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PREFACE.

AT an early period, when Geometry was the only, or at best the
first, branch of mathematical science in which scholastic instruction
was given, it was taught by a method which harmonized with the
general system of education then prevailing. This had been sanc-
tioned by the practice of many generations, and was upheld by the
authority of Euclid himself, whose elementary work on this subject
was universally adopted as a text-book.

To question whether our ancestors acted wisely in adopting a plan
of education in which the science of mathematics did not hold that
large share which is assigned to it in the present system, would be
foreign to our purpose. It may, however, be observed that, con-
sidering education inasmuch as it is designed to impart to the pupil
an aptitude for applying himself to the various professions and arts
of civil life, it seems that so much of the various branches should
be taught as may fit him for any career to which he may afterwards
devote himself. Now, experience has proved that there is no art or
science to which the study of geometry is not an admirable prepara-
tion. This was well known to the ancients; and, although they did
not spend so much time as ourselves in the study of mathematics,
they never omitted a branch which they, too, regarded as indis-
pensable.

But the opinions of men vary with the times; and one who in

our days would venture to recommend the abridgment of the time
2



4 ' PREFACE.

commonly given, in modern institutions, to patural sciences, and
given, not unfrequently with considerable prejudice, to a more
solid instruction in literature and moral philosophy, would be cen-
sured as the ignorant advocate of an obsolete theory. As material
motion has been accelerated by modern inventions, so it is thought
possible, in some similar manner, to accelerate intellectual develop-
ment and the operations of the mind. We have those who un-
dertake to teach everybody every thing, and that in the shortest
assignable time; but the competency of the teacher, the progress
of the scholar, and the solidity of his acquirements, are matters
rather supposed than proved.

But, after all, the teacher is in some respect like a merchant,
As the merchant does not consult his own taste, but that of the
buyers, so whoever intends to promote the education of youth is
compelled to regard the taste of others rather than his own. For, as
the merchant aims at gain, so'a conscientious promoter of education
aims more at the sound training of the heart than at that of the
mind. Then, again, the study of mathematics is harmless of itself,
and may be pursued without much apprehension by the young;
nay, many would be much happier if they allotted to this study
time more than lost in the perusal of works of a demoralizing
tendency.

The preceding remarks have already furnished the reason of the
plan followed in the present elementary work: and, first, since
geometry is not to be severed now from the other branches of
mathematics, but forms part of the same science with them and
succeeds algebra, he who teaches or writes a Geometry for schools
supposes the knowledge of algebra, or at least some practice in
algebraical language. In the present work, with the exception
of the doctrine of ratios and proportions, which is common to all
the various branches of mathematies, it may be said that nothing is

\ supposed or borrowed from algebra, except its language; and he who
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objects to it as a mixing up of algebra with simple geometry would
judge as some did of the publications of the Baron of Zach,
written with Greek characters, but in the French language, and
thought by them to be Greek, when, in fact, it was nothing else but
French. But, some would ask, why make use of the algebraic
language in geometry? I could ask in my turn, Why do you wish
that geometry should succeed algebra? Is it not in order to derive
some benefit from algebra? But I will rather propose another
question: Is it not you who require to travel over a long journey in
a short time?  The algebraic language is laconic : it says much in a
few words; and that which, if expressed in the old style, would
require a book, may be reduced to a few pages by the use of the
terminology of algebra, whilst the reasoning remains still as rigorous
and as lucid as before. In this manner you secure copiousness of
matter and economy at the same time, and the pupil is prevented
from losing the practice of algebraic language.

It may be remarked that the use of a different type—a distinction
adopted in the Treatise on Algebra—has been discontinued in the
present work. This change will, perhaps, not meet with the appro-
bation of all. The reasons which suggested it were, that nearly all
of the more difficult parts oceur in the last books, and at a time
when the minds of the pupils are better prepared to master them.
In the first books the few theorems of a more abstruse nature are so
explained that a competent teacher may render the comprehension
of them an easy task.

The writer of the present elementary work has reason to be
grateful to several distinguished persons who were pleased to
accept his preceding publications, and by their public and
honorable approbation encourage him to finish the work. Tt was,
however, observed that a certain kind of analysis is ill adapted to
circumstances; and since the same observation could be renewed on

the present occasion, to prevent all misunderstanding, it should be
1*
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noticed that by the terms analysis and synthesis the writer under-
stands precisely what is understood by logicians. He calls synthesis,
or the synthetical method, the proceeding from universal principles
and more obvious to particulars and the more recondite truths; or,if
it be preferred, from the more elementary and more accessible

notions to the more complicated and abstruse ; and he calls analysis

the process made in the inverted order. Now, if the reader will

trouble himself to examine the index, he will see that the order
observed in the distribution of the books and of the matters of each

book proceeds step by step from the more simple notions to the more

complicated. The method, therefore, is thoroughly synthetical,

. although occasionally, either by way of illustration or corollary, some

incidental truth may be treated in a manner apparently or even
really analytic. Certainly no one would assert that a stream flows in
a direction opposite to its natural course because when it finds lateral
ditches in its way it fills them up, and even flows backward, with a
portion of its waters. This method greatly contributes to due order and
lucidity,—qualities which are occasionally overlooked even in hooks
destined for the instruction of youth, with no small prejudice to the
student, who is more puzzled and annoyed by the confusion with
which the matter is presented to him than by its inherent diffi-
culties. 'The writer has sedulously endeavored to avoid this evil;
with what success it is the reader’s part to judge.

