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PREFACE. 

Tms treatise may be considered as a sequel to the small Ele­

mentary Algebra, whose second edition, revised and enlarged, 

has just preceded the present publication. However, it is not so 

connected with the Elementary Algebra that it might not be 

taken alone, for it does not depend on the former in any of iti! 

parts, and is complete, as far as is allowed by the nature of a 

book destined for · the use of those who desire to be initiated in 

the study of Algebra. 

The reader, o,·on lloforo poru~ing tho present introduction, bas 

probably noticed the difference of type, intended to separate those 

subjects which are more accessible to pupils at large from those 

which suppose in the student either quicker parts or already some 

advancement in the study of Algebra. That is to say, the most 

elementary principles adapted even for those who, for the first 

time, open a book of Algebra, are printed in larger type: the 

other parts, which enter a little more into the secrets of the 

science, are prinfcd in smaller characters. 

We beg the reader, however, to observe, first, that the under­

standing even of the most elementary principles of Algebra and 

Geometry supposes always a certain degree of aptitude. Of this, 

one who for any time has had experience of the tedious labour of 

teaching, will render, without hesitation, abundant testimony. 

Another obserrntion to be made is, that the separation adopted 

in the present treatise, with distinction of type, does not trace a 

limit to be scrupulously followed, so that the teacher or the stu­

dent be compelled to go over all that is printed in large characters 

before commencing the rest. But it is left to tho discretion of 

the teacher to enter, more or less, into the subject where and 

when he will judge fit to do so. The teacher is fully aware that 

he must unquestionably labour, and must not be satisfied merely 
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4 PREFACE. 

with what he is to teach, but he should know much more. He 

should he master of the subject, and be competent to adapt it to 

the capacity of his pupils. 

The Treatise is divided into two parts, the first of which con• 

tains algebraical operations, with several questions and doctrines 

connected with them, so that each section may prove complete in its 

ow'n subject, >l.nd the inconvenience of returning elsewhere to 

speak of m>l.tt,er left unfinished before, may be avoided. The 

s>l.me method is followed in the second part, of which we will im• 

mediately say a few words. With this method, every thing is 

put in its own place, so that any one who would go over the 

whole uninterruptedly might h,we the adva.ntage of order, and 

of seeing, nt a. single glance, a.11 that c:ich subject embraces. Nay, 

the same n.dvnntngcs may be enjoyed by those also who will be 

able to overcome the first difficulties a.ta second or third reading. 

This method, we believe, has also the a.dvantage of contracting 

the bulk of the volume, which the same subjects, disorderly scat· 

tered, would render much larger. 

The second pa1't contains tho most indispensable theories of 

equations, proportions, and progressions, logarithms, and some 

few principles on the series. The doctrine of equations has been 

treated more copiously than the others, not so much on account 

of its importance, as because it is well adapted to give an idea of 

algebr,iic an .. lysis, nnd thus prepare the mind of the student 

who would afterwards apply himself to higher studies. 

GEORGETOWN COLLEGE, July, 1855. 
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TREAT I SE ON ALGEBRA. 

INTRODUCTORY ARTICLE. 

Mathematlce:their § 1. MATHEMATICS treat of quantities, name-

object. ly, of all that which can be numerically esti-

mated or measured. 

Their v•rious § 2. Hence, Mathematics, in their general 
branches. acceptation, embrace as many branches as there 

are species of quantities taken into consideration, and these 

vaxious branches are also distinguished by appropriate denomi­

nations, as Geometry, Hydraulics, Optics, &c. 

§ 3. Algebra considers quantities in an ab. 
Algebra: II• object. h . . .d . . . 

stract manner; t at 1s, 1t cons1 ers rn quant1t1es 

those properties and relations which are common to all the 

various species; and we may add : That which Logic is to 

mental philosophy and mental sciences of every description, 

in some measure Algebra is to the mathematical sciences. 

Generality of Al- § 4. Algebraic questions are consequently 
gebraic questions. . 
Algebraic symbols. quite general, as well as the symbols used to 

represent the quantities. These symbols are commonly the 

letters of the Latin and Greek alphabet. 

Algebrnlo ques- § 5. Algebraic questions and operations are, 
tions connected with . . . . 
sritbmetical que&- besides, strictly connected with numencal or 
lions. Relation of • h . l . B h 
magnitude. ant met1ca questions. ecause, w enever one 

quantity is compared with another of the same kind, for 
2 13 



14 TREATISE ON ALGEBRA. 

in~tance, weight with weight, space with space, &c., the rela­

tion is no other than numerical. This relation is a relation of 

magnitude. 

Relation of oppo- § 6. Another relation, we may say of oppo-
sition. sition, depends on the different manner of the 

existence of quantities. This opposition is designated by the 

denominations of positive and negative quantities. So, for 

cxa.mp1e, two forces acting in the same straight line, but in a 

direction opposite to each other, if compared, are respectively 

positive and negative. 
§ 7. When a quantity, for instance, a, is destined 

Signs. h . l ) . f to represent a positi,·e one, t e sign + (p us 1s re-

quently placed before it. When the quantity is negative, the 

sign - (minus) is always prefixed to the symbol. 
§ 8. When, therefore, in the same question 

Use of tho signs. • h I . . b . . 
we meet wit t 1e quant1t1es + a - , it 1s 

always understood that a is positive with reference to b, and b 

is negative with reference to a. And, vice vei-sa, if two 

quantities are given opposite to each other, and before the 

first we put no sign or the positive sign, the negative sign is 

then to be constantly put before the second. 

now_ opposite § 9. When quantities of different signs, sup-
quantities are mu• 
tually lnHuenced. pose two, are collectively taken, their value is 

then equivalent to a third quantity, which is the difference of 

the absolute value of them, and whose sign is either positive 

or negative according as the greater absolute value of the 

two quantities is that of the positive, or that of the negative. 

For example: two forces, + l3 and - b, if applied to the same 

material point and along the same straight line, their effect is 

the result of their simultaneous and collective action. But, if 

we suppose l3 to impel the point twice as much as b, or, which 

is the same, the absolute value of l3 to be twice as great as 

that of b, since the forces act in opposition, the effect of b 

will be counteracted by that of ]3; and one-half of B (which 
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is equal to b) will produce alone the effect in the positive 

direction of B. That is, the collective action of the two forces 

is equal to that of their difference, and this difference acts in 

the direction of the greater force. 

§ 10. When a symbol, for example, b, is adopted 
Coefficient. 

to represent a certain quantity, and it happens 

that in the same investigation another quantity occurs whose 

magnitude is twice, three times, &c. the magnitude of the 

former b; instead of making use of another symbol, or repeating 

the same, we write only once the symbol b, placing before it a 

figure to show how many times the quantity is taken. This 

number is called coefficient, which means rnalcing together 

with the symbol, the whole of a quantity. If, for instance, 

the quantity B is three times as great as b, or C five times 

as great as c, instead of writing B and C, we would write Sb 

and 5c. 

When two or more terms differ only in the 
SimHar terms. 

coefficient, they are termed similar. For ex-

ample, 5b, 2b, or Sc, 7c, 12c, are similar terms. 

§ 11. Let us remark here also, than when a 
Sign of addition. • • b dd d h . b quantity 1s to e a e to aoot er quantity, 

for instance to a., or several quan tities arc to be added to 

another, this addition is commonly expressed by interposi,1g 

between the quantities or terms the positirn sign +, which, 

for this reason, is termed also a sign of addition. Suppose, 1or 

example, that the quantities b, c, d are to be added to a, this 

will be indicated by writing, a+ b + c + d. 

Sign of subtrac- § 12. ·when, on the contrary, a quantity ib to 
lion. be subtracted from another, the quantity from 

which we subtract is first written, then the other, and the 

negative sign is placed between them. If, for instance, bis to 

be subtracted from a, we will write a - b. 

Equations and § 13. Comparing t,1gether quantities of the 
inequalities. same kind, for example, weights with weigLts, 
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surfaces with surfaces, &c., we will find them either equal or 

not. Suppose now, for the sake of simplicity, only two such 

quantities, which we will call a, b. If they are equal, then 

we write a = b, and the sign ( = ) of equality is read equal to; 
the terms so compared, considered as forming a single expres­

sion, are called an equation. If the same terms represent two 

unequal quantities, then a is either greater or less than b; in 

the former case the inequality is expressed by writing a> b, 

in the second, a< b; that is, we place between the terms the 

angle, or sign of inequality, with the vertex towards the less 

of the unequal terms. 

Monomials and § 14. Any algebraical expression whose sym-
polyoowlal,. bols are not separated by positive or negative 

signs, or the signs of equality or incq uality, is called term or 

monomial. For example, the symbol b, together with the 

coefficient 5, constitute the monomial 5b. When two terms 

are separated by a positive or negative sign, the expression is 

then called binomial; if three such terms are separated in the 

same manner, they form then a trinomial, &c.; and in general 

these expressions are called polynomials. 

Membersofequa- § 15. When two or more terms are separated 
ticns. by the sign of equality or inequality, these 

terms constitute the members of the equation c,r inequality. 

