as with regard to four
factors, and the same with regard to six, with regard to seven,
and generally with regard to any number n of factors.
Sizntobegiven  § 31 It remains mow for us to see what is the
to the product of | "

sevoral fuctors. — 8ign to be given fo the product, when several
terms are multiplied. The factors are either all positive or all
negative, or partly positive and partly negative; in the first
case the product is evidently positive; in the
second it is positive likewise, if the number of
terms is even, because the first factor with the second mauke a
positive produet, which the third changes into another negative,
and this, with the fourth factor, makes again another product
positive; and so on. If the negative factors are three, their
product is negative; if four, positive; if five, negative; and
hence, generally, when all the factors are negative, their pro-
duet is positive, when their number is even; their product is
negative, when their number is odd. The sawe is to be said
when only a portion of the factors is negative; that is, when
the number of these fuctors is even, the total product is posi-
tive; when the number of negative factors is odd, the total
product is negative. In fact, the first negative factor after
some positive factors makes the whole product negative, and if
other positive factors oceur, the successive products will remain
still negative; but when another negative fuctor occars, then

Thres cases,
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