GeorerTOWN CoLLEGE, June, 1856.
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@lements of Geometry.

INTRODUCTORY ARTICLE.

popect of Geo- ], GEEOMETRY treats of magnitudes.
P The dimensions of any body or space, either
existing or simply conceived, cannot be more than three.
For, suppose a body of any shape placed on a table:—
this body, besides the points that are at contact with the
table, has other points above them, in succession, from
the plane of the table to the top of the body. Now, this
extension is one of the dimensions of the body, and is
usually called thickness. The same body extends itself
also in the direction of the length, and in that of the
breadth, of the table, and thus we have two more dimen-
sions, which, accordingly, are called breadth and length
of the body. Besides these, no other dimensions can be
conceived.
pemitions.  Bodies in Geometry are called also solids,—
that is:—
Salid. A solid is a magnitude having three dimen-
sions.

If we consider only the boundaries of a solid, without
2% B 17



18 INTRODUCTORY ARTICLE,

any connection with the contiguous internal parts, we

sume  Dave that which in Geometry is called surface,

Hence, the surface is called, also, the limit of
the solid; but, we may more generally say that—

A surface is a magnitude having two dimensions.
Now, since the boundaries of solids are either plane or
curve, so also there are two different kinds of surfaces,
called likewise plane and curve surfaces. The plane sur-
face is also simply called a plane.

- The boundaries or limits of a surface are the

geometrical line; or,

A line is a magnitude having only one dimension;
and, since the boundaries of surfaces are either straight
or curve, lines also are either straight or curve.

The limits of a line are called points. The
geometrical point, therefore, has no dimensions.

The notions of straight and curve line, plane and

Remarks.  CUrVe surface, are clear enough to every one;

and it is of no profit to attempt to give an
illustration or definition of them.

It is equally easy to see, that if two straight lines co-
incide in two of their portions, however small, they will
coincide in all the other points, even if indefinitely pro-
duced, for neither of them ever deviates.

So also a straight line can never be made to coincide
with a curve line or globular surface, and a plane surface
can never be made to coincide with a curve one: thus a
ball, rolled in all directions on a plane, touches the plane
always in no more than one point; but if two plane sur-
faces coincide in any two of their portions, they will
evidently coincide in all, even if indefinitely produced.

Now, since magnitudes are the subject of Geometry,
and magnitudes admit of one dimension, as lines, either
straight or curve,—or two dimensions, as surfaces, either
plane or curve,—or three dimensions, as solids, limited

Point.
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by plane or curve boundaries,—the subject of Geometry
contains three heads, and three only :—lines, surfaces, and
solids; each one of these heads, however, being taken
most generally as well to that which concerns the pro-
perties of the various magnitudes as to that which
regards their mutual relations.

In Elementary Geometry the subject can be embraced
only partially; and, besides the straight line, the circular
line is the only curve considered by it: it considers plane
surfaces and the surfaces or boundaries of those solids
which are exclusively taken into consideration.

IT. Let us add to these general remarks some
oCrliminaries breliminaries concerning angles and triangles,
gles 24 & porallel lines and the circular line. And, first,

two straight lines, AB, AC, hav-
ing only one point, A, common, are said to B
form an angle; the point A is called the :
vertez, and AB, AC, the sides, of the angle. a o
The angle is the mutual inclination of the
sides, and, consequently, it does not depend on their
length. The same letter A is used to designate the
angle as well as the vertex; nay, the whole figure is
called the angle A, or, more explicitly, the angle BA.C.

But when AB stands erect over DC,

B

and does not incline on either side, in ¥ E
this case we cannot rigorously say that

the angle BAC and the angle BAD _ ra—"

are the mutual inclination of the sides,
unless we call inclination the relative position of the two
straight lines.

It is evident that any straight line AE, between AB
and AC, must be inclined toward AC; and any straight
line AF, between AB and AD, must be inclined
toward AD. :

It is evident, also, that the angles BAD, BAC, are
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equal to each other. For if we say that BAD is not
equal to BAC, we say that the relative position of I?A
with regard to AD differs from that of the same BA. 1:-’1&1

Rightangles, Tegard to AC, which is against the supposition.
Perpendicular. Thege angles are called 7ight angles, and the
straight line AB, forming the two equal angles with CD,
is called normal or perpendicular. :

Acuteanaon.  Any angle, EAC, less than the right angle,
tusoangles.  jg called an acute angle; and any angle,
FACQC, greater than the right angle, is called an obfuse
angle.