For example, in the equation, a+ b + c = m - n, the tri­

nomial a+ b + c forms the first member, and the binomial 

m - n the second member of the equation. Likewise, in the 

inequality p + q > f- d, the first binomial is the first mem­

ber, and the second binomial forms the second member of the 

inequality. 

Con,t.,ot and § 16. Any alb"ebraical expression whose value 
varlttble quantities. 
1,·unctlons. depends on the value of a variable quantity, is 

called function of that variable_ For instance, the monomial 

6x depends on the value given to x. So. likewise, in the 
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equation, y = a + x, supposing a an invariable or constant 

quantity, and x variable, y necessarily depends on the value of 

:r; hence, y is a function of x. "When such quantities as y 

are functions of another, or other quantities, this is expressed 

by the index f, and, instead of writing, for example, y or 

a+ x, we simply write, /(x), or y =f (x). The index/ 

must be varied when different functions occur in the same 

question, and we then make use of F or ,p, ot· some other 

letter. 

When, therefore, a quantity a, or several quantities a+ b, 

&c., arc submitted to any operation, the result is a function 

of those quantities, because it depends on the same quantities; 

so that, if instead of a or a+ b, we should submit to the 

same operations other quantities, for instance, A and A + B, 

the result would necessarily be different. But if two or mo;c 

quantities are equal among themselves, and are submitted to 

the same operations or equally modified, the result must 

necessarily be the same. Hence, if a is equal to b and c, &c., 

and a is submitted to such an operation as to give for result, 

/(a), if we submit b and c to the same operation, with the 

eq~tion, a=b=c= .... 

we must have also, 

f(a) =f(b) = f(c) = .... 
That is to say, the members of an equation equally modified 

fc,nn another equation. 

This deduction cannot for the present be developed nor 

illustrated by examples, but its frequent application will soon 

supply copious illustrations. 

111o~rncation ~r . § 17. Quantities are essentially capable of 
quantities; their • d d' . . d .d . 
mutual relations. rncreasc an 1mmut10n; an cons1 enng any 

quan tity in an abstract manner, we cannot conceive any other 

modification of it, except that which is performed by addition 

or by subtraction, or by equivalent operations. Again, 
2* 
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quantities may be compared together, cithe1· by a simple or 

complex comparison. This i~ all that concerns quantities, 

Di<islon of tho generally considered; hence, Algebra may bo 
treatise. conveniently divided into two parts: the Jh:st of 

which bas for its object operations on quantities; the second, 

to investigate and discover the properties, connections, and 

d<>pendences of quantities, according to their various com­

parisons and combinations. 



FIRST PART. 

ALGEBRAIC OPERATIONS. 

CIIAPTER I. 

DEFI:'<ITIONS AND OPERATIONS ON J\IONO)fIALS. 

ARTICLE I. 

Addition and Subtraction. 

Al~ebnk•nd § 18. ADDITION.-Numcrical or arithmetical 

~~\\~.~•ti""~':::: addition consi~ts in finding out a number containing 

porod. in it~clfas many units and fractions of units as there 

arc in all the numbers to be added together. For example, to 

find out the number 12, which contains in itself as many units 

as there are in the numbers 2, 4, 6, is to make the sum or 

addition of these numbers, and this sum is expressed (11, 13) 

by 2 + 4 + 6 = 12. But, with regard to algebraical quanti­

ties; for instance, a, b, c, . . .. , although the sum is repre­

~cntcd as in numbers, namely, a+ b + c + ... , yet, on 

account of the more general signification of the algebraic 

symbols, the operation is not equally simple as for numbers. 

The quantities represented by algebraic symbols have, indeed, 

ii numerical value; nay, this value is the one taken into 

account in addition, as well as in other algebraic operations. 

J3ut quantities may have either a p<>sitive or a negative value j 

so that a, for example, may be negative with regard to b and c. 

Then the numerical and relative value of a is to be expressed, 

for iostancc, by - 3, while the others are expressed, suppuso 

by+-! and + 5: in thi~ sum or collection the negative part is 
19 
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destroyed by the positive, and since 5 + 4 = + 9 and \J--

3 = + 6, a quantity m, whose numerical value is + 6, will 

represent the sum of the g iven quantities a, b, c, and we will 

have a + b + c = m. 
From these remarks we deduce the following definition, and 

two practical rules : 

Definition of The sum of a number of quantities is a mo-
algebruic addi• . . . 
tion. nomial, wliose numerical value is the excess of 

the numei·ical value of the qiiantities affected by one sign, 

over the numerical value of the quantities affected by the 

opposite sign, an<l the sign of which is the sign of the same 

excess. 
Terms all ar- Some consequences easily derived from this 

feeted by the 
same sign. definition will make it more clear. First, if all 

the quantities to be added have either a positive or a negative 

sign or value, the sum has, likewise, a positive or negative 

value, and the numerical value of this sum. contains as many 

units and fractions as there are in all the numerical values of 

the quantities, added exactly as for numbers. Secondly, if the 

Equal nume- numerical value of the quantities to be added 
rical value of . . 
quantities af• amount to the same for those which have a pos1-
feeted by oppo- • • • 
site ,igns. t1ve, and for those which have a negative value, 

the sum is then equal to zero. A third consequence needs 

not to be pointed out, since it obviously appears from the 

definition itself. 

RuLE 1.-When the quantities to be aclcled ai·e 
Rules. 

merely represented by symbols, we consider them as 

having a positive sign, and their sum is expressed by wi·iting 

in S1lccession the same quantities, ancl placing the positive 

sign between them. 

For example, the sum of the quantities 

a, b, c, d, .... 

is expressed by a+ b + c + d + .... 
Ruu: 2.-TV!ien the sign is placed before the quantities to 
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be added, then the sum is represented by m·iting, likcwlsc, tlie 

symbols in succession, each with its own sign; but the sign of 

the first is not written unless it be negati·ve. 

For example, the sum of the quantities, 

a, b, c, -g -h -k, 

is expressed by a + b + c - g - h - k. 

It is evident that a sum will be always equal to a certain 

unvariable monomial expression, whatever be the order in 

which the terms are written. So, for instance, calling m the 

equivalent monomial expression, we may write 

a + b + c - y - h - le = m, 

or a-g+ b-h+c-k = m, &c. 

The proposed examples arc the most general. In more 

particular cases there occur simplifications or reductions of 

terms, which we will soon see in other examples. 

Doctrine of ~ 19. We have already remarked, that the sign placed 
signs. before a symbol is not always tho same sign as that of 

the numerical value of the qmmtity represented by it; and although, 

generally, the quantity a or+ a is considered as having a positive 

numerical value, and tho quanity - b, a negative numerical value, 

it hn.ppens, however, in mathematical investigations, that tho numeri­

cal value of a positive quantity is sometimes found negative, and vice 

versa. IIonce, some questions arise concerning the final sign to be 

given to a quantity, which deserve to be notiood here. And, to givo 

to our researches a quite general charn.cter, let us first remark, tlrnt 

one or more signs by which an algebraical symbol can be occasionally 

affected necessarily affect the numerical value itself, and vice versa; 

secondly, an algebraical symbol is frequently a symbol of another, 

or other symbols, sometimes affoct<!tl by the same, sometimes by the 

opposite signs. For instance, we may have 

a=+A 
or a =-A; 

hence, +a= +(+A), or +a= +(-A) 

-a=-(+A), or-a=-(-A). 

Product of The expressions of these two sets are manifestly 

signs. opposite, but + (+A) is equivalent to +A; hence, 

- (+A) must be equivalent to -A; again,+ (-A) is equivalent 
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to -A; hence, - (- A) must be equivalent to + A. Therefore, we 

derive this general inference : 

A double sign placed before an algeb,·aical symbol, is equivalent to the 

positive sign, when the two are eithP.r both positive or both negative; it u 
equivalent to the negative sign, when one of the two is positive and ·the 

other 11egative. 

But, suppose A to be a symbol of another algebraical symbol; for 

example, + "- or -"-, we will have 

++A=++(+a), 
or ++A=++(-a), 
and, continuing the same process, we see that any number of signs 

may affect an algebraical symbol, but the same signs may be easily 

reduced to a single one. When, for example, b is affected by a num­

ber of signs, as follows: 

+--+-b; 
make first, + - b = c, we will have 

+--+-b=+--c; 
make again, - - c = d, we will have 

+--+-b=+d=d; 
but +-b=-b; hence, c=-b, 
and --c=+c; hence, c=d, 
and consequently, d = -b; 

but d=+--+-b; 
hence, +--+-b=-b; 
and in general, when the original number of signs contains au even 

number of negative ones, the final sign is always positive; and when 

the original number of signs contains an odd number of negative, the 

final sip:n is always negative. In fact, no sign is changed from posi­

tive into negative, and vice versa, except by the influence of a preceding 

negative sign; hence, the first negative sign determines a negative 

sign for the symbol, the second ~hanges it into positive, tho third into 

negative, &c. 

The analogy between the mutual influence of signs when applied to 

tho same quantity, and the influence of terms affected by different 

signs when multiplied together, has given to the final sign in question 

the name of product of signs, although this result is altogether 

different from that of multiplication. 

EMmples and 
probleu1s. 

§20. Let -2b) +m) +3b) -3m) +/) 

+ 2m) be terms to be added. In this example, 



OPERATIONS ON MONOMIALS. 23 

the similar terms, - 2b, '-I- 3b, and + m, - 3m, + 2m may 

be reduced to a less number,. because (9) 3b - 2b is evidently 

equal to + b or b, and rn + 2m = 3m; hence, m + 2m - 3m 

= 0; therefore, the sum Qf all the terms is given by b + I, 
that is, - 2b + m + 3b- 3m + f + 2m = b + f 

Let the terms given for another addition be 16m) + 12c) 

- 41') + s) -12m) - 13c) - 3s) + r) + c) - m) + 71·) 

-- 13s ). Select first the similar terms, and dispose them as 

follows: 
+ 16m + 12c -4r 
- 12m -13c + r 

m + C + 71• 

+ s 

3s 

-13s 

Sum + 3m O + 4r -15s. 
And since the collection of the separtial sums gives the total 

sum, we will have 

16m + 12c - 41· + s - 12m -13c - 3s + 1· + c 

-m+ 71· - 13s = 3m+ 41·-15s. 
From these examples it is plain, that the addition of simple 

monomials consists in a bare reduction of similar terms, and 

this reduction is performed by taking the sum of their co­

efficients when they are affected with the same sign, or by 

taking the difference of the same coefficients when affected 

with opposite signs. Let us now propose some problems to be 

resolved with simple addition of monomials. 

Twelve divisions of soldiers, containing each 
Flrsi problem. 2 Id' . l h h n so 1ers, are m a caste w en t e enemy com-

mences the attack; 2 of these divisions take to flight during 

the assault; 4½ divisions perish in the conflict. The assailants 

gain the battle, and their general with 8 divisions, each con­

taining 1· men, enters into the fort when it is still occupied by 

the defenders. 

We ask what is the amount x of combatants in the fortress 

after the en trance of the victorious general ? 

This problem, besides giving another example of addition, 
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gives also occasion to exemplify stilL more the relative signifi­

cation of positive and negative terms. The quantity here 

inquired is a number of men; considering, therefore, as posi­

tive all that tend to add to this number, we must consider as 

negati,·c all that tend to diminish the same number, being 

m'idently quantities opposite to one another. Ilence, the 

terms given by the problem, will be as follows: 

Twelve divisions of men, each containing 2n soldiers; give 

the term, + 12 . 2n, or + 24n. 

Two divisions of men leaving the fort, give the term 

-2 .2n, or -4n. 

Four and a half divisions lost in the battle, give the terms, 

- 4 . 2n, - n; that is, - Sn, - n. .,,, 

The general entering into the castle, gives the term, + 1. 

And the eight divisions containing each 1· soldiers, give 

the term, + 81·. Ilencc, we have for the required amount 

24n - 4n - Sn - n + 1 + Sr; 

which gives x = lln + 1 + Sr. 

ro;°t~~'.in~~ W c may here remark, that x, as well as y and 

qu.,ntlties. ::, and some of the other last letters of the alpha-

bet, are usually employed to represent the quantities to be 

found, or gcucrally unknown quantities. 

Numcrkol•p• But to render the case more determined, sup-
plie:utous or tho 

pro~Iom. pose n = 50 and 1· = 80, we will have from 

x=lln+ 1 + 8r, 
X = 1191. 

If, instead of n = 50 and 1· =- 80, we taken = 80 and 1· = 60, 

then we have x = 1361. 

Goner•! ch,- And so we could resolve any number of cases 

;~\~~1°r 4~;:. by substituting other values for 1· and n. And 

tiou•. f ti . ti 1 . h I 
rom us 10 <"J.rncr may appreciate t e genera 

charncter of algebraical questions. 

Four hunters agree to meet together at the verge 
Problem 2. • 

of a nver after hunting. 'rhe first of them shoots 
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n birds, the second, twice the ~tune number, and 21· birds 

besides; the third shoots as many birds as the first and second 

killed together; the fourth docs not shoot any, but seeing the 

good success of his companions, takes the birds brought by 

the first, and one-half of those brought by the second, and 

throws them into the river. 

How many birds remained after this? and bow many birds 

were brought by the hunters? 

Aus. to the first question: 

x=4n+31·. 

Ans. to the second question : 

y = 6n+4r. 

Suppose n = 10, 1· = 9, then 

x=67, y=96. 

~uppose n = 9, 1· = 10, then 

X = 66, y = 9-l, &c. 

§ 21. SunTRACTIO~.-To subtract a quantity b 
Dilferencc. 

from another quantity a, means, to find the difference 

between the two quantities; and this difference, which we 

will call d, is such, that if added to the quantity b, the 

sum will be a. llence, we ruay briefly gil'c the following 

definition : 

To subtract b from a, means to find out a 
Definition. • d 7 • 7 rld l b . N ) 

quanlil!J , w,uc,i a ei to gives a. 1 ame y, 

d+b = a. 

Now let us add the term - b to both members of this equa­

tion, we will have d + b - b = a - b, that is 

d = a-b. 

Suppose, again, b equal first to + !/, and secondly to - g; 

we will have, in the two cases, 

-b=-(+g) 

-b=-(-g). 

But in the second case, the value of b is oppo­
Result of Eigns. 

site to that of the same b in the first case, con-
3 
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sequently, since - ( + g) = - (g ), or since in the first ca_so 

- b = - g, in the second we will have - b = + g; that 1s, 

- (-g) = + g, which exactly corresponds to the doctrine 

of sigus (19); hence, with b = + g, we have 

d = a-b=a-g; 

and with b = - g, we have 

d=a-b=a+g. 

In the first case we obtain the difference d, by adding to a a 

quantity opposite to + g; in the second case the required 

difference is obtained by adding to a a quantity opposite to 

- g; hence, follows this general rule : 

Rule for sub- The quantity b is subtracted from a, by adding 
traction. to a a quantity opposite to b. 

General ex- Thus, for example, - k is subtracted from h, 
amples. by simply writing 

h+k, 

and m is subtracted from n by writing 

?i-m. 

These are the most general examples of algebraical sub­

traction of monomials. We will soon propose other examples 

and problems, in which the difference can be expressed by a 

single term. 

Ori terion of ~ 22. Let us here observe, that when the difference 

mag11itude. n-m is positive, then n is said to be greater than m; 

when the same difference is negative, then n is said to be less than m. 

The difference, therefore, between two quantities, is the criterion of 

their relative magnitude; and since by substituting for n any positive 

number or numerical value, and for m any negative number or 

Any po,itive numerical value, the ilifference is certainly always posi­

:r"'t~~•; ,/ii"!; tive, so it follows that any positive number or quantity 

gotive. relatively considered is greater than all negative ones. 

Again, substituting for n and m negative numerical values, but the 

absolute value of n less than the absolute value of m, the difference 

is, likewise, always posit.ive; therefore, the greater of two negath·e 

quantities or numbers, relatively considered to a certain term, is that 
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T,vofold accep- which has a less numerical value. We may illustrate 
fatlou of num- the same doctrine as follows: observing first, that num­

bers. bers are either considered as terms of comparison, or as 

symbols by which one or more existing objects may be designated. 

When we consider numbers under this last point of view, tbe only 

cipher zero, which excludes all numerical signification, is and signifies 

nothing. When we consider numbers as terms of comparison, zero is 

/ a term to which we may refer all the others as to any number. So 

it is evident that to say three units above zero, or two units below five, 

conveys the same conception of the number three. Nay, the term 

The teru11.ero zero is the central term between the ascending series of 

t~::,11 ~~ :,";.~ positive, and the descending series of negative num­

parisoo. bers. This being admitted, we observe, moreover, that 

with regard to positive numbers, all agree that tho greater among them 

is that which is farther from zero, the term below all positive num­

bers; but zero is in an equal manner above all negative numbers, and 

the more above, tho more they increase in absolute value; referring, 

therefore, to the same term, zero, negative numbers, we infer that 

among negative numbers relatively considered those are less that have 
a greater numerical value. 

Examples and 
problems. 

§ 23. From 5b subtract 4b; 

we will have the difference 

5b-4b = b. 
From 4b subtract 5b; 

we will obtain 4b- 5b = - b. 

From 5b subtract - 4b ; 

we will have 5b + 4b = 9b. 

From - 5b subtract - 4b; 

we will have - 5b + 4b = - b. 

From - 4b subtract - 5b; 

we will have - 4b + 5b = b. 

Ten men pull, with a rope, a heavy stone in a 
Problem I. . h 1· f A d B d . h r stra1g t me rom towar s , an wit a ,orce 

10n. Seven more men pull the same stone in an opposi te 

direction, namely, from B towards A, with a force 7n. What 

is the difference x of the action of these two forces ? 
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Ans. It is plain that, considering the action which moves 

the weight towards B as positive, the opposite action must be 

negative. Hence, the two terms in question are + 10n - 7·:i. 

Now the second is to be subtracted from. the first, therefore, 

Numet'icalap­
pllcations. 

x = 10n+ 7n = 17n. 

Suppose n = 10 pounds, we will have 

X = 170. ·P· 

Suppose n = 15 pounds, we will have 

x=255 .. . p. 