III. The extremities of the sides of any
angle may be joined together
with another straight line. The figure B
BAC, arising from this construction, is A
called a {friangle, for it contains three a c
angles.

Now, the three sides of a triangle may be either equal
or unequal to one another. When the three sides are
equal, the triangle is called equilateral; when only two
sides are equal, the triangle is called isosceles; when
the three sides are unequal, the triangle is called
scalene.

When all the angles of the triangle are acute, the tri-
angle is then called an acute-angled triangle; when one
of the angles of the triangle is obtuse, the triangle is
called an obtuse-angled triangle; when one of the angles
of the triangle is a right angle, the triangle then is called
a right-angled triangle, and the side oppo-
site to the right angle is called the Aypo- =»
thenuse.  Supposing, for instance, A to
be a right angle, BC is the hypothe- a ¢
nuse.

The horizontal side of the triangle is usually called the
base: thus, AC is the base of ABC.

Triangle.
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Pamiiellives. TV, When two straight
lines, CD and AB, are on the same — [
plane and keep constantly the same ! 4
mutual distance, they are called paral

lel lines.

Suppose mn to be a movable perpendicular to AB,
touching with the upper extremity » the other straight
line CD; if the same perpendicular, brought at different
points along BA, touches invariably the straight line CD
with the same extremity n, these straight lines are said to
preserve the same distance from each other; and, gince
neither of them will ever deviate from their straight
direction, they will always remain at equal distance from
each other, even indefinitely produced, and will never
meet to form an angle.

gHiRae V. Now, two parallel lines, » i

st o CD and AB, may be limited D
by two other parallel lines, CA . i
and DB, in which case we

Fanllelogmi. have a figure of four sides and angles, which

we call a parallelogram.

If the four sides of the parallelogram should
be all equal, the figure would then be called
also a rhombus.

And if, the sides not being equal, the angles
should be all right angles, the figure then
would be called a rectangle.

But if all the angles are right, and the sides
square.  all equal, the figure would then be called a
square. J

When the two sides CD and AB only
are parallel, and the other two inclined Er
to each other, the figure is called a . dg
trapezoid. Y.

Generally, all figures of four sides are called quadri

Rhombus.

Rectangle,
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laterals, all figures of five sides pentagons, and all figures
of six sides hexagons.

ek Polygon is Fhe g:eneral appel- B K
lation including figures of any ‘
number of sides. | \ A

The straight lines AC, AD, AE, drawn
from any angle A of the polygon to the opposite angles,
are called diagonals.

The plane surface included by the sides of the polygon
is called area, and the sides taken together form the
perimeler of the polygon.

V1. Suppose the straight »

S o dine (DG o b saowable
about one of its extremities C,—that
is, while C keeps invariably its posi- ¢ o

tion on the same point of the plane, i

the rest of the line turns around on

the plane, and traces meanwhile with D

the other extremity D the line

DD/D”D'",  This is the circular line, evidently different

from the straight line. '

Now, since the length of D remains unchanged, all the

points of DD/ . . .. are equally distant from C, which is

called the centre, and consequently straight lines drawn

from the centre to the various points of the circular line

are all equal to one another; wherefore some define this

line a curve line having all its points equally distant

from a central point.

odusibd: The surface or area limited by the circular -
line is called the cirele, and the line itself the

cumirenes ™ cireumference or periphery, although occasion-
ally the circumference also is called circle.

Any portion DD’ of the circumference is called an are,

Avcandchor, 20d @ straight line DD’ drawn from one
to another extremity of the arc is called a
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chord. The plane surface or area DmD’D, limited by the

Bagment.

Diameter.

The diamster
bisects the eir-
¢cle and the eir-
cumference,

area and the corresponding chord, is called a
segment. The line CD drawn from the centre
to any point D of the periphery is called the
padius. The area DmD'C, Jimited by two radii
and the portion DmD’ of the circumference
terminated by the same radii, is called a sector.
A straight line DD’ which, passing through the
centre, touches with its extremities the circum-
ference, is called the diameter. The diameter,
therefore, is twice the radius, The diameter
also bisects the circle and the circumference
into two equal parts, called semicircles and semi-
circumferences. For, suppose the plane DD'D"D

to be turned about the diameter DCD” go as to make this
gurface coincide with the other DD’””D”D, the portion
DD'D” of the circumference must then necessarily co-
incide with DD/D", otherwise some of the points of the

upper or

lower periphery would not be equally distant

from the centre. The diameter, therefore, bisects equally
circle and circumference.
























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