Four workmen cut each n pieces of timber, and 
Problem 2. 

three boys cut each r pieces. What is the differ-

ence between the two numbers? 

Ans. x = 4n-3r. 

Numcrlcalap- Suppose n = 50, 1· = 30, then 
pUcations. X = 110. 

Suppose n = 90, 1· = 40, then 

x=240. 

Let us observe, that when we mereiy intend to take the 

difference between two numbers affected by the same sign, we 

only attend to the numerical value. 

ARTICLE II. 

Multiplication and Division. 

Jn what mu~• 
tiplicatiou eon• 
sir.its : nomen• 
clature. 

§ 24. i\:IUJ,TIPLICATION.-To multiply a mo­

nomial a by another monomial b, means to find a 

quantity p, whose numerical value is equal to the 

product of the numerical values of a and b. The monomial a 

is termed multiplicand, b m1dtiplier~ and both, factors. The 
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Vorlousman• quantity p is termed prodii,ct, and this product 

:.e;~in~t;:~: is represented by the factors in any of the follow­
duct. ing manners : 

a . b, a X b, ab, 

and each one of tllese expressions is read a multiplied by b, or 

simply ab. 

Definition of ~ 25. Tho definition and description of numerical mul-
numeric.•,1 mul• 
tiplica!iou. tiplication is frequently given as follows: Multiplica-

tion is tho addition of the multiplicand repeated as many times as 
thore are units in the multiplier. This definition (when we merely 

consider tho absolute value of the product) is correct so for as the 

nmltiplier is a whole number; but when it becomes a fractional one, 

that is, when tho multiplier is a fraction of unity or oven contains 

some units, but a fraction of unity besides, the given definition can­

not then be 1·igorously applied. A definition which comprehends the 

object in its full extension, supposing, namely, the multiplicand A and 

the multiplier B to be any two numbers, is tho following: To multiply 

A by B, is to derive from A through addition a ntimber i1i the &ame man­

ner aa, through the additwn of the &ame ekment, the number B i3 derived 

from positive unity. That is, the operation to which positive unity 

must be submitted in order to give through addition tho number B, is 

the same operation to which A must be submitted to obtain the pro­

duct of the numbers A and B. Now, B r epresents a rational number, 

(either whole or fractional,) or an irrational one. Lot us examine 

each of these cases, and we will have a complete explanation of the last 

definition. 
Case or the Suppose, first, B a whole and positive number. The 

~-~~t~~;mber simple addition of unity repeated as many times as there 
And posit.-•e. are units in B, is the opero.tion to be made about unity 

to derive from it B through addition. Tho multiplication, there­

fore, of A by B, consists in this case in making the addition of A 

taken as many times as there are units in B, which accords exactly 

with the first definition. From this we derive a consequence concern­

ing tho sign which affects the product; a. consequence applicable also 

to the co.ses to be considered hereafter. 

Consequence 
concerning the 
sign ot' the pr~ 
duct. 

Since positive unity, taken as it is, forms by repeated 

addition the positive multiplier B, so A, taken as it is 

given, and repeatedly added to itself, gives the product 
3• 
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of A by B. IIeucc it follows, tha.t when A also is positiYe, the pro• 

duct is positive. But when the multiplier A is given ncguth·e, and 13 

is still positive, then the product, being a sum of negatirn terms, is 

necessarily negative. Suppose now, B a whole negative number, then 

B cannot be immediately obtained from positive unity, but we must 

Tho multiplier fi r st change its sign. But according to the definition, 

noialive. to obtain tho product of A by 13, we ought to operate 

about A as about positive unity to obtain 13. So in tho case of B 

ncga.tivo, the sign of tho roultiplicnnd A is to be changed; then obscn­

ing how many units are in 13, ndd A to itself, as in the preceding 

case, but with the sign changed, which, consequently, is the sign ot 
the product. 'fhcrcforc, when 13 is ncgntiYc, ancl A also negative, the 

product is positive; when 13 is negative but A positive, the product 

then is negative. Hence, the known rule, like signs giYC a positive 

product; unlike signs, negative. 

°''." _or the When 13 is a fractional number, ha,·ing, for example, n 

~~::!ther frae· for its numerator, and m for denominator, in this cnsc, 

to obtain 13 from unity, we must take, first, one m•• part of unity and 

acid it n times to itself, because in this way only, through the n,hli­

tion of the same clement, we can derive 13 from unity. Opernting now 

upon A in like m1nmcr, we will ho.vc first~. which represents the .,,. 
t1t

th pnrt of A; to.king thon n times this element, which is expressed by 

placing tho ooefficint n before ~. we will hM·c tho 1>roduct ,/~, corrcs-
11, 111, 

ponding to tho factors A, !! . .,,. 
Caso of the In one of the following po.ragraphs we will dwell on 

irrationRl fac,- . . . . 
tors. Hrational numbers. For the present 1t ,s enough to 

observe tluit. they cannot be expressed liko rationa.l numbers, although 

we may conceive a series of rationals, continually and indefinitely 

approaching to any irrational. Hence, whenever an irmtiona.l number 

is to bc used for any purpose, we must necessar ily make use of a 

rnt ional near it. Thcrcfo1·e, in the case of irrational numbers, the 

multiplication will be pe1-formecl with rnt,onal numbers, o.ncl, conse­

quently, the foregoing remarks arc applicnble to this case al~o. 

Arithmetical § 26. Considering the numerical value and 
rulcsappli<.-ablo . . . . . . 
to<1uantitics. sign of quantities, 1t 1s plain that t he same 

arithmetical rules are to be followed wit h regard to quantities 
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for that which concerns the form and sign of the product. 

The rule of signs may be derived indeed from the definition. 

But since all agree in admitting that + a, multiplied by + b, 

gin,s a positive product-, we may infer the same rule as fol­

lows : 

uutuol influ- The factors are mutually influenced in effecting 
•nee of ,:,cto,s. the product, and this influence is twofold: the one 

numerical, or of magnitude; the other of sign. Suppose, now, 

tbe numerical value of the factors + a, + l, to remain un­

yaricd, and change the sign of either of them; this change 

must necessarily affect the product + p, and this cannot be 

done except by the change of the sign of the same product, 

and so admitting 

+aX+b= + p, 
we must admit, also, the two following equations : 

+aX-b=-p; 
-ax+b=-p. 

Take again either of tl1c$C two equations, for instance, the 

last, and change the ~ign nf I,; this will again produce an 

equivalent change in the product, and we will have 

-aX-b = +p. 
Treating of the multiplication of polynomials, we will come 

to the same consequence by another process; meanwhile we 

may infer the general rule. 

'l.'lie sign of the product is positive uhcn both 
Rule of signs. fi tJ' d . 1 1 • • • . actors arc o. ccte wit,i tac same sign : tt is nega-

tive when the factors are ajfccteil with opposite signs. 

In the practical application of this rule we usually say, 

plus by plus, or minus by minus, g ive plus; plus by minus, 

or minus by plus, give minus. 

Various forms § 27. Thus far we have considered the factors 

~I 
th

~.r.::,me~if in thei r most general accept,ttion, and only two. 

quantities. But the numeric-al Yalue, which is the one taken 

into account, specifies in some measure the quantities, because 
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this value is either whole or fractional; hence, four cases can 

take place with regard to the factors a and b. We may first 

suppose the numerical values of both of them to be whole 

numbers; secondly, both fractional; thirdly, the numerical 

value of the multiplicand a whole number, and that of the 

multiplier fractional, and we may finally suppose the multi­

plier r. whole number, and the multiplicand fractional. 

The student being familiar with the numerical operations, it 

is not necessary here to dwell upon them: it will be profitable, 

however, to place before his eyes the general formulas of those 

which concern our present question, leaving, if necessary, to 

the teacher the care of making numerical substitutions. 

m~i~:~•r~} ~~~ Suppose m, n, le, h to represent whole num-

mcrl·al multi• b d n It f . w· h h 
p!k>1lon. ers, an -, 

7
, ract1onal ones. 1t t em we may 

m IC 

represent the aboYc-mcntioned cases; and calling p the pro-

duct of ni by n, we will have 

m.n=p 

!: . ~ = n . h and ~ . !: = h.:..!!:.._ 
mlc m.k km lc . m 

(/) 
h m.h dh h.m 

m. k=~an k.m=~ 

n 1 n.h d' n h.n 
l;;;;: . ,i = ~ an ,i • ;;;;: = --;;-· 

From these formulas we will soon derive a general and use-

ful consequence. 

How the•rith- ~ 28. Let us observe, meanwhile, that the arithmetical 

:::~i:?;i{c~t~~f rules expressed hy the (J) cannot be arbitrary, and if 

follow from the right, they must necessarily follow from the definition of 
definition. multiplication. Examining (25) the case of a frnctional 

multiplier, we bnvc touched thi~ subject, which we will develop here. 

And, fh·st, suppose : to be the multiplicand, and ~ the multiplier, 

which indicates that the n•• part of unity has been taken m times. 
h m 

Hence, to obtain the product of k by n' according to the definition 
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(25), the n th part of i is first to be determined, and the same is then 

h b f"' h s . to bo taken m times. Now, t e 11
1 part o k 1s G ' upposc, m 

Mechanical art!• fact, a straight lino divided into h equal p,1rts, these 
fiee. showing the /. 

aa 1uot part or" parts may 1·ep1·esent the h of the fraction -k'; suppose, 
frsetiou. 

besides, each one of these parts to be subdivided into n equal 

parts, (which is the samo as dividing unity into n . k parts,) the h 

part of our line will then become /1. n, but each one of these is 

equal to the (k. n)'h part of unity ; therefore, the /1. n parts of the 

lin . h. n b h 1· e will represent the fraction k.n' ut t e same me represents 

. h 7, h.n 
also the fraction k; therefore, k = k.n· Compare now together, the 

fractions k..!::_ and hk • n; the first is n times less than the second, but the 
.n .n 

. h h . h /, h' h . 
second 1s equal to k; therefore, k . n is n times less t an k' or w 1c 1s 

the same, _kh is the n th part of ~k. To complete now the multiplica­
. n 

tion of i by ;, the nth part of the first fraction is to be taken m times, 

which is evidently obtained by multiplying by m the numerator h of the 
. h h m hm . 

fraction k. n' Hence, k.; = kn' exactly as the rule prescribes; tho 

product of one fraction multiplied by another is equal to another frac­

tion whose numerator is the product of tho numerators of the factors, 

and the denominator is the product of the denominators of the same 

factors. 

Let us now come to the cases of the multiplicand whole number, 

and of the multiplier fractional, and vice versa. In the first of these 

two cases, reasoning Ml above, we will have m. i = m ~ h; and in the 

d 't. I • h n h t1. h Th . 1 d f 1 secon , 1 1s p am t at ;;; . = -;;;-· at 1s, t 10 pro uct o a who o 

nwnber by a fraction, and vice versa, is obtained by multiplying the 

numerator of the fraction by the other factor. 

Tbemultipli- § 29. The product p of the first formula (/) 
cand may be-
come multi, is given by m units, repeated n times. But to 
plier, and vice 
w· . .a. without add m units n times, is the same as to add n units 
alTecting the 
product. m times. ·we can see it by making use of a 
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mechanical artifice. Range on a horizontal line a row of m 

Case of the dots, and from each dot draw a vertical lioc; 
fart •rs : whole • d 
numbers. range again on each one of these verticals n ots, 

commencing with that already marked on the horizontal line. 

In this manner we have 1n dots repeated n times, and conse­

quently the whole number of dots is the product of m, by n. 

But since, on each vertical line there are n dots, and these 

lines arc m in number, we have also n dots repeated m · 

times; r bat is, the product of n by m given by the same num­

ber of dots; hence, we u,ay always write 

m.n=n.m. 

Other.,.__ Therefore we may write also n. li = li . n, and 

' ' d I n. h li. n b £, •h m. 1c = 1c • m, au consequent y m _ le = k. m' ut irom • e 

n . h = _n . h_, and h . n = l._t- _ _ n ,· second of (/), we have 
m.le m k le.m le m, 

n h h n 
therefore, - - -m' le - le' m· 

Reasoning in tl1e same manner, we deduce from the remain­

ing formulas (/) that 

General lnf&­
rence f lr sl~o­
br:ilcsl factors. 

that 

h h 
m.k =,.;-m. 

Whatever be, therefore, the numerical value of 

the algebraical terms a and b, we generally infer 

a.b=b.a. 

The product § 30. The same inference may be applied to 

~f :;r~~~:"~~ any number of algebraical terms a, b, c, d, e .. . 

t~•;::•.w:,~~;T~ Observe first, that if any number of quantities, 

to~~ch .~• ~~~ having all a whole numerical value, bring the same 

posed. product whatever be the order in which tbey are 

taken; any number of algebraical quantities will bring the 

same product also when their numerical value8 are fractional or 

partly fractional, and partly whole numbers, whatever be the 

order in which they are taken, since the operation is always 
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performed upon the whole numbers of numerators and denomi­

nators. It is enough, therefore, to demonstrate here, that 

whatsoever be the order in which whole numbers, or quantities 

having whole numerical values, are taken, their product will be 

always the same. Let three such quantities be a, -
Three factors. b T l . l b b . k , c. o mu tip y a y , 1s to ta e a as many 

times as there are units in the numerical value of b; that is, 

a+ a+ a+ a + . Again, to multiply this product by c is 

to add the whole series of terms a + a + a + a repeated as 

many times as there are units in c. Now, b terms repeated c 

times give a number of them equal to the product b X c. 

To multiply, therefore, the product a. b by c, or a by the 

product b. c, gives the same result; hence, generally, 

a.bXc=aXb.c; 

and since a. b = b. a, b. c = c. b, so we will have also, 

b . a X c = a X c . b = a . c X b, 
and, in like manner, 

and so on. 

multiplied 

product. 

Four factors. 

a . c X b = c. a X b = c X a . b, 

So that we may evidently infer that three factors 

in any order whatsoever, give constantly the same 

Add now another factor, and make 

a.b.c.d=P. 

The first three may be changed at pleasure, and the factor 

d will always multiply the same quantity; but calling p the 

partial product of the first two factors, the same product P can 

be represented also by p. c. d, or by p. d. c; that is, resolving 

again p into its factors, 

a.b.d.c = P. 

But again, whatever be the order in which a, b, dare taken, 

their product will remain unvaried; the factor d, therefore, 

which was the last, can become the third, the second, and the 

first, while tne other three factors may be arranged from the 

beginning in any manner whatsoever; but this evidently cm-
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braces all the possible cases of combinations of the four fac­

tors; therefore, the product P ruade by four factors will be 

always the same, whatever might be the order in which the 

factors are taken. ,ve may reason in the same manner when 

the factors become five, because the fir~t four may be changed 

at pleasure; considering then the first three as a single term, 

the place of the fourth may be changed with that of the fifth, 

whicli, together with the three preceeding, will always gire the 

+ ... same product, whate,·tn- be the manner in which it is 

co111biucd with the others; the same consequence, therefore, 

can be inferred with regard to five as with regard to four 

factors, and the same with regard to six, with regard to seven, 

and generally with regard to any number n of factors. 

s1,n1oooi:h·cn § 31 It remains now for us to see what is the 
to lbe product of 
•••·cml faetors. sign to be given to the product, when several 

terms are multiplied. The fac:tors arc either all positive or all 

negative, or partly positive and partly negative; in the first 

case the product is evidently positirc; in the 

Threo ""-"''· second it is positive likewise, if the number of 

terms is even, because the first factor with the second make a 

positi,·c product, which the third changes into another negative, 

and this, with the fourth factor, makes again another product 

positive; and so on. If the ncgati\'c factors are three, their 

product is negative; if four, positive; if five, negative; and 

hence, gcucrall y, when all the factors arc negati vc, their pro­

duct is positiYc, when their number is even; their product is 

negative, when their number is odd. The same is to be ;.aid 

when ouly a portion of the factors is negative; that is, when 

the number of these factors is even, the total product is posi­

tive; when the number of negative factors is odd, the total 

product is ncgati\'c. In fact, the first negative factor after 

some positive factors makes the whole product negative, and if 

other positive factors occur, the sucecssi,·e products will rcm.iin 

still ncgati1·e; but when another negatil'C factor occurs, then 
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the product becomes positive, and such will remain until the 

third negative factor comes; and therefore, the following 

rule will determine the sign to be given to the total product 

in all cases : 

Rule. 

positive. 

The sign is negative whenever the number of 

negative factors is odd ; othei·wise, 1·t is alu:ays 

Product.of the § 32. ·when different factors are given, it may 

•
11m• factors. occur that some of the factors are repeated: in this 

case, instead of writing, for example, a.a.a, we write a•; we 

w11ite, narriely, a only once, and above it the number of times 

the same quantity is taken as a factor, and this number is 

. called exponent. Of such exponential quantities, 
Exponent. d f 1 • d • "JJ k f · an o t 1cir re uct10n, we w1 spea more ully m 

its proper place in the next article; however, we cannot omit 

here adding a few remarks concerning this subject, inasmuch 

as it is connected with simple multiplication. And first, if 

two or more exponential quantities, for example, b5 and b• are 

to be multiplied together, their product will be represented 

either by b5. i•, or by b9 ; since the signification of these ex­

pressions is the same, that is, the sum 9 of the partial expo­

nents 5, 4, signifies that b is taken as a factor nine times in 

both cases. Therefore, in cases similar to this, it is enough 

to write once the quantity, and give to it for exponent the sum 

of the partial exponents. Vice versa, since the number 9 

is equal to the ~um of 5 and 4, or 6 and 3, &c. \Ve may, 

for the same reason, write b9 = b• . b• = l,6 • b3 = .... ; and 

this also can be evidently applied to all similar cases. 

Observe also, that, since the order in which the factors are 

taken docs not change the product, (30,) the products a. a. b. b 

and a.b.a.b are equal to one another. Now, a.a.b.b = 

a•b•, and ab. ab = (ab)•; therefore, a•l,• = (ab)•, and for the 

same reason, if any numl:er of factors having the same ex­

ponent are to be multiplied together, we may write once tho 
4 
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product of the simple quantities, and apply to this product 

the common exponent; for instance, the product a•. b•. e8 is 

equivalent to (a.b.e)•. 

EXAMPLES-

Examplcsand § 33. Given factors. Product. 
problems. 

(1.) 3a, m.n, -~g, -r ..... + ?iagrmn. 

(2.) 16m, - 1211, - Jb, ~c, 
-gel/, ½fi, Jk ............ - mnbcodfhk. 

(3.) 4ab, - 2b~•, - mad, d3 .. + 8( abedlm. cl". 

(4.) -1abe, -3abcd•, 
¾abcde", - ½abedef' .. .. - ~A( abcdej)•. 

(5.) abcde, - abed, 
+ abc, - ab, + a . . . . + a•l,•1.,3 d2e. 

(6.) a•b, -be',+ ccl',-g'/5 .. + (ab)•.(ccl)•.(gf)•. 

(7.) ga3be, - b•c", + A a•b•e•, 
-4ad•+ ,1,1,ad ..... .. + (abccl)3 .(abc)•.(ab).a. 

(8.) 4a3, -5a.2b, -8ab\ 2b1 
•• + 320(a.b)8. 

(9.) a•b, -ab•,+ e, -d, 
+ cd, - abed, +de . .. - ( abed)• 

(10.) 4am, - 16be, + Jm•, 
-mn+ Jbrf, -bed .. -m•.!JS.&.a.n.1·.f.d. 

A general, in order to exercise his soldiers, ranges 

Problem. them on a field before the castle, and divides the 

whole army in two sections fronting each other, the one under 

the walls of the castle, the other opposite to it. During the 

exercise the general rides up and down between the opposite 

ranks, and when the exercise commences he rides, having the 

castle at bis right hand, and he goes n times up in this man­

ner, and returns n times to his former station. Each time tho 

general rides from his first position to the second, g ranks of v 

men pass from the left to the right hand of the general, and ~ 

ranks, each containing p men, pass from the right to the let'! 

hand. When the general returns to his former station, each 
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time / ranks of s men pass from his left to his right hand, 

and q ranks of t men pass from his right to his left. 

,v e ask, fir~t, how many ranks, and how many men go 

towards the castle: again, how many ranks and men march 

over to the other di.visions from the castle during the n times 

that the general goes from his first station to the opposite side 

of the field? 

Ranks ... n.g } . . 
l\'.I 

passmg on the castle side. 
en ...... n.g. v 

Ans. 

Ranks ... n.r } . f h 1 
l\I 

gorng rom t e cast e. 
en ..... n.r.p 

2d. How many ranks and men go to and from the castle 

the n times the general returns to his former station? 

Ans. Ranks ... n.q } . h 
1 "'.I gomg to t e cast e. 

i., en ...... n.q.t 

Ranks .. . nf } . f h 1 l\1en ...... n.fs gomg rom t e caste. 

3d. How many ranks and men go towards the castle, and 

how many go from the castle during the whole military 

exercise? 

Ans. Ranks .. . ng + nq } . h I 
.,.
1 

+ gomg to t e cast e. 
1, en ... . ngv nqt 

Ranks ... nr+nf} . f h · 
l\1 + 

, ;-. gomg rom t e castle. 
en .... m-p n ✓ s 

4th. What is the difference between the number of the 

ranks and men passing to the castle side, itnd that of the 

ranks and men passing to the opposite side? · 

Ans. Ranks ... (ng + nq) - (nr + 11/). 
Men ... (ngv + nqt) - (nrp + nf~). 

Or, if(ng-nq) and (ngv+nqt) are the less numbers, 

Ranks ... (nr + nf)- (ng + nq). 

Men ..... (nrp + nfs)-(ngv + nqt). 
Observe that, if we consider the passing from the 

Remarks. 
left to the right hand of the general · as positive, we 
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must consider as negative the passing from the right to the 

left. But referring the movement of the ranks to the castle, 

then when the going towards it is considered as positive, the 

going from the castle must be considered as negative. Again, 

considering as positive the going of the geheral from his for­

mer station to the opposite end of the field, we ought to con­

sider as negative his returning to the same station. Taking 

now the mo1•ements of the army first with reference to the 

castle, and then with regard to the general, and following the 

rules of signs, we will find in both cases the same resolution of 

the problem. 

A steamboat travels at the rate of n miles per 

Problom 2. h II ' j d h b 
our. ow many m1 es oes t c steam oat run over 

in ni days, travelling 16 hours a day? 

Ans. x = 16n..m. 

Suppose n = 15, m = 12, then 

x= 2880. 

Suppose n = 10, m = 20, 
x=3200, &e. 

§ 34. DrvrSJON.-To divide a quantity a by 
DellnlUon. 

another quantity b, means to find out such a quantity 

q, which, if multiplied by b, ought to give a for product; a 

is called dividend; b, divisor, and q, quotient. From the 

given definition it follows, that when the dividend is given, this 

is considered as the product of two factors, one of which is 

the divisor, and the object of the division is to find out the 

other factor. 

AlJ>:ebM\lcal The operation of division is designated as follows: 
expre111'iona of 
division. a b 

b' or a: , 

and each of these expressions is read a divided by a. 

The rule of signs for division must necessarily 
Rulo or 1lgo1. 

be the same as that for multiplication. Suppose, 

in fact, first a and b both positive, since the quotient q multi-
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plied by a positive quantity must give a positive product, q 

ah;o, in this case, cannot be but positive, that is, 

+a + b = +q. 
Suppose both dividend and divisor affected by a negative 

sign; in this case also the quotient must be positive. Because, 

- b multiplied by q ought to give a negative product, which 

cannot be obtained unless q is positive. Therefore, 

-a 
-b = +q. 

Suppose the dividend positive, and the divisor negative, in 

this case the quotient must be negative, because b, a negative 

quantity multiplied by q, ought to produce a positive, which 

cannot be obtained except with q negative; hence, 

+a 
- b =-q. 

The last case is when b is positive and a negative, and in 

this case also, the quotient is negative; because b, a positive 

quantity multiplied by q, ought to give the negative a, 

which necessarily supposes q negative; hence, 
-a 
+b =-q. 

We infer, therefore, the general 

Tlie sign of the quotient is positive when both 
Rule. 

dividend and div'isor are affeded by the same sign; 

the sign of the quotient ·is negative when the di·videncl and 

cl ivisor are affected b9 d?°ffei·ent signs. 

Some, for brevity's sake, express this rule common to multi­

plication and division, as follows :-Like signs p1·od1icc plus, 

and unlilce signs, minus. 

various nu- § 35. Observe here again that the numerical 
merical values. values assignable to the algebraical terms em­

ployed in division may be either whole numbers or fractional, 

and consequently, the quotient i;' numerically considered, em-

4"' 
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braces four cases corresponding to those already considered 

(27'/) for multiplication, and which we will represent here with 

corresponding formulas, and according to arithmetical rules: 
m 

m:n = n, 

n h n.k 
m:k = m.h' 

Ii mlc 
.m:7c=y, 

n n 
-:h= - h· 
ni ni. 

These rules for division are founded in the definition. In 
fact, if we multiply the quotient or the second member of 

each one of the preceding equations by the corresponding 

divisor, the product will result equal to the dividend. 

m 1n.n n 
-;·n = ~ = m·;;: = m, 

n.lc h n.lc.h n .lc.h n !ch n 

m.h. k - m.h.k- m.k.h - 111,. kh - m' 

m.lc Ii m.lc.h kh 
h · k = Ii .le = m · k. h = m, 

n Ii _ n .li _ n li _ n 
m.h' - m.li - m'h-m,· 

Numerical § 36. The numerical values of each element of a 

~~u:J 0 ~~~ compound monomial sometimes are given separately. 

mi.ts. In this case the ultimate reduction for multipli­

cation and division involves some complication. Let us here 

examine the case of monomials, having the fractional form, 

and suppose i and ~ to be such monomials. Representing by 

m, n, p, r, s, t, u, v whole numbers, let the numerical value 

of a be represented by ~, and that of b by .:e., that of c by 
n ,. 

Case of mu!- s d h f d b u A d 
tiplieatioo. - , an t at o y -. n to commence with 

t V 
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the case of multiplication, let ~ be the multiplicand, and ~ 

the multiplier. Now, 

Therefore, 

m 

a n m.p 11i.1· 

;; =p=n· ;:= n.p' 

1· 

s 
C t S U S.V 

d=;=e=;=t.u: 
V 

a C m .1· S • V 71WSV 

b · d = n .p · ~ - nptu · 

but mrso -- ~ = ms.pu=~-~:f.~ = a.c:b.d=ac. 

11ptn ntp11 nt · 1-v 11, t r v bd' 

consequently, 
a c ac 

b' ~l = bd' 

The produrt whateYcr be the numerical value of each ele-

ls obtalne<laod b l f t f . l • 
repres•nt.cd as mcut a, , c, <. o tL1C ract1ona expressions, or 

CoJr whole nu• I b . l r 
merlcal values. U ge ra1ea ,actors. 

Let us now come to the case of division, and let i be the 

dividend, and i the divisor, we have, as above, 

a m.r c s.v 
Case of dil1slon. -=--, -=-; 

b n.p d t.ii 

a.c m. r s. v m1·tu 

therefore, b. d = n.p: t.u = npsv; 

but mrtu = murt = mu :f~ = ~- ~:.E. ~= a.d: b.c= ad. 

11psv nvps nv rt n v r t be' 

1.!:1~~~t~•,:iJ hence, ~b : ~d = abed,· 
ex presSOO. as for 
whole nwn• 
hors. as for simple numerical division, whatever be the 

numerical values of each element of the monomials i and 2. 
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noouctlon or § 37. ,v e must here add some remarks eon-
1.?suh" ti.) a d · 
•impler form. eerniog the reduction of the quotient, an rn 

general the reduction of the result of any other operation to a 

simpler form. And first, any quantity or number multiplied 

by unity, gives a product equal to itself; for instance, a X 1 

= a. Secondly, any quantity divided by itself, gives a quo­

tient equal to unity. Because, the quotient, for example, of 

a: a must be such, that multiplied by a it gives a, which is 

none else except unity; hence, it follows, that 

C 
a.~ = a; 

1 
. a.c a c 

and, consequent y, smce b- = -b • -, 
.C C 

and 
a b a.c a c 
c: ~ = b.c = ,; · ~; 

a.c a a b 
we will have also, ~ = b' c: ~ = a: b. 

Rule. That is, a quantil!f having the fractwnal fonn i 
remains 1mclianyed, m1dtipl;ying 01· dividing the numerator 

and denominator by an;y otlier quantity. 

Reduction to Ilence, any number of such algebraical quan-
the Mme deno- a C e 
minator. tities b' d' ]' .... may be easily reduced to the 

same denominator like numbers; multiplying, namely, the 

numerator and denominator of each by the product of all the 

other denominators. So the above quantities, without being 

changed, can be expressed as follows : 

a.d.f c.b.f e.b.d 

b.d.f' d.b.f' f.b.cl; 

having all the same denominator. 

Appllcabk, to We may here observe also, that to obtain the 
addition and 

subtraction. sum or difference of algebraical quantities having 

a fractional form and the same denominator, it is enough to 
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take the sum or difference of the numerators and divide it by 

the common denominator. Hence, if the quantities ;, i are 

to be added or subtracted from one another, we may first re-

d h h d . k" a. d ~ a d 
uce t em tot e same enommator, ta mg b.d ,or b' an 

~--~ for i, ~nd in the case of addition we will have 

':+:_ad cb_ad+cb_ 
b d-bcl+bd- bd' 

in the case of subtraction, 

a c ad cb ad - cb 

b d bd - bd = bd ' 

exactly as for numbers. 

p!~te':;,";_es•nd § 38. Given. 

(1.) ab: m, 

(2.) abcm : m, 

(3.) a•bc : ab, 

(4.) a"f?c•: b&, 

(5.) 

(6.) 

(7.) 

(8.) 

bed 
mn:mn' 

m•b• m3b3 

-;;;;- : a•c•' 

3mpq. 4a3b 
4a0b3 

• 3m2p' 
mn 

mn: bed' 

(9.) -Jg: rs, 

(10.) 
mb3 

m•b--
3a' 

4a 
(II.) -· ffm• : - 7 bdg' 

Answers. 

ab 

m 

abc. 

ac. 

ab 

C 

ac 

mb· 

9m8p"q 
16a~b• . 

bed. 

f!l --. 
rs 

3ma 
-77· 

+ 
7g<m-4bd 

4a · 
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(12.) 

(IR.) 

(14.) 

4'J'fg . 3a3.~r 
Ba•;; · 4q"yf 

4bdr . 4mq3 

7m•q3 . - Hb•d3r"' 

3lh md"s• 

- 7/dc•qs: - 2lr3bd'q•' 

7m2b3 21f3r•gs 
(l

5
.) 9sgr2f•: 27b3ni•' 

H.'lq•3/•g• 
9a6r•~• 

2b•d•r• 
- m•q6. 

9b3cqr4 

+ fd•i'. 

lJ&m" 

f6rg•1P 

A certain number of balls is taken n times 
Problem 1. 

from an urn. At the end, the amount of the balls 

extracted is found to be m. Ilow many balls where taken 

each time? 

Ans. 
m 

X = -. 
n 

Suppose m = 50, n = 10, 
then x= 5. 

Suppose m = 56, n = 8, 

then x = 7, &c. 

'fhree messengers A, B, C leave at onee the same 
Problem 2. 

town. A arrives at a distance of n miles, B at a 

distance of 1· miles, and C at a distance of s miles, at the end 

of the same number g of days, travelling each one of them an 

equal number of miles every day. How many miles did A 

travel each day? how many B? how many C? 

Ans. A travelled x = ~ miles. 
g 

B " x! =~ " 
g 

C " x"=!. " 

Suppose g = 15 and n = 450, 

m=630, 

s = 420, 

[I 

then x = 30, x -= 42, x!' = 28. 
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Accents or When symbols are used to represent similar 
dashes: their l • • · t d f h · the 
meaning. or ana ogous quant1t1es, ms ea o c angmg 

symbol, we make use sometimes of the same symbol with one 

or more accents above it, as in the preceding example, and 

such symbols are read x prirne, x seconcl, &c. 

ARTICLE III. 

Fo1·mation of Powe1·s ancl Extraction o.f Roots. 

What a cer- § 39. PoWERS.-Let m be a whole number, 
taiu power of a • , • 
quantity Is. and a any algebraic quantity. To raise a to the 

power m, or to form the m th power of a, means to multiply a 

Root, expo- by itself m times. In this operation a is termed 
=4 -~ . power. root, m the exponent or cleg1·ee, or index ; the 

power, (which may be called p) is expr_essed by a'", and this 

expression is read a to the mth power, or simply atom. The 

operation is the same as for numbers. 

Formation of ~ 40. Numerical relations are in all cases applicable 

powers. embra• to quantities, since, as we have frequently observed, 
cing all caaes 
of numerical whenever algebraical quantities are submitted to any 
values. Its de-
scription and operation or comparison, their numerical value is taken 
definition. into account. 

Let l, n, p represent three numbers, and suppose p to be obtained 

from l through multiplication, as n is derived from unity through 

addition. Then p is the nth power of l, and the expression of the 

power being l", we have l" = p. To raise, therefore, the root l to 

the power n, is to find out the number p. Now n, a rational number, 

and if irrational, represented by a rational one, is either a whole 

Case of the in• number or a fraction. Suppose first n to be a whole 
dexwbolenum• • ' ' 
ber. number, it is then derived from unity through addition 

by taking 1 + 1 + 1 + 1 + .... 
n times ; therefore, the power p or l• is given by the product 

lXlXlxlx .... 

where l is taken n times, and this is the case considered in the pre­

ceding number. 
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Caseorthe in• Suppose, no,v, n to be n. fr:iction h:i.ving r for nume-
dex froctloD!\1. r:nor, nnd s for denominator. To derive from unity 

through n.ddition :. , it is necessary first to divide unity into s parts, 
8 

and taker times one of these p:i.rts, n:\mely, 
1 1 1 1 
.;+-;+-.; + -;+ · ·· 

, 
•ro obtain, therefore, p or l' it is first neccss:i.ry to determine a 

qunntity "'• which, if multiplied s times by itself would give l in the 

same manner as ~ added s limes to itself gives 1. Then, since lo 
8 

. r 1 . !. . obtam :; we take 
8 

r tunes, so the power I• will be equal to 

«x«x«x«x .... 
where "' is taken r times. And, consequently, 

r 

l• = «". 
Definition. Hence, we derive the following dofiwtion :-The power 

of a11y !7ivt11 quantity :i. is the product of factors equal to 
the sam, qua11tity a, or the product of factors equal to such a11 element, 
which multiplied by itself a ctrlaill number of times produces the given 

Apparent quontity a. From this definition it follows, lhn.t when the 
power,,. index n of the power l" is either equal to 1, or equ:i.l to 

:1:., tho power then is merely npparent or nominal. Iloeause, in the 8 

firs t en.so tho root l is not multiplied by itself, but simply taken as it is; 
and so, likewise, the element "• in the second case is not multiplied 
by itself. Therefore, nccording to the given definition, neither of tho 
expressions l 

l'=l,l;=«, 
Cuho and is a power. IloweYer, ns we term P the third power or sq uaro: uoml• 

uol powers. cube of l, and l2 tho second power or &quare of l; so 

by nnnlogy wo term l1 the first power of l, nod l the (: )'b power of/, 

which Inst is so fnr in renlity from being a power of l, th:i.t on tho 
contrary l is a power of "• ns wo hnYe seen, nnd we will better see 
herenfter. 

p 0 .,0,. of ~ 41. The signification of nnity is either collective or 
unity. simple. In tho first case 1 is, like nny other root, capable 
of being r:i.i~ed to nny power 11, and consequently susceptible of cor­
responding modifications. In the second case 1" is ngn.in an nppnrent 
power, since simple unity is incapable of being r:i.ised to nny power 
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whatsoever, or in other words, sin1ple unity cannot be affected by any 

Caseofsimple index, either whole number or a. fraction. Suppose in 

unit,y. fact, the index n a. whole number, we will have then 

l" = 1 X 1 X 1 X ... . , 

but 1, multiplied by simple unity is equal to 1, and, consequently, 

1 n = 1. Supposo n a fraction, we must first find the element " • 

which multiplied a certain number of times by itself gives 1, but this 

clement cannot be any except simple unity; therefore, ,. in this case is 

equal to 1. But in tho present supposition, the power 1 n is obtained 

by repeatedly multiplying ,. by itself; therefore, in this case also, 

1" = 1. Simple unity, therefore, remains unchanged when raised to 

any power. 

Collective But wheu unity has a collective meaning, then l" or 

unity. more simply 12, P, . . . have by no means the same value 

and signification as 1. However, even in this case we write l' = 1, 

l3 = 1, . .. . }n = 1, not being able to express these units of various 

orders with other symbols. But, whenever in mathematical investiga­

tions such units of various degrees occur, we take notice of their 

different meaning, or the exponent is left to indicnto the order. 

Product or § 42. Let now ni t represent two whole num-
powers: c.,,eof bers. " Te have seen (32) already that the pro­tho exponent.. 

whole numbers duct of 1n + t factors, equal to a, can be expressed appli"'1 to tho 

same root. by a"'. a', as well as by a"'+'; nay, whatever be 

the num bet· of such exponents 1n, t, 1·, s, ... , we will always 

evidently have 

a"'. a'. a•. a' ... = a"'+•+•+•+ .... 

Fractional ex- If tho exponents become fractional, ( and supposing 

poocots. them reduced to the same denominator,) we will have, 

likewise, ~ ; ; ;+ ;+;+ ... 
a .a.a ... =a 

Because, for each factor of the firs~ number of this equation, we must 

first (40) find out a number which multiplied s times by itself gives a. 

Let this number be r. We will have 

!!! !_ 

a'=""', a•= ,t, a•=,,., ... 

and, consequently, 

~ t ! 

a•. a'. a' ... = 1'"' . ,C. , ..... -= ,m+,.J-r+ • · · 
~ 
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But also, 

therefore, 

General infer­
enoe and rule. 
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• I r m+t+r+ .. 

4
-;+;+;+· ··a--.-- = ,m+c+r+ ... ; 

~ ; ; ;+;+;+- .. 
a .a .a ... =a 

Hence, we generally infer the following proposition 

and rule: 

The produ.ct of a11y nu.mber of powers of the aame root, ia thia ve73 

root raiaed to a power equ.al to the aum of all the partial exponent&, 

whether tohole numbers or fractw11a. 

Product of § 43. Let us resume again the whole number 
powers: Ms& of h b 
the same ••· m as common exponent of t e roots a, , c, ... 
ponent a whole 1 • } " d th 
number •i>- The powers a"', b"', c'", ... mu tip JC toge er, 

~~~-to various will manifestly give a'". b"'. c,,. . . • = (a· b · C • • • )'", 

since in both cases the same number of factors equal to a, 

equal to b, &c., are multiplied. 

FracUooal ex• Ilut if the exponent becomes fractional, for instance, 

ponent, ~; and, consequently, the preceding powers are changed 
8 

!_I! M 'N. 

into a•, b', c', . . . . Let, as before, , represent tho numerical value, 

which multiplied a times by itself gives a, and let,., I, . . . be the 

numerical values or numbers, which multiplied, en.ch a times by itself, 

give b, c, ••. , we will have 

a•= 1"', IJ• = ,.,-, c• = r, • • • • 
and consequently, 

!! ~ f! 

a• . b' . c• .... = , ... ,. ... I"' . ••• = (,.,-.I . . )•. 

Now, since a factors equal to,.,-. I .... give a. b. c ... the In.st num-

ber of this equation represents the power ( a . b . c ... ) •. Therefore, 

a• . b'. c' .... = (a.b.c ... ) ' . 

General Infer- Hence, we generally infer, thn.t 

enoo •
nd 

rule. The product of any number of powers of the &ame de• 

gree, either whole or fractwnal, ia equal to the product of the root& raised 
to the aame power. 

Powersofpow- § 44. Let now the power a"' be taken as the 
ers: case of the t f th f th d 1 S exponents whole roo o ano er power o e cgree ,i. up--

numbers. posing h a whole number, ( a"' )A signifies that the 
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i,roduct of m factors equal to a is multiplied h times by itself. 

But this comes to the same as to take the product of m. 1, 

factors equal to a, which product is expressed by the power 

am.A; hence, (am)h = am.A. 

Fractional ex• The same multiplication of exponents will take place 

ponents. when they become fractional numbers. Suppose, in 
m h !!! • d 

fact, m to be changed into -; , and h into ;, or the power a• raise to 

h • 
the power;· And making again, as in preceding numbers a;= ,"', 
we will have 

m A 1t 

(i), = (,'")'. ... (o). 

Let now ~ be another number which multiplied r times by itself gives 

, ; in this supposition, we have 

,=/J'; 
and, consequently, ,,. = fl'·"' = p,r = (~ )'. 
From this we infer that t"' is a number which multiplied r times by 

itself, gives ,,. . 

Resume now, again, the second member of the equation (o). To 
! 

obtain the power expressed by the monomial(,'")', it is enough to raise 

to the power h, the number which multiplied r times by itself, gives 

,,. , but this number is /6"', therefore, 
A 

(,mf- (fr'}h=/l'"•Aj 

but ,'" = a'; hence, 

(a;)~=~'"-~ ..... (o,) 

Now, since P,- is equal to ,, we will have, also 

/6'·' = ,. ; 
but , ts that number, which multiplied a times by itself, gives a 

therefore, ~ • • = a ; 

that is, /6 is such a number, which multiplied r. a times by itself, ,._,. 
gives a. Hence, the power a.:;: is obtained by raising [$ to the power 
m.h,thatis, m.A .. A 

[;'"·"=a.:; =a-;·;_ 

Substituting, finally, this 'l'alue in the second number of (o,) we han 

( 
!!!)~ !!!.! ~ 

a' r = a' r = a"; 
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General Infer- as for the case of exponents, whole numbers. Hence, 

ence and rule. generally, 

The power of a power of any root is equal to the &ame root, having for 

exponent the product of the given uparate exponent&. 

Simplification § 45. We have seen already (37) how a quo-
of exponential tient or fraction may be reduced to a simpler 
fractions or quo-

tients. form by the elimination of common factors. Let 

us see here how in the same fraction we may change, in all 

cases, either the numerator or denominator into unity. 

Let us commence with the most simple case 
First case. Ex• 

pon.nts whole of the whole numbers m and n, and the first 
numbers, and m 

higher degree of te th th d Th f t' a b 
the numerator. grea r an e SeCOn . e rac 10n a" may e 

easily transformed in this case to the form of a whole quan­

tity, because, calling d, the difference m - n, we have 

a'= a<"'-"', but (42), a"'= a<"'-•J. a"; hence, a'"= a'. a", 

8-0cond case. 
Jllgher degree 
In the denomi­
nator. 

Third case. 
Frac-tional ex:• 
ponents, and 
the higher in 
the numerator. 

!!! 

am ad. an - = ---= ad= a<•-n) 
a"' a"' 

a" 
Suppose now, the given fraction to be a"' we 

will have then 

a" a" 1 1 
a"' = a"a'" = ~ = am-n· 

Similar modifications will take place with fractional 

exponents. Suppose, in fact, ~ and ~ to be the expo-
& 3 

m n d (!! !) -~ !! 
nents, then - - - = - , and a • - • . a• = a• ; there-

, s , • 

!! !! 

fore, a• =a•. a•, and 

~ 4! !! 

a• a' . a• 
4 

("' ") 

~ = -----;-- == a' = a • ' .. 

a' a• 
!! 

Yourth """"· a• 
Higher degree If the given fraction is - , then we have 
in the denomi• !!! 
D&tor. a• 
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a' a'. a• a' 

Following the analogy of the preceding cases, Fifth case. 
rqu:tl expo- a"' • • h .. • nents. the algebraic fraction -, will give e1t er a - , 

a"' 

1 b a"' 1 th ~ ,,._., - 1 - 1 or or --· ut- = · ere1ore, a --;;=;; - , a••-n•, am , a 

a•= 1. 

Extending still farther the analogy, and sup-
Negative ex• an a"' 

poneots. posing in the quotients -, - m >n, as above; 
a• a" 

as from the latter we infer a"'= a'"-n = a", so we represent 
' a" 

an 
the former - by an-,.= a-". And likewise the former 

a"' 
an 1 1 

fraction gives - = -- = ~, so by analogy, we write a"' a"'-• a~ 
a"' 1 
a"' - a-o:1· 

a• 
Therefore the quotient - is represented at 

a" 
1 

once by a4
, and by a-"' and the 

a" 1 
quotient a• by a', and by 

a-", or the expressions 

1 
a" 

'a-"' 
-d 1 

a , a"' 

are considered as synonyms. 

It is not necessary t-0 extend here the same observations to the case 
of fractional exponents, to which they could be as easily applied, as it 
is evident. 

Inferenees. 
From the said convention it follows, first, that 

a"'.a-"' = 1. 

Secondly, since the difference d between any two numbers 
m, n, has the same absolute value, but different signs, accord-

5* 
